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A short survey on fixed point results and applications 

 
Dinesh Panthi and Pavan Kumar Jha 
 
Abstract 
In this article, we present a historical brief survey on the development of classical fixed point results and 
their applications in the fields of pure and applied mathematics. 
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1. Introduction 
Historically, the concept of fixed point was initiated by H. Poincare in 1886. The concept of 
metric space was introduced by M. Frechet in 1906 which furnished the common idealization 
of a large number of mathematical, physical and other scientific constructs in which the notion 
of distance appears. The first fixed point theorem is due to L.E.J. Brouwer [6] in 1912. Fixed 
point theory has played an important role in the problems of non-linear functional analysis 
which is the blend of analysis, topology and algebra. 
A fixed point theorem is one which ensures the existence of a fixed point of a mapping T 
under suitable assumptions both on X and T. As has been already pointed out, many non-linear 
equations can be solved using fixed point theorems. In fact fixed point theorems has 
applications in non linear integral, differential equations, game theory, optimization theory and 
boundary value problems. 
Fixed Point Theory is divided into three major areas: 
(i) Topological Fixed Point Theory (ii) Metric Fixed Point Theory and (iii) Discrete Fixed 
Point Theory. 
Historically the boundary lines between the three areas was defined by the discovery of three 
major theorems: (i) Brouwer’s Fixed Point Theorem (ii) Banach’s Fixed Point Theorem and 
(iii) Tarski’s Fixed Point Theorem. 
 
2. Brouwer’s Fixed Point Theorem 
Historically, the most important result in the fixed point theorem is due to L.E.J. Brouwer [6] 
which asserts that every self-continuous mapping of a closed unit ball in Pn, the n - 
dimensional Euclidean Space, possess a fixed point. A particular case of Brouwer’s theorem 
can be stated as follows.  
 
Theorem 1 The closed unit interval [0,1] on the real line posses a fixed point property, i.e 
each continuous mapping of [0,1] into itself has a fixed point. 
 Most application of topological theorems to analysis, involves infinite dimensional space of 
functions or sequences. The usual procedure is to extend a theorem from finite dimensional 
space to an infinite dimensional space. The infinite dimensional analogue of Brouwer’s result 
was given by Schauder [73] in 1930.  
 
Theorem 2 Any compact convex nonempty subset of a normed linear space has the fixed 
point property for continuous mapping. 
Brouwer’s and Shauder’s fixed point theorems are fundamental theorems in the area of fixed 
point theory and its applications. Shauder’s theorem is of great importance in the numerical 
treatment of equations in analysis. 
Brouwer’s fixed point theorem is a fundamental theorem in the area of fixed point theory and 
its applications. 
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Though, L.E.J. Brouwer obtained his result in 1912, H. Poincare proved a slightly different version of it in 1886 which was 
subsequently rediscovered by Bohal [4] in 1904. 
  

Theorem 3 Let 
nD   be an open set such that D is homomorphic to the closed unit ball .B  If )(DCf   and DDf )(  

then f has a fixed point.  
 
Some Generalizations 
In this section, we present some earlier generalizations and applications of Brouwer’s fixed point theorem. 
The existence of fixed point in infinite dimensional subsets was first investigated by American mathematicians G.D. Birkhoff and 
O.D Kellog [3] in 1922, they proved that 
 

Theorem 4 every continuous function from a non-empty compact convex subset of [0,1]C  or [0,1]2L  to itself has a fixed point. 
In 1928, Spener established the following combinatorial lemma  
 

Lemma 1 Let K be a simplicial subdivision of an n simplex nvvv ...10 . To each vertex of K, let an integer be assigned in such a 

way that, whenever a vertex u of K lies on a face 
1)...0,(0... 1010

 kkiii iiinkvvv
 the number assigned to u is 

one of the integers kiii ,..., 10  then the number of those n- simplexes of K, whose vertices receive ann n+1 integers 0,1,... n is odd. 
In particular, there ia at least one such simplex.  
In 1928, Knaster, Kuratoski and Mazurkiewicz obtaine the following so called KKM theorem from the Spener’s Lemma  
 
