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A study of measuring the distance of a stable matrix to 
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Khandelwal 

 
Abstract 

This paper determine the 2-norm and frobenius norm distance form a given matrix A to the nearest 

matrix, we explain a bisection method due to Byers, with an Eigen value on the imaginary axis. If A has 

an Eigen value plane, then, this distance measures how “nearly unstable” A is. Each bisection step 

provides a rigorous upper bound or lower bound on the distance. Here, we use Bayer’s Bisection method 

to estimate the distance to the nearest matrix with an Eigen value on the unit circle. 
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Introduction 

If A is a square matrix, a non-zero vector v is an eigenvector of A if there is a scalar λ such 

that  

Av = λv  

 

The scalar λ is said to be the eigenvalue of A corresponding to v. The singular value 

decomposition of an m × n real or complex matrix M is a factorization of the form  

M = UΣV ∗, 

 

Where U is an m×m real or complex unitary matrix, Σ is an m×n diagonal matrix with 

nonnegative real numbers on the diagonal, and V is an n × n real or complex unitary matrix. 

The diagonal entries 𝛴  𝑖,𝑖 of Σ are known as the singular values of M. The m columns of U and 

the n columns of V are called the left singular vectors and right singular vectors of M, 

respectively. Suppose that 𝐴 ∈  ℂ 𝑛×𝑛 has no Eigen value on the imaginary axis. Let U ⊂ 

ℂ 𝑛×𝑛be the set of matrices with at least one eigenvalue on the imaginary axis. The stability 

radius of A is defined by  

 

β(A) = min{||E|| | A + E ∈ U}               (1) 

 

If A is stable, that is, all eigenvalues of A have negative real part, then β(A) is the distance to 

the set of unstable matrices. It is a measure of how “nearly unstable” is the stable matrix A. In 

this report we describe a bisection algorithm due to Byers for calculating β(A). It can be shown 

that  

 

β(A) = min
ω∈ℝ

σmin(𝐴 − ω𝑖𝐼)                (2)  

 

Where σmin(𝐴 − ω𝑖𝐼) is the smallest singular value of (𝐴 − ω𝑖𝐼). So, for any real ω, an upper 

bound on β(A) is  

 

β(A) ≦ σmin(𝐴 − ω𝑖𝐼)                 (3) 

 

The bisection method described in this report gives upper and lower bounds on the global 

minimum of f (ω) = σmin(𝐴 − ω𝑖𝐼).It is not affected by the number of local minima f (ω) may  
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have, nor does it require any starting value in order to begin. 

The technique can be used to bracket β(A) to any accuracy, 

but it converges too slowly to be used to calculate β(A) many 

significant digits. Fortunately, β(A) rarely needs to be 

calculated more accurately than within an order of magnitude.  

Throughout, λ(A) represent the set of eigenvalues of A. The 

norm ||.|| may represent either the operator 2-norm ‖𝐴‖ =
𝑚𝑎𝑥𝑥≠0(‖𝐴𝑥‖2 ‖𝑥‖2⁄ ) or the Frobenius norm ‖𝐴‖ =

√𝑡𝑟𝑎𝑐𝑒(𝐴𝐻𝐴). 
 

Hamiltonian Matrix 

In mathematics, a Hamiltonian matrix is a 2n-by-2n matrix A 

such that JA is symmetric, where J is the skew-symmetric 

matrix 

 

𝐽 = [
0 𝐼𝑛

−𝐼𝑛 0
]    

 

and 𝐼𝑛 is the n-by-n identity matrix. In other words, A is 

Hamiltonian if and only if (𝐽𝐴)𝑇 = 𝐽𝐴 𝑤ℎ𝑒𝑟𝑒 ( )𝑇denotes the 

transpose. 

 

Symplectic Matrix 

In mathematics, a Symplectic matrix is a 2n×2n matrix M 

with real entries that satisfies the condition  

 

𝑀𝑇Ω 𝑀 = Ω  

 

Where 𝑀𝑇 denotes the transpose of M and Ω is a fixed 2n×2n 

nonsingular, skew-symmetric matrix. 

