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Abstract

The generalized common fixed point theorems in 2 Non Archimedean Menger PM-space by using the
concepts of R- weakly commuting mappings, reciprocal continuity are established in this paper. The
presented results extend some known existence results from the literature.
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1. Introduction

In 2001, Renu Chugh and Sumitra ¥ introduced 2 Non Archimedean Menger PM-space. The 2
Non Archimedean Menger PM-space is the generalization of 2-metric space in probabilistic
setting. That is where instead of the distances between two or more points one can understand
the probability of a possible value of the distance. The distance is represented by distribution
function. In this paper, we will prove some generalized common fixed point theorems in 2 Non
Archimedean Menger PM-space by using the concepts of R- weakly commuting mappings,
reciprocal continuity. These results extend and generalize several results existing in the
literature.

Definition 1.1

Let X be any non-empty set and let D be the set of all left continuous distribution functions.
€40, &t which is an ordered pair, is said to be 2 Non Archimedean Menger Probability Metric
Space (2 N.A. PM-space) if G is a mapping from & ¥ & ¥ X infg B satisfying the given
following conditions, where the value of G at is {#,%,&¢ & & %X % X represented by
Gyyz or G(x,y,2) foreachx,y,z € X such that

i. G(x, Y, z, t) = 1 t > 0 if and only if at least two of the three points are equal..
ii. G(X,y,2) =G(X,2,¥) =G (z, X, y)

iii. G(X, y,z; 0)=0

iv. IfG(,\',y,s;t-l) = G(x,8,2;t;) = G(s,v,8;t3) = 1,then G(x,v,z;max {t,,t;,t3}) =1

Definition 1.2
A tnorm is a function & 1 [0:1] 3¢ [@1] ¢ [Q1] = [@1] which is associative,
commutative, non-decreasing in each coordinate and ‘?":if.- 1,15 m {foreach § & [‘.:[,.'l].

Definition 1.3
A sequence &yJ in 2 N. A. Menger PM-space X6 8 converges to X if and only if for each
g > 0.4 > 0 there exists an integer Zis 1)

Such that f(G(xn,le ; 5)) <f(1-21),¥Yn>Z or lim, f(G(,rn,,lq L; r)) =0, we write x,, — x.

K=t B

we  write
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Definition 1.4
A sequence {&y1in 2 N. A. Menger PM-space is Cauchy sequence if and only if for each & & &,
Aw O there existy an integer Z{g, A) such that

F {E:{Wﬁr-"‘"i'lwr by f}} wfl=A¥npeMandpzl orif Hmi‘.-mf{ﬂ"‘"m-“‘"w;! P:T} - {,

Definition 1.5

Two self-maps A and S of a 2 N. A. Menger PM-space (X, G, &) are called compatible if

Hm f{ﬁ{ﬁ?ﬁ‘m Ffb’i‘m iy 3‘:‘}- ! Whenever {'PE‘H] is a sequence is a sequence in X such that Hiz1 4%, = RSy, m g for
el @ 7

some # & X

Definition 1.6
Two selffmaps A and S of a 2 N. A. Menger PM-space X, 68 are called weakly commuting if

FUG(ASx, SAx L)) = A G(AxSx,it)) ¥ xEX and t > O,

Definition 1.7
If two self-maps A and S of a 2 N.A. Menger PM-space (X, G ) are said to be R-weakly commuting, there exists R > 0 such that

(Gtamnsanie)) s (G (ansnng)] ¥ xexander o,

Example 1.8 [5]
LetX m Hwith 2-metric defined as dfx &) mmin{|x—pl, |r -3l |z - % }, forall %35 X, ¢ > 0 Define

Gl eyt m _,E with @&, &f m mlntrg, £ then (X, &) is 2 Non Archimedean Menger Probability Metric
v e 2 rhdmnh
(g
Space.