Theorem 5 Let )(0 niAi   be n+1 closed subsets of of an n- simplex npppp ...100 . If the inclusion relation 

kiiikiii pAAppp  ......
1010  holds for all faces 

1)...0,(0... 1010
 kkiii iiinkppp

 then 
0=0= i

n
i A   

Subsequently, in 1930, Polish mathematician Powel Julius Schauder [73] extended Brouwer’s theorem to the case where X  is a 
compact convex subset of a normed linear space. It asserts that  
 
Theorem 6 If X  is a Banach space and C a complex convex subset of X  then a continuous mapping CCT :  has at least 
one fixed point in C. Here the condition on C to be compact was very strong condition. A fixed point of T guaranteed by this 
Schauder theorem gives a solution of the Initial Value Problem, the result is known as Peano’s theorem. 
In 1935, Russian mathematician A. Tychonoff [21] extended Brouwer’s result to a compact convex subset of a locally convex 
linear topological space. It states that  
 
Theorem 7 For any compact convex subset C of a locally convex linear topological space X, each continuous mapping 

CCf :  has a fixed point. 
In 1937, American mathematician E. Rothe [35] propounded his fixed point theorem for a continuous mapping of a set X of 
normed linear space.  
In 1938, Markov and S. Kakutani [23] proved the existence of simultaneous fixed points of suitable families of continuous 
mappings of a compact convex subset of a topological vector space into itself. 
Markov-Kakutani theorem states that  
 
Theorem 8 If S is a non empty compact convex subset of a normed space X then every commuting family of continuous affine 
function from S to itself has a common fixed point.  
Also the study of fixed point problems of multi-valued mapping was initiated by S. Kakutani [40] in 1941 in finite dimensional 
space. It was extended to infinite dimensional Banach space by H.F Bohenblust and S. Karlin [5] in 1950 and locally convex space 
by Ky Fan [24] in 1952. 
In 1955, a slight but very useful variation of Schauder’s theorem is given by German mathematician H. Schaefer [72] for compact 
mapping on Banach space. It states that 
 

Theorem 9 Let V be a Banach space and VVf :  be a compact mapping. If there exists 0>c  such that whenever 
)(= vfv  , 1<<0   with cu |||| , then there exists a fixed point v  of f  such that cv |||| . 

In 1955, G. Darbo [19] established a fixed point theorem which states that  
 

Theorem 10 If E  be a Banach Space, X  be a closed,bounded and convex subset of the space E , f  an  - set contraction self 

map on X , EXf :  then f  has a fixed point. 
In 1958, M. Altman [74] propounded a fixed point theorem which states 
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Theorem 11 If A is any convex open bounded set in a Banach space X containing 0 and XA :  is a continuous mapping 

satisfying 
222 |||)(||)(| xxxx    for )(Ax   then   has a fixed point. 

In 1961, Ky Fan [35] extended the KKM theorem to infinite dimensional spaces and applied it to coincidence theorem generalizing 
the Tyconoff’s Theorem. 
 

Theorem 12 Let X be an arbitrary set in a topological vector space Y. To each Xx , let a closed set )(xF  in Y be given such 
that the following two conditions are satisfied; 

(i) The convex hull of any finite subset nxxx ,...,{ 21  of X is continuous in )(1= i
n
i xF  

(ii) F(x) is compact for at least one Xx  then 0)(   xFXx   
The fixed point theory for non expansive mapping has been one of the main research areas of non linear functional analysis since 
1950s. The well known result in the theory of nonexpancive mapping is probably the following theorem established independently 
by Browder, Gohde and Kirk.  
 
Theorem 13 (Browder, Gohde, Kirk) If C is non empty, bounded, closed and convex subset of uniform convex banach space 
(X, ǁ. ǁ) and if T: C C  is nonexpansive, then T has a fixed point.  
In 1976, Shiro Ishikawa, established the following theorem.  

Theorem 14 Let C be a compact convex subset of a Banach space (X, ǁ. ǁ) and let CCT :  is nonexpansive. Let nn )(  be 

a sequence in [0, b] for some b <  1 such that 
 =

0= nn


. Then for any starting point Cx 0  the Krasnoselski- Mann 

iteration sequence }{ nx  converges to a fixed point of T.  
In 1967, B.N. Sadovski established a fixed point theorem which states that  
 

Theorem 15 If E  be a Banach Space, X  be a closed, bounded and convex subset of the space E , f  a condensing self-map 
EXf :  then f  has a fixed point in X . 