 

Bisection Method 

Given 𝜎 ≧  0 and an n-by-n matrix A, define the 2n-by-2n 

matrix H = H(σ) 

By 

 

𝐻(𝜎) = [
𝐴 −𝜎𝐼𝑛

𝜎𝐼𝑛 −𝐴𝐻 ]            (4) 

 

Here 𝐼𝑛 denotes the n-by-n identity matrix. Theorem 1 given 

below shows how the eigenvalue of H(σ) distinguish the case 

𝜎 ≧  𝛽(𝐴) from the case 𝜎 <  𝛽(𝐴). 

 

Theorem 1: H(σ) has an Eigen value whose real part is zero 

if and only if 𝜎 ≧  𝛽(𝐴). 

 

Proof. If for some ω ∈ℝ, ωi∈λ(H), then there are nonzero 

vector u,v∈ℂ𝑛 such that 

 

[
𝐴 −𝜎𝐼𝑛

𝜎𝐼𝑛 −𝐴𝐻 ] [
𝑣
𝑢

] = ωi [
𝑣
𝑢

]        (5) 

 

Which gives 

 

𝐴𝑣 −  𝜎𝐼𝑢 =  𝜔𝑖𝑣           (6) 

𝜎𝐼𝑛𝑣 − 𝐴𝐻𝑢 =  𝜔𝑖𝑢           (7) 

 

After solving (1.6) and (1.7), we have 

 

(Av − ωiI)v = σu          (8) 
(𝐴 − ωiI)𝐻𝑢 = σv          (9) 

 

Thus σ is a singular value of (𝐴 − ωiI) and A implies σ ≥
β(A). Conversely, suppose that 𝜎 ≧  𝛽(𝐴). Let 𝑓 ∶  ℝ →  ℝ 

be the function such 

that 𝑓(𝛼)  =  𝜎𝑚𝑖𝑛(𝐴 −  𝛼𝑖𝐼).  
 

The function f is continuous and 𝑙𝑖𝑚𝛼→∞ 𝑓(𝛼)  =  ∞. so, at 

some 𝛼 ∈  ℝ, f attains its minimum value 𝑓(𝛼)  =  𝛽(𝐴)  ≦
 𝜎. The intermediate value theorem implies that for some 𝜔 ∈
 ℝ, f(ω) = σ. So σ is the singular value of A−ωiI and there are 

unit vectors 𝑢 ∈ ℂ𝑛 and 𝑣 ∈ ℂ𝑛 satisfying (8) and (9) But 

this implies (5) and ωi∈λ(H). 

Suppose that α is a lower bound and γ is an upper bound on 

β(A). The bounds can be improved by choosing a number σ 

between α and γ and checking to see if H(σ) has an eigenvalue 

with zero real part. Theoretically, any accuracy can be 

obtained, but the bisection method converges only linearly, So 

highly accurate calculations of β(A) may be expensive. All 

that is usually needed is an estimate of β(A) that is correct to 

within a factor of 10. The Algorithm given below estimates 

β(A) to within a factor of 10 or indicates that β(A) is less than 

a small tolerance. The algorithm makes use of the naive upper 

bound 𝛽(𝐴) ≦
1

2
‖𝐴 + 𝐴𝐻‖. 

 

Algorithm 1 

Input: An n-by-n matrix A and tolerance τ > 0 

 

Output: α ∈ ℝ and γ ∈ ℝ such that either 𝛾/10 ≦  𝛼 ≦
 𝛽(𝐴)  ≦  𝛾 or 

 

0 =  𝛼 ≦  𝛽(𝐴) ≦  𝛾 ≦  10𝜏.  

 𝛼 ∶=  0; 𝛾 ∶=
1

2
‖𝐴 + 𝐴𝐻‖.  

 

While 𝛾 >  10 MAX (τ,α)  

 

𝜎 ∶=  √𝛾𝑀𝐴𝑋(𝜏, 𝛼)  

 

IF H(σ) has an eigenvalue with zero real part THEN γ := σ 

ELSE α := σ. If 𝜏 =
1

2
10−Γ‖𝐴 + 𝐴𝐻‖, then at most ⌈𝑙𝑜𝑔2𝑝⌉ 

bisection steps are required. For the choice 𝜏 =
1

2
10−8‖𝐴 +

𝐴𝐻‖, at most three bisection steps are required. The bulk of 

the work in Algorithm 1 is deciding whether H(σ) has an 

eigenvalue with zero real part. 