Definition 4.2.11

Two self-maps A and S of a 2 N. A. Menger PM-space (X, G &) are said to be reciprocally continuous on X if
MmaAyx, m 4x and NI JAx, w5 whenever E.’E-‘ﬁ] is a sequence in X such that
& &

li?gn Ak, = li?gn.S‘xﬁ m ¥ forsomex € X

Lemmal.l
Let {'}-‘.}} be a sequence in 2 Non Archimedean Menger Probability Metric Space %, &, &) where & is a continuous t-norm

satisfying  @(LL D@l for all [&[0A] If there exists a positive number AE QL) such that
[1=fie
v 5 E“—jﬁ & V=t Y bl 1,25 ..
£ ( {w}”’ Futle b gy } o Fumy bl nm 123, Then {331 is a Cauchy sequence.
Lemma 1.2
Let £, &, &} be a complete 2 Non Archimedean Menger Probability metric space with @100 & { forall § @ [04]; and let
(4, 8 ang £V, & be point wise R-weakly commuting pair of self-maps of X such that
() MX¥eS X NY=FX.
(ii) There exists fg & {1} such that
FORCMxNe b B & FOGEx @ L e)) forall 20 EX, 22 0.
Then the continuity of any one of the mappings in compatible pair 'G.‘Ff.,. P} ar 1:21'\‘7,. Q_} on 1:?:,. G, 1:5'} tends to its reciprocal
continuity.

Theorem 1.1

Let &X; & &) be a complete 2 Non Archimedean Menger Probability Metric space with LD & 1 foran 18 [0/2]: let
{M,u F } G {#"ﬁ Q} be point wise R-weakly commuting pair of self-functions of X and such that

6) MIC QXN S PFE.

(i) There exists f & (@1} such that R{_f‘(ﬂ*:#tﬁ} Az M}}} - Rif{ﬁm“ Qe ﬂ[}}

forall % 8 & X, ¢ = @ Where 8 1 [§:1] = [@,1] is continuous function such that #H{&) & & foreach @ # 7 # 1,

If one of the functions in compatible pair L&, Fiar €V, @1 is continuous, then M, /¥, I @1t & have a unique common fixed
point in X.

Proof
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By Lemma 1.2, if P is continuous and {}, &} are compatible then A and P are reciprocally continuous.
Let ¥g € X. 3 &y, 4z £ X, Such that Mxgm @xy m 375 and Ny m Fxg moy
Now, the sequences {y ) Gtk {35 in X are defined by Mxy ™ @ Xyaq m 35 and
Nigey ™ Qipsg ™ Pgeq for mom G123,
Substitute & = Xy, 3 ™ Xoaq 7 {18} we have
Rﬁqi'::{M-"rm Nigad KE))) 8 RGP Qnast, 1))
) (M W L RED) & FURP X, @ e, 80
= PR Pusn b RED & AL mn Yo b )
By Lemma 1.1, {34} is a Cauchy sequence.
Since X is a complete 2 N.A. Menger PM space,
» There exists a point ¢ & & such that %, =+ g as T = @,
Hence Yy, m My, m QXgey = W and Jggy m Nipey = Fiigeg = §
Since M and P are reciprocally continuous and compatible functions
~ MEBx, = My and Filx, = Fg
Compatibility of M atid & gives,

i R { (G Py PMxg 1, E)) | m O
= lim PGP PM i, 3, 5)) m

=l G, o 1)) = 0

Thus Mp = Fg

Here MEX) = @€X), there exists a point § & X such that M = Qg

By (i) RCF{GMp g i, ko)) S BOF(G(PR, Qg b))

w fLGCMRNG. LD & F(FPR Qal. 81

w  FOGCMx Ny b RED) & FOC(Mp, PR, 1,0)) = Mp = g

Thus Mz = Ng wm Fp = O,

Since M and P are point wise R-weakly commuting functions.!-

38x0, FGMPRPMELY) S f(t? {Mp. 2, g); =g

Thus MFyp w FMp awd MMp e MEp w File w BEy,

Also, IV @ttd & are point’s wise R-weakly commuting functions.

We get Vg m Qg m QIVg = 20a
Noyv, by taking x w Mg, 7 = g i1 (i) we get

R{FCGp g1 k)) ) & R{F(EMRQe.1, )]

= f(G(MMpa.l, k) S F(GEMR 0a L 1)) m FG{MMR NVa, i t))
wy MM w Mg and Mp - MM 2,

Hence, M is a common fixed point of M @#e & Similarly from (ii), we can say that &g {m J#) is a common fixed point of N

and Q. Thus Mp is a common fixed point of ¥/, & @rd ¢,

For uniqueness of fixed point:

Consider Mg is another common fixed point of &, ¥, & ke @ Then,
by (ii), we have

RAFLG(R MG, k)]

R (F(G{Ritp, QMa 1 1))

w FLGMMp, NM k) &

FEPMp, QMg 1,0} m F(G{Mp, Mg, 1,6))

w N owm Mg,

Hence, ¥ is a unique common fixed point of M, ¥, F g &
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