In 1968, Browder [11] established the following theorem  
 

Theorem 16 Let K be a nonempty subset compact convex subset of a topological vector space. Let T be a map of K into 
K2  

where for each )(, xTKx  is an no empty convex subset of K. Suppose further that for each y in K, 
)(:{=)(1 xTyKxyT   is open in K.Then there exists 0x  in K such that )( 00 xTx    

In 1972 Ky Fan established the following theorem  
 

Theorem 17 Let x be compact convex set in a Hausdorff topological vector space. Let f be a real function defined on XX   
such that  

(a) For each fixed ),(, yxfXx  is a lower semicontinuous function of y in X. 

(b) For each fixed ),(, yxfXy  is quasi concave function of x on X then the minimax inequity 
),(),( xxfsupyxfsupmin XxXxXy  

 holds.  
In 1997, S. Park established the following theorem for a admissible convex subset of a topological vector space  
 
Theorem 18 Let X be a admissible convex subset of a topological vector space 

(1) If ),( XXF k  is compact, then f has a fixed point; 

(2) If ),( XXF   is closed and compact, then f has a fixed point.  
Apart from establishing the existence of a fixed point, it often becomes necessary to prove the uniqueness of the fixed point. 
Besides, from computational point of view an algorithm for calculating the value of the fixed point to a given degree of accuracy 
is desirable. Often this algorithm involves the iterates of the given function. In essence, the question about the existence, 
uniqueness and approximation of fixed point provide three significant aspect of the general fixed point principle. 
Banach’s contraction principle which is well known to the student of mathematical analysis is perhaps one of the few most 
significant theorems. Not only is its proof elementary but it also answers all the three questions of existence, uniqueness and 
constructive algorithm convincingly. A deeper, though especial result is Brouwer’s fixed point theorem. It states that any 

continuous function mapping a closed ball ),( raB  of 
n  in to itself has a fixed point. In general Brouwer’s fixed point theorem 

ensures neither the uniqueness of the fixed point nor the convergence of the iterates. While, the early proofs of Brouwer’s theorem 
rely on algebraic-topological ideas based upon analytical arguments 
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Most of the mathematics is focussed on the solutions of the various equations involving numbers. For example, for given numbers 
a  and b  with 0a  the linear equation 0=bax   has a unique solution. On the other hand the quadratic equation 

0=2 cbxax   may not have real solutions for real numbers ba,  and c  with 0.a  However it will always have a pair of 
solutions in the system of complex numbers. 

More generally one can consider an equation of the form 0=)(xS  where S  is a real valued function of a real variable. For 
 :T  defined by ,)(=)( xxSxT   obviously a solution of 0=)(xS  is a solution of xxT =)(  and conversely. An 

element 0x  for which 00 =)( xxT  is called a fixed point of T . Thus the problem of solving the equation 0=)(xS  is 
equivalent to finding the fixed point of the associated function T  i.e one solves an equation if and only if one finds a fixed point 
of some relevant transformation of an anlogous mathematical space. On the face of it, it may appear strange that in order to find 
zeros of a function S , one should seek the fixed point of related function such as T . The procedure of setting zeros is known as 
iteration method or the fixed point method of solving equation. The study of existence of fixed point falls within the topology and 
algebraic topology. A topological space is said to posses the fixed point property if every continuous mapping of the space into it 
self has a fixed point. Of course, if a topological space has the fixed point property, any other topological space homeomorphic to 
the first will also possess the fixed point property. In other words, the fixed point property is a topological property. 

To verify this, let XXf :  be any homomorphism and let YYg :  be any continuous mapping. consider the mapping 
gffh 1= 

 on a set X into itself, then h  is continuous. Therefore it has a fixed point 0x  in X. Let us denote the image of this 

point 0x  under the homeomorphism f  by 0y  i.e. )(= 00 xfy . Then we have 00
1

0 =))((=)( xxgffxh 

. Applying f  on 

both sides gives )(=))(( 00
1 xfxgfff 

 implies )(=)( 00 xfxgf , which shows that 00 =)( yxf  is a fixed point of g . In 
all cases, one need to verify the fixed point property of one representative of an entire class of homeomorphic set. For example, if 
this property is true for a disk, then it will naturally be true for a square, triangle or any convex plane what so ever. 
Fixed point theory is a rich, interesting and highly applied branch of mathematics. It is fully developed branch but still continues 
to become an active and very wide open area of research. It is being pursued within several mathematical domains such as 
classical analysis, functional analysis, topology, operator theory and algebraic topology. Most of the theorems ensuring the 
existence of solutions for differential, integral operators or other equations can be reduced to fixed point theorems. The existence 
and and types of solutions always help to give geometrical interpretation and discuss the behavior of the system.  
 