 

Rounding Error Analysis 

The success of the Algorithm 1 depends on its being able 

decide, despite rounding errors, whether H(σ) has an 

eigenvalue with zero real part. As long as the decision is made 

correctly, the upper and lower bounds obtained by the 

algorithm are correct. In this section we show that if the 

decision is made in a numerically stable way, then it is correct 

except possibly when σ is within the rounding error of β(A). 

So, in the worst case, β(A) may lie outside the bounds given 

by the algorithm by an amount proportional to the precision of 

the arithmetic. Define 𝐽 ∈ ℝ2n×2n by 
 

 𝐽 = [
𝑜𝑛 𝐼𝑛

−𝐼𝑛 0𝑛
]            (10) 

 

where  𝐼𝑛 is the n-by-n identity matrix and 0𝑛 is the n-by-n 

zero matrix. 

 

Theorem 2: Let 𝐽 be as in (1) 𝐻 ∈ ℂ2𝑛×2𝑛 be Hamiltonian 

and 𝜎 ∈  ℝ. If 𝐻 − 𝜎𝐽 has an eigenvalue on the imaginary 

axis then | σ |= β(H). If | σ |= β(H) then at least one of 𝐻 +

𝜎𝐽 and 𝐻 – 𝜎𝐽has an eigenvalue on the imaginary axis. 
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Proof. 

If ω ∈ℝ and 𝜔𝑖 ∈ 𝜆(𝐻 − 𝜎𝐽), then 

0 =  𝑑𝑒𝑡(𝐻 −  𝜎𝐽 −  𝜔𝑖𝐼)          (11) 

 

0 =  𝑑𝑒𝑡(−𝐽𝐽𝐻 +  𝜎𝐽𝐽𝐽 +  𝜔𝑖𝐼𝐽𝐽)      (12) 

 

0 =  𝑑𝑒𝑡(−𝐽(𝐽𝐻 +  𝜎𝐼 −  𝜔𝐼𝐽)) =  𝑑𝑒𝑡(−𝐽)𝑑𝑒𝑡(𝐽𝐻 −

 𝜔𝑖𝐽 +  𝜎𝐼)            (13) 

 

Now 𝑑𝑒𝑡(−𝐽) = −1, so −𝜎 ∈ 𝜆(𝐽𝐻 − 𝜔𝑖𝐽). Because H is 

Hamiltonian, 𝐽𝐻 − 𝜔𝑖𝐽 is Hermitian. The singular values of a 

Hermitian matrix are the absolute values of its eigenvalues. 

So, | σ | is a singular value of 𝐻 −  𝜔𝑖𝐼 and 𝛽(𝐴) ≦

 𝜎𝑚𝑖𝑛 (𝐴 –  𝜔𝑖𝐼) implies | 𝜎 | ≧  𝛽(𝐻). 

Conversely, suppose that | 𝜎 | ≧  𝛽(𝐻). An application of the 

intermediate value theorem to 𝑓(𝛼) =  𝜎𝑚𝑖𝑛 (𝐻 − 𝛼𝑖𝐼) 

guarantees the existence of a number ω ∈ℝ such that | σ | is a 

singular value 𝐻 − 𝜔𝑖𝐼. Since 𝐽 is unitary, | σ | is also a 

singular value of the Hermitian matrix 𝐽𝐻 −  𝜔𝑖𝐽 𝑎𝑛𝑑 ± 𝜎 ∈

𝜆(𝐽𝐻 −  𝜔𝑖𝐽). So 0 = 𝑑𝑒𝑡(𝐽𝐻 –  𝜔𝑖𝐽 ±  𝜎𝐼) 

 = 𝑑𝑒𝑡(𝐽)𝑑𝑒𝑡(𝐻 −  𝜔𝑖𝐼 ± 𝜎𝐼). …(14) 

Hence 𝜔𝑖 ∈ 𝜆(𝐻 ± 𝜎𝐽). 
The matrix H(σ) in (4) and in Algorithm 1 is Hamiltonian. 

The next theorem shows that, despite rounding errors, the 

decision that H(σ) does or does not have an Eigen value on 

the imaginary axis is essentially correct, providing that 

Hamiltonian structure is preserved. 

 

Theorem3: Let 𝜎 ∈  ℝ be non-negative and let H (σ) be as in 

(4). Suppose 𝐸 ∈ ℂ2𝑛 ×2𝑛 𝑖𝑠 Hamiltonian and 𝐾𝜎)  =
 𝐻 (𝜎)  +  𝐸. If 𝐾(𝜎) has an eigenvalue with zero real part, 

then (𝐴 )  ≤  𝜎 +  2||𝐸 ||. If 𝐾 (𝜎) does not have an 

eigenvalue with zero real part, then 𝛽(𝐴 )  ≥  𝜎 −  2||𝐸 ||. 
 

Proof 

Let 𝜔 ∈  ℝ be such that 𝜔𝑖 ∈ 𝜆[𝐻 (𝛽(𝐴 ))]. so 

 

 0 = 𝑑𝑒𝑡(𝐽 ) det[ 𝐻 (𝛽(𝐴 ))–  𝜔𝑖𝐼]  

0 = det[ 𝐽𝐻 (0) −  𝜔𝑖𝐽 +  𝛽(𝐴 )𝐼]       (15) 

 

i.e. −𝛽(𝐴 )  ∈ 𝜆(𝐽𝐻 (0)  − 𝜔𝑖𝐽 ). The Wielandt-Hoffman 

theorem [10] implies that there is an eigenvalue −𝛾 ∈  ℝ of 

𝐽𝐻 (0)  − 𝜔𝑖𝐽 +  𝐽𝐸 =  𝐽𝐾 (0) – 𝜔𝑖𝐽 such that 𝛾 − 𝛽(𝐴 )  ≤
 ||𝐸 ||. Theorem 2 implies that |𝛾| ≥  𝛽(𝐾 (0)). Hence 

𝛽(𝐾 (0))  ≤  𝛽(𝐴 )  + ||𝐸 ||. A similar argument with the 

roles of 𝐻 (0) and 𝐾(0)reversed shows that 𝛽(𝐴 )  ≤
 𝛽(𝐾 (0))  + ||𝐸 ||, so  

 

𝛽(𝐴 )  − ||𝐸 ||  ≤  𝛽(𝐾 (0))  ≤  𝛽(𝐴 )  + ||𝐸 ||  
 

If 𝐾(𝜎) has an eigenvalue on the imaginary axis, then 

 

𝜎 ≥  𝛽(𝐾 (0))  ≥  𝛽(𝐴 )  − ||𝐸 ||.  
 

If neither 𝐾(𝜎) nor 𝐻 (𝜎) have an eigenvalue on the 

imaginary axis, then  

 

 𝜎 <  𝛽(𝐴 )  <  𝛽(𝐴 )  +  2||𝐸 ||   
 

𝐼𝑓 𝐾(𝜎) has no Eigen value on the imaginary axis and 𝐻 (𝜎) 

does, then there is a number 𝜔 ∈  ℝ such that 𝐻 (𝜎)  −  𝜔𝑖𝐼 

is singular. So, 

 

 𝜎 –  𝛽(𝐾 (0)) ≤  𝜎𝑚𝑖𝑛[ 𝐾(0)–  𝜔𝑖𝐼 –  𝜎𝐽 ]= 

𝜎𝑚𝑖𝑛[𝐻 (𝜎)–  𝜔𝑖𝐼 +  𝐸]  
 

 ≤ 𝜎𝑚𝑖𝑛[𝐻 (𝜎)  −  𝜔𝑖𝐼 ] + ||E || = ||E ||.  

 

Since β(K(0)) ≤ β(A ) + ||E ||, we have σ ≤ β(A) + 2||E ||. 