3. Metric Fixed Point Theorems 
Perhaps the most frequently cited and most widely applied fixed point theorem is due to S. Banach [2] which appeared in his Ph.D. 
thesis (1920, published in 1922).  
 

Theorem 19 Let ),( dX  be complete metric space and XXS :  be a map such that ),())(),(( yxkdySxSd   for some 

1<0 k  and all Xyx , . Then S  has a unique fixed point in X . More over, for any Xx 0  the sequence of iterates 
)),((),(, 000 xSSxSx  converges to the fixed point of S . When ),())(),(( yxkdySxSd   for some 1<0 k  and all 

Xyx , , S  is called a contraction.  
A contraction shrinks distances by a uniform factor k  less then 1 for all pairs of points. The above theorem is called the 
contraction mapping theorem or Banach’s fixed point theorem. An elementary account of the contraction mapping theorem and 
some applications, including its role in solving non-linear ordinary differential equations, is in [12]. 
Banach contraction principle is simple in nature and its proof does not involve much of topological machinery. The proof is 
constructive, that is the existence of the fixed point is established by constructing the point as the limit of the sequence of the 
iterates tending to the fixed point. The construction of the sequence }{ nx  and the study of its convergence are known as the 
method of successive approximation. 
Banach contraction mapping theorem has long been used as one of the most important tools in the study of nonlinear problems. It 
provides an impressive illustration of the unifying power of functional analysis in an analytic method and of the usefulness of 
fixed point theorems in analysis. Therefore numerous generalizations of this theorem have been obtained during the past four 
decades by weakening its hypothesis while retaining the convergence property of successive iterates to the unique fixed point of 
the mapping. The importantance of these generalizations are notions of non expansive and contractive mappings. Another 
important direction of generalization of this principle concerns the common fixed point of pair of mappings or sequence of 
mappings satisfying contractive type conditions, perhaps, the simplest generalization of contraction mapping is notion of power 
contraction.  
 

Definition 1 A contraction T is called power contraction if 
kT  is a contraction mapping for some integer 1>k .  

One of the most interesting generalizations of the Banach Contraction Principle consists of replacing the Lipschitz constant k by 
some real valued function whose values are less than 1. 
One of the first extension of Banach’s contraction principle to become widely known is the following theorem due to Rakoth [60]. 
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Theorem 20 Let (X, d) be a non empty complete metric space and suppose XXT :  satisfies  
XyxyxdyxdTyTxd  ,)),(),((),(   

 where ][0,][0,:   is monotonically decreasing. Then T has a unique fixed point z, and for all Xx 0  we have, 
.)( 0  naszxT n
 

Rakoth’s theorem is related to the following theorem by Edelstein [22].  
 

Theorem 21 Let (X, d) be a non empty compact metric space and suppose XXT :  is contractive, i.e, satisfies 
XyxyxdTyTxd  ,),(<),(  

Then T has a unique fixed point z, and for all Xx 0  we have zxT n )( 0  as .n   
Edelstein actually proved a version where X is only assumed to be complete, and where the conclusion states that there exists a 
unique fixed point z in case there exists an iteration sequence n

n xT )}({ 0  with a convergent subsequence, and that in this case 
zxT n )}({ 0  as n . 

Baily [1], extended the result of Edelstein to compact metric space which is as follows,  
 
Theorem 22 Let (X, d) be a compact metric space and XXT :  be continuous. If there exists n = n(x,y) with  

),(<))(),(( yxdyTxTd nn

 for yx  , then T has a unique fixed point.  
A subsequent generalization of Rakoth’s result was obtained by Boyd and Wong [7].  
 