Using t digit base b arithmetic, the square reduced algorithm 

[11] applied to a Hamiltonian matrix H delivers the Eigen 

values of a Hamiltonian matrix K = H + E, where ||E || = 

O(𝑏𝑡 2⁄ ||H ||). Theorem 3 shows that if the square reduced 

algorithm is used to test H (σ) for a pure imaginary Eigen 

value in Algorithm 1, then the results may be "taken at face 

value". 

 

Generalizations 

The bisection method extends to estimating 

 

 𝛾(𝐴) = min {||E|| for some 𝜃 𝜖 ℝ; 𝑒𝑖𝜃 𝜖 𝜆(𝐴 + 𝐸)}  (16) 

 

i.e., the distance from A to the nearest matrix with an Eigen 

value on the unit circle. If A is stable in the sense that all its 

Eigen values lie inside the unit circle, then (A) is a measure of 

how “nearly unstable” A is. By applying the method to simple 

modifications of A, the unit circle can be replaced by an 

arbitrary circle and the imaginary axis can be replaced by an 

arbitrary line. 

 

Matrix Pencil 

Definition: A matrix pencil is the set of all matrices of the 

form G−𝜆H, where G and H are given n-by-n matrices and 

𝜆 𝜖 ℂ. A number μ 𝜖 ℂ is a generalized Eigen value of the 

pencil G−𝜆H if μ is a root of the polynomial 𝜓(𝜆) = 

det(G−𝜆H). The following matrix pencil theorem is an 

analogue of Theorem 1. 

 

Theorem 4: For 𝐴 ∈  ℂ𝑛𝑥𝑛, there is a number г(A) 𝜖 R such 

that г(A) ≧ 𝛾(A) and for г(A) ≧ 𝜎 ≧ 𝛾(A), the 2n-by-2n 

matrix pencil. 

 

 F(𝜎) – 𝜆G(𝜎) = [
−𝜎𝐼𝑛 𝐴

𝐼𝑛 0𝑛
] − 𝜆 [

0𝑛 𝐼𝑛

𝐴𝑇 −𝜎𝐼𝑛
]   (17) 

 

has a generalized eigen value of magnitude 1. Furthermore, if 

𝜎 < 𝛾(A), then matrix pencil has no generalized eigen value of 

magnitude 1. 

 

Proof. Define the function g : [0, 2𝜋) → R by g(𝜃) = 𝜎𝑚𝑖𝑛(A 

− 𝑒𝑖𝜃𝐼𝑛). 

This is a continuous function on a compact set, so it attains a 

maximum and a minimum value. Let г(A) be the maximum 

value. An easy singular-value argument shows the minimum 

value is 𝛾(A). 

The intermediate value theorem implies that for every 𝜎 such 

that г(A) ≧ 𝜎 ≧ 𝛾(A), there is a 𝜃 𝜖 [0, 2𝜋] such that 𝜎 = 

g(𝜃). It follows that г(A) ≧ 𝜎 ≧ 𝛾(A) if and only if there is a 

number 𝜃 𝜖 [0, 2𝜋] such that 𝜎 is an eigen value of 

 

 K(𝜃) = [
0𝑛 (A − 𝑒𝑖𝜃𝐼𝑛)

(AH  −  𝑒𝑖𝜃𝐼𝑛) 0𝑛

]     (18) 

 

Now 𝜎 𝜖 R is an eigen value of K(𝜃) if and only if there is an 

vector 𝑢 𝜖 ℂ2𝑛  

Such that  
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K(𝜃) 𝑢 = 𝜎𝑢. 

 

but this is easily rearranged to give 

 

F(𝜎)𝑢 = 𝑒𝑖𝜃G(𝜎)𝑢. 

 

The following algorithm estimates 𝛾(A) within a factor of 10 

or indicates that 𝛾(A) is less than a small tolerance. It makes 

use of the naive bound  

 

г(A) ≧ 𝜎𝑚𝑖𝑛(A − 𝐼𝑛). 

 

Algorithm 2 

Input: An n-by-n matrix A and tolerance τ > 0 

Output: 𝛼 𝜖 ℝ and 𝛿 𝜖 ℝ such that 𝛿 10⁄  ≦  𝛼 ≦  𝛾(𝐴)  ≦
 𝛿 or 

0 =  𝛼 ≦  𝛾(𝐴) ≦  𝛿 ≦  10𝜏.  
 