Theorem 23 Let (X, d) be a non empty complete metric space and suppose XXT :  satisfies  
XyxyxdTyTxd  ,)),((),(   

where ][0,][0,:   is uppersemicontinuous from the right, and satisfies tt <)(0   for 0>t . Then T has a unique 

fixed point z and for all Xx 0  we have zxT n )( 0  as .n   
A quantitative variant of the Boyd - Wong [7] theorem was proved by Browder [11].  
 

Theorem 24 Let (X, d) be a non empty, bounded, complete metric space and suppose XXT :  satisfies  
,,)),((),( XyxyxdTyTxd   

where ][0,][0,:   is monotone nondecreasing and continuous from the right, such that tt <)(  for 0>t . Then there 

exists a unique Xz  such that for all Xx 0  we have zxT n )( 0  as .n  Moreover, if 0d  is diameter of X, then,  
.0)(),()),(( 000  nasdanddzxTd nnn   

In 1969, Meir and Keeler [44] generalized the Boyd-Wong Theorem.  
 
Theorem 25 Let (X, d) be a non empty, complete metric space and suppose T: X   X satisfies the condition, 

given 0>  there exists 0>)(  such that for all Xyx ,  with yx  ,  
 <),(<),( TyTxdyxd                      (1) 

 Then T has a unique fixed point z, and for all Xx 0  we have zxT n )( 0  as .n   
A mapping T: X   X on a metric space (X, d) which satisfies the condition (1) is called a Meir - keeler contraction. In order to 
better compare the Boyd - Wong condition with Meir- Keeler condition, the latter has been characterized by T. C. Lim as follows:  
 
Theorem 26 Let (X, d) be a non empty metric space, and let T: X   X be a mapping. Then T is a Meir-Keeler contraction if and 

only if there exists a (nondecreasing and rightcontinuous) function ][0,][0,:   with 0=(0)  and 0>)(s  for s 0> , 
such that  

XyxyxyxdTyTxd  ,,)),,((<),(   
and such that for every 0>s  there exists a 0>  such that st )(  for all ],[  sst   
The theorems due to Boyd and Wong [7] and Meir -Keeler [44] are the results of considerable significance and each of these 
theorems has been extended and generalized by various authors. Some significant generalizations of Boyd and Wong theorem are 
due to Park and Rhoades [57], Singh and Kasahara [67], Hussain and Seghal [32], Singh and Meade [71], Jachymski [34], Pant [48], Pant 
and Pant [51], Pant et al. [52]. Similarly some of the well known generalations of Meir-Keeler theorem are those due to Park and Bae 
[58], Park and Rhoades [57], Rao and Rao [61], Jungck [37], Pant [46, 47, 48, 50, 53] Jungck et al. [38], Pant et al. [52, 54, 55]. 
R. Kannan [41, 42] defined the following contractive type definition and established fixed point theorem for which contractive 
condition is not needed and the mapping need not be continuous.  
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Theorem 27 Let (X, d) be a non empty complete metric space. Let XXT :  such that there exists an 
)

2
1(0,

 for which 
XyxTyydTxxdTyTxd  ,),(),([),(  , 

then there exists a unique fixed point to which all Picard iteration sequences converge.  
B. E. Rhoades compared 25 contraction conditions and also considerd generalizations of 25 basic conditions to the cases where 
the condition holds for various iterates of the functions. The comparison was completed by P. Collaco and J. Carvalho in [16] in 
1997. 
B.E. Rhoades [62] proved the following theorem based on the following generalized p-contraction.  
 

Definition 2 Let (X, d) be a metric space. Let XXT :  and let p , we say that T is generalized p-contractive if  
.,,)})(),(,,{<))(),(( yxXyxyTxTyxdiamyTxTd pppp   

  

Theorem 28 Let (X, d) be a non empty compact metric space, and p . Let XXT :  be continuous and generalized p-

contractive. Then T has a unique fixed point z, and for every Xx 0  we have, zxT n
n =)(lim 0  

S.P. Singh [69] established the following improved version of the Kannan’s theorem.  
 
Theorem 29 Let T be a continuous mapping of a metric space X into itself such that  

yxTyydTxxdTyTxd  )],(),([
2
1<),(

 

if for some Xx , the sequence of iterates )}({ xT n

 has a subsequence converging to z, then )}({ xT n

 converges to z and z is 
the unique fixed point of T.  
Hardy and Roggers [29] obtained a fixed point theorem under following generalized condition.  
 
Theorem 30 Let T be a self map of of a complete metric space X such that,  

),()],(),([)],(),([),( yxdcTxydTyxdbTyydTxxdaTyTxd   
for all x, y in X where 1.<220 cba   Then T has a unique fixed point.  
 
3.1 Common fixed point theorems 
Definition 3 Let S and T be self mappings of a set X, then a point z in X is called a common fixed point of S and T if Sz = z = Tz. 
Also the point z is called a coincidence point of S and T provided Sz = Tz.  
G. Jungck [36] obtained a well known generalization of Banach contraction principle to obtain common fixed points of commuting 
mappings. Jungck introduced the following condition (called Jungck Contraction)  

1.<),0,(),( kTyTxkdSySxd   for a pair of self maps S and T of a complete metric space and established the following 
theorem.  
 

Theorem 31 Let XXTS :,  be a pair of commuting continuous self maps satisfying the condition,  
1.<0),,(),( kTyTxdkSySxd   

then S and T have a unique common fixed point whenever ).()( XTXS    
During the last decade a large body of the literature has grown on common fixed points of weakly commuting and compatible 
mappings. It may be noted that in order to ensure the the existence of a common fixed point, each common fixed point theorem 
requires the following assumptions,  
1. A commutatuvity condition like weak commutativity or copatibility,  
2. A contractive condition or in general, a Lipschitz type condition or.  
3. Continuity of one or more mappings  
Such conditions are sufficient conditions and can be weakened further. Each common fixed point theorem either attempts to 
weaken one or more of the conditions or tries to extend the study of common fixed points from pairs of mappings to three 
mappings or four mappings or even sequence of mappings. 
In 1983, B. Fisher [26] established a common fixed point theorem for four mappings, A, B, S and T satisfying,  

)()(),()( XSXBXTXA   
and the condition, 1.<0)},,(),,(),,({),( kTyBydSxAxdTySxdmaxkByAxd   
In 1984, B.E. Rhoades extended a theorem of Park and Rhoades [57] involving a pair of mapping satisfying a Meir-Keeler type 
contractive condition into three mappings. In 1984, A. Ganguli and in 1985, I.H.M. Rao and K.P.R. Rao [61] extended Meir - 
Keeler type definitions into three mappings. 
In 1986, G. Jungck [37] obtained the following fixed point theorem for four continuous mappings on a compact metric space.  
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Theorem 32 Let A, B, S and T be continuous self mappings of a compact metric space (X, d) with 
)()()()( XSXBandXTXA  . If A, B, S and T be compatible pairs and  

,0>)),((<),( whereyxmmaxByAxd  

 
)]},(),([

2
1),,(),,(),,({=),( TyAxdSxBydTyBydSxAxdTySxdyxm 

 
 
Then A, B, S and T have a unique common fixed point.  
In 1986, R.P. Pant [46] simultaneously and independently established following common fixed point theorem satisfying Meir - 
Keeler type contractive condition. As Meir - Keeeler type contractive condition does ensure a common fixed point theorem unless 
  satisfies some additional condition or some additional inequalities used. He took   to be non decreasing. 
  
Theorem 33 Let A, S and B, T be commuting self mapping of a complete metric space (X, d) satisfying 

)()()()( XSXBandXTXA   and the condition given 0> , there exists a 0>)( , )(  being non 
decreasing such that  

 <),(<)),(),,(),,(( ByAxdTyBydSxAxdTySxdmax   
If one of the mappings A, B, S and T is continuous, then A, B, S and T have a unique common fixed point.  
Also, the common fixed points for four mappings satisfying contractive condition were extended for sequences of mappings by 
Jungck et al. [38], J. Jachymski [33], R.P. Pant [48]. 
In 2007, K. Jha [39] established the following fixed point theorem for sequence of mappings involving two pairs of weakly 
compatible mappings under a Lipschitz type contractive condition. 