𝛼 ∶=  0; 𝛿 ∶=  𝜎𝑚𝑖𝑛(A − 𝐼𝑛).  

 

While 𝛾 >  10 MAX (τ,α)  

 

𝜎 ∶=  √𝛿𝑀𝐴𝑋(𝜏, 𝛼)  

 

IF matrix pencil has a generalized eigen value of magnitude1, 

THEN 𝛿 := σ ELSE α := σ. 

Let Re (z) represent the real part of z 𝜖 ℂ and Arg(z) represant 

the argument of z. It is easy to show that for r > 0 and 𝜌 𝜖 ℂ, 

𝑟−1𝛾(r(A + 𝜌𝐼)) is the distance from A to the nearest matrix 

with an eigen value on the circle {z 𝜖 ℂ || z − 𝜌|= 𝑟−1}. 

Algorithm 2 applied to aA+ 𝜌𝐼 estimates this quantity. 

Similarly, if 𝜌 𝜖 ℂ and 𝜃 𝜖 ℝ, then 𝛽(𝑒𝑖𝜃( A − 𝜌𝐼)) is the 

distance from A to the nearest matrix with an eigen value on 

the line Arg(z − 𝜌) = 𝜋 − 𝜃. Note that all lines in the complex 

plane take this form. Furthermore, if all eigen values of A lie 

in a convex region R bounded by the p lines, Arg(z − 𝜌𝑗) = 𝜋 

− 𝜃𝑗.,j = 1,2,3,......,p, then the magnitude of the smallest 

perturbation that drives an eigen value outside R is 

minj 𝛽(𝑒𝑖𝜃𝑗A − 𝜌𝑗𝐼). This quantity is estimated by p 

applications of Algorithm 1. As with Algorithm 1, the success 

of Algorithm 2 depends on its being able to decide, despite 

rounding errors, if a generalized eigenvalue of (17) has 

magnitude 1. If F(𝜎) is nonsingular, then G(𝜎)F(𝜎)−1 is 

symplectic. 

 

Conclusion 

We have presented a bisection method due to Byers for 

computing 𝛽(A). A heuristic estimate of 𝛽(A) is 

 

 𝛽(A) ≈ {𝜎𝑚𝑖𝑛(A – Re(𝜆)iI)|𝜆 ∀𝜖 𝜆(A)}     (19) 

 

The other method consists of applying a general nonlinear 

minimization algorithm to 

 

f(w) = 𝜎𝑚𝑖𝑛(A – wiI))         (20) 

 

The heuristic gives an upper bound that is often within an 

order of magnitude of 𝛽(A). However, there are examples for 

which the bound is greater than 𝛽(A) by an arbitrary amount. 

The bisection method does not fail to approximate 𝛽(A) to 

within an order of magnitude. Furthermore, it delivers both an 

upper and a lower bound on 𝛽(A). In the absence of a good 

initial guess, a nonlinear minimization algorithm applied to 

(20) may start slowly. Accurate function values using a 

singular value decomposition cost O(𝑛3) flops each and so are 

too expensive except for low-dimensional problems. The 

function values may be economically estimated with a 

condition estimator, but this can destroy the smoothness of 

f(w) on which many minimization algorithms depend. It is not 

always the case that f(w) is an “easy” function to minimize. 

When 𝛽(A) = 0, f(w) may not be smooth; the minimum lies 

on a cusp. Furthermore, for an n-by-n matrix A, f(w) may 

have as many as n local minima and as few as one. A 

nonlinear minimization algorithm must be used O(n) times to 

search for all possible local minima. If fewer than n local 

minima are discovered, there remains some doubt that all 

were found. In contrast, the bisection algorithm does not 

require good starting values. Cusps in f(w) do not affect the 

bisection algorithm nor does the number of local minima. 

Bisection is competitive with the heuristic (19) and nonlinear 

minimization (20). Bisection has no possibility of failure. It 

produces upper and lower bounds that differ by no more than 

a factor of 10. It enjoys a favorable. 
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