Let TandSiAi 1,2,3,...,=},{  be self mappings of a metric space (X, d). In the sequel let us denote,  

)]},(),([
2
1),,(),,(),,({=),( 111 TyxAdyASxdTyyAdSxxAdTySxdmaxyxM iii 

 
  

Theorem 34 Let 1,2,3,...,=},{ iAi  S and T be self mappings of a metric space (X, d) such that,  

1. SXXATXXA i  ,1  for 0>i   

2. Given 0> , there exists a 0>  such that for all x, y in X, ,),(<),(< 2112   yAxAdyxM  and  

3. )],(),(),(),()([<),( 11 TyxAdyASxdTyyAdSxxAdSxTydyAxAd iiii   for 3
10 

. 

If one of ,XAi  SX, or TX is complete subspace of X and if the pairs ),( 1 SA  ),( TAk  for some 1>k , are weakly compatible, 

then all the iA , S and T have a unique common fixed point.  
Fixed point theorems are statements containing sufficient conditions that ensure existence of a fixed point, so one of the central 
concerns in fixed point theory is to find a minimal set of sufficient conditions which ensures the existence of a common fixed 
point. Also common fixed point for generalized contractions necessarily require a commutativity condition, a condition on the 
range of mappings, a contractive condition, and continuity of one or more mappings or in general, a Lipschitz type contractive 
condition. In view of these essential requirements, in the present investigation, we address to the following central question 
concerning common fixed point theorems. 
Given a pair of self mappings of a metric space (X, d) satisfying a contractive condition, what minimal assumption on 
commutativity, continuity and contractive condition guarantee the existence of a common fixed point ? 
Following this course, recently R. P. Pant [49] has established some common fixed point theorems under minimal type conditions. 
Adopting this approach, we take up the conditions of commutativity, contractiveness and continuity one by one and obtain weaker 
forms of these conditions and we can prove common fixed point theorems under new conditions. Fixed point theory for 
contractive is presently an area of intense research activity. The vigorous activity of last three decades has manifested in the form 
of significant contributions relating to fixed point and coincidence points of contractive mappings. 
 
4. Tarski’s Fixed Point Theorem 
Tarski’s fixed point theorem deals for the fixed point results of non-continuous mappings. Since any closed and unbounded 
interval I of R such as [0, 1], it is clear that any nonempty subset of the set I has supremum and infimum in I. From this fact one 
can obtain more general structure called lattice. 

By lattice we can understand a usual system >,<= S  formed by a non empty set S and a binary relation   estabilishes a 

partial order in S and that for any two elements Sba ,  there is a least upperbound and a greatest lower bound. The relations 
>&<,  are defined in the usual way.  

Definition 4 A partially ordered set S is called a lattice if for any pair Sba ,  infimum },{ ba  and supremum },{ ba  also 
belong to S.  
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Definition 5 A lattice S is said to be complete if it contains the supremum and infimum of each of its non empty subsets.  
  

Definition 6 A mapping SSf :  where S is a partially ordered set with partial order   is called a Isotone if 
)()( yleqfxf  for all Syx ,  with yx    

  

Example 1 on C[a, b] the space of real valued continuous functions on [a, b], define a partial order )()( xgxf   for all 
],[ bax , clearly C[a, b] is a lattice. It is not complete.  

 
Tarski [76] established the following fixed point theorem which was obtained by him in 1939.  

Theorem 35 Let AAf :  be an isotone function on the complete lattice >,< A  then P the set of all fixed points of f is a non 

empty complete sub lattice. Further })(:{ xxfAxsup   and })(:{ xxfAxinf   are also fixed points of f.  
 
Tarski’s theorem has been further generalized and weakened by the authors S. Abian and A. B. Brown [77], H. Hoft and M. Hoft 
[78], A. Pasini [79], A. Pelczar [80], G. Markowsky [81], L. E. Ward Jr. [82], E. S. Wolk [83], R. DeMarr [84], R. E. Smithson [85], J.S.W. 
Wong [86]. 
In 1979, Patrick Cousot and R. Cousot [87] gave a constructive proof of this theorem showing that the set of fixed points of F is the 
image of L by a lower and an upper preclosure operator. These preclosure operators are the composition of lower and upper 
closure operators which are defined by means of limits of stationary transfinite iteration sequences for F. In the same way the have 
given a constructive characterization of the set of common fixed points of a family of commuting operators and gave some 
consequences of additional semi continuity hypotheses. 
In 1984, Takao Fujimoto [88] extended Tarski’s fixed point theorem to the case of set-valued mappings, and is applied to a class of 
complementarity problems defined by isotone set-valued operators in a complete vector lattice. 
In 1994, Lin Zhou [89] established a Tarski-type fixed point theorem for an ascending correspondence on a complete lattice and 
then applied to show that the set of Nash equilibria of a supermodular game is a complete lattice. 
 
5. Some Applications of Fixed Point Theorems 
The theory of fixed point is a very extensive field which has various applications. Fixed point theory has played a central role in 
the problems of non-linear functional analysis and provided a power tool in demonstrating the existence and uniqueness of 
solutions to various mathematical models representing phenomena arising in different fields. 
 
Applications of Brouwer’s Fixed Point Theorem 
[27] The game Hex was invented by the Danish engineer and poet Piet Hein in 1942 and rediscovered at Princeton by John Nash in 
1948. It was produced commercially by Parker Brothers in 1952 but has been "out of print" in this country for many years. 
However, the game is still very popular and much played in other countries, including France, Germany, and Israel. 
A classical result of topology, the celebrated Brouwer Fixed-Point Theorem, is an easy consequence of the fact that Hex, a game 
which is probably familiar to many mathematicians, cannot end in a draw. This fact is of some practical as well as theoretical 
interest, for it turns out that the two-player, two-dimensional game of Hex has a natural generalization to a game of n players and 
n dimensions, and the proof that this game must always have a winner leads to a simple algorithm for finding approximate fixed 
points of continuous mappings. It has applications in Nash equlibrium and in economics.  
Brouwer’s fixed point result is used [17] in human affairs including the identification of an optimal earth - to - man trajectory for 
the space travel to analyze the intergenerational occupational modeling. It has applications in Haar measures. 
 
Applications of Banach Fixed Point Theorem 
Banach contraction principle is useful to obtain existence and uniqueness of the functional relations in almost all branches of 
mathematics such as differential functions, system of linear algebraic equations, ordinary differential equations, integral 
equations, Newton Raphson iterations, implicit function theorems, inverse function theorems, signal and image reconstructions, 
tomography, telecommunications, interpolationas, extrapolations, artificial neural networks, the steady state temperature 
distribution, epidemics, and flow of fluids, chemical reactions, neutron transport theory, Haar measures, abstract elliptic problems, 
invariant subspace problems, Approximation problems etc. It has applications in Googles Search engine which comes from page 
rank algorithms. 
 
Applications of Tarski’s fixed point theorem  
Tarski’s fixed point theorem can be used to prove the classical fixed point theorems such as Schroeder - Bernstein theorem and 
Cantor - Bendixon theorem. It has applications and extensions in theories of simply ordered sets and real functions. It has 
applications to Boolean algebra and theory of set theoretical equivalence. It has applications to topology. The theorems on 
complete derivative algebras can be applied to arbitrary topological spaces. it has applications in graph theory. 
Fixed point theorems have been used in many instances in approximation theory. To prove existence of best approximates, we 
have results from, Brosowski [8], Ky Fan [25], Hicks and Humphries [30], Reich [64], Sahney, Singh and Whitfield [66], Singh [68], 
Singh and Watson [70] and Subrahmanyam [75]. For different types of applications of fixed point theorems (mainly Schauder’s fixed 
point theorem), we find results from Brosowski [9], and Subrahmanyam [75]. Also, application of the fixed point theorem to 
simultaneous best approximations is given by Sahney and Singh [65]. For further references, we prefer to Brosowski [8], Cheney [15] 
and Dhage [20]. Between the fixed point theorems and their ultimate application in approximation theory, there is often another 
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level of abstract theorems, usually stating that under suitable condition, a non-linear mapping has a root. Some examples of 
theorems on this intermediate level have been given by Cheney [15]. 
 
6. Conclusion  
There have been several important results on fixed point theorems as generalizations and improvement of these fundamental 
theorems. Fixed point theorems have numerious applications with in and outside mathematics. These have been constantly used 
for the existence of the solutions and to check the stability of the systems. Besides these, many researchers are involved to 
establish fixed point results in new spaces and to generalize, extend and improve existing results in various fields to obtain 
interesting and valuable applications of fixed point theory. 
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