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Abstract

By using the concept of contraction of the two mappings in menger PM-spaces, the paper introduces
coincidence and common fixed points in menger PM- spaces. The paper extends the result of the paper
“Marwan Amin Kutbi” [

Keywords: point theorem, mappings, PM-spaces, coincidence

1. Introduction

The concept of Probabilistic metric space (PM- Space) was first studied by Menger M in 1942
See also > There after some fixed point results were given by Schgal and Bharucha-Reid [ 7]
By using contractive condition in probabilistic metric space, they proved a unique fixed point
result which was an extension of Banach’s work ! regarding fixed point theorem in metric
space. Many fixed point result were proved in the space; see 329 In particular, Dutta et al. 21

Nonlinear ¥ — contractive mapping in Menger PM-space and proved the result using this
contractive mapping in G-complete Menger PM-Spaces. Weaking this ¥ — contractive

mapping, Marian Amin Kutbi, Dhananjag Gopal, Calogera Vetro and Wutiphol Sintumaverat
Bl gave some fixed point results in G-complete and M-complete Menger PM-spaces.

On the basis of studying the result Bl; we defined ¥ — contraction of one mapping with respect
to f and proved the coincidence and fixed points of the two mappings in the Menger PM-

space.
Here, we state some definitions which are needed to prove our result. We denote the set of real

numbers by R, byR+, the set of non-negative real numbers and by N, the set of positive
integers.

Definition 1.1 22 A mapping f: R — R¥ is called a distribution function if it is non-
decreasing and left continuous with inf,_; F(t) = 0andsup, .z F(t) =1

We denote by D ¥ the set of all distribution functions, while HzD* will always be denote the

specific distribution function defined by
0, t=0
H(t) = {1, t>0

Definition 1.2: 22 A binary operation T : [0.1][0.1]— [0.1] is a continuous ¢ — norm if
the following conditions hold:
(@) 7 is commutative and associative,

(b) 1 is continuous.
(c) T(a 1)=aforall a=[0,1]
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(d) T(a, b), whenever a =< c andb = d, fora, b, c,d =[0.1]

The following are three basic continuous £ — ruar#r from the literature :

i.  Theminimum t — norm, say Ty, defined by Ty, (a, b) = min(a, b).
ii.  The product t — norm, say Ty, defined by Tp(a, b) = a.b.

iii.  The Lukasiewicz t — norm Ty defined by T, (a, b) = max(a, b)
These t — norm are related in the following way : T; < Tp < Ty,

Definition 1.3: BI A menger PM space is a triple (X , F, T") where X is a nonempty set, T is a continuous t — norm and f is
a mapping from X X X into D* such that, if F;J denoted the value of g at the pair x, ¥, the following conditions hold

F,,(t) = H(t)ifand only if x = y forall t=R™,
F.,(t) = F,_ (t)forall, x,y,zsR¥,

F.,(t+s)= T(F‘;H[:tj,!‘;ﬁ[r])for all x,y,zzR™.

Definition 1.4: Bl Let (X', F, T) be a Menger PM-space, then

() A sequence [xﬂ_] in X is said to be convergent to x&Xif, every € = 0 and, A = 0 there exists a positive integer
N such that F,  (€) = 1 — A whenever n = N.

(i) A sequence (xn] in X is called Cauchy sequence if, for every € = 0 and, A = O there exists a positive integer IV such
that F, . (€) =1 — A wheneverm,n = N.

(iii) A Menger PM-space is said to be M-complete if every Cauchy sequence in X is convergent to a point in X

(iv) A sequence (x,, ) is called G-Cauchy if lim, oo Fy (t) = 1foreachmeN and t = 0.

(V) The space (X , F, T} is called G-complete if every G-Cauchy sequence in X is convergent.
The following class of functions was introduced in [10] and will be used in proving our results in the next section.

Definition 1.5: ' A function 1f: R* — R™ is said to be 1 — function if it satisfies the following conditions:
(i) P(t) =0ifandonlyif t = 0.

(ii) () is strictly increasing and y(t) — oo ast — o0

(iii) s is left continuous in (0, co)

(iv) yr is continuous at 0

Definition 1.6: Let (X, F,T) be a Manger PM- space and T, f: X X X be the self mappings. A point x in X is called a

coincidence point (common fixed point ) if Tx = fx.Also the pair T, f: X X X of mappings are weakly compatible if they
commute on the set of coincidence points.

Definition 1.7: (23) Let (X, F, T") be a Manager PM-space. The probabilistic metric F'is triangular if it satisfies the condition

1 (1 1
@ S (f;,ztrj ) 1) N (%—tﬂ ) 1)

Forevery x,¥,z € Xandeacht = 0

In the sequel, the class of allgp— functions will be denoted by €+.Also we denoted 1 the class of all continuous non-decreasing
functions such that #(0) = 0 andy™(a,,) = Dasn — oo

Theorem 1.1 BlLet (X, F, T) be a G-complete Menger space and f : X — X be a mapping satisfying the following inequality:

1 1
Fry(0®) ”*’(_f;ytm)" 1) (+4)

Where x,y € X, ce(0]l).pey andt = Osuchthat F [cp[tj) = 0 then f has a unique fixed point.

A mapping f: X — X satisfying condition (1.1) is usually called 4 — contractive mapping. However for some discussion on
this notion and theorem 1.1 the reader can refer to the recent paper of Gopal et al [2l where analogous result are proved by using
some control function

~ 53~



International Journal of Statistics and Applied Mathematics

2. The Main Results
Theorem 2.1 Let (X, F, T") be a menger space and T" : f+ X — X be the mapping satisfying the following inequality

1 1
— — .
FT.x:,T_}:(‘p{ct]) ! B w(f}x,fy(qj{t]) 1) {2 1)
Where x, v € X,c £(0,1),psd, =¥ and £ > 0 such that FTLT};((P{CI:] ) If the range of T(X) Cf(X)isaG-
complete subspace of, then f and T have coincidence point.
Further if the pair of mapping (T, f ) is weakly compatible, then f and ¢ have a common fixed point.
Proof Let xg£X. Take a point x,in X such that T(xg) = f(x4). This is possible as the range of f contain the range of T.
Continuing in this way, for every x,, in X. One can find a x,., such that ¥, = Tx, = fx,., Without loss of generality
assume the ¥, ., # ¥, for all neN; otherwise f and T have a coincidence point and there is nothing to prove. In

Case V41 F Vn
1 1

F.;'j._.}"z (@(tj) -

=y -1 (22)

Fra, 1x, (@1 (5))

From (2.2) we deduce that f.;':__.!f'g. (cp(t]) = 0 and f.;':__.!-"g. (u:p (E}) = 0. Again by applying (2.1), we get

R S
Fyyve ("P(t}) FT.x.AT.xs(qj{t])

that is

1 1
ale® S\ @) )

¥yida c

On using (2.2 and the hypothesis that 4’ is non — decresing the above inequality (2.3} becomes

! < 7 ! -1 (2.4)
t })

Fn® Vg (o

Repeating the above procedure successively 1t times, we obtain

1 < gt 1
CRN 1) i W (¢(5)) _

Voo cn

If we change v with ¥ in the previous inequality then for all n = r, We get
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1 1

—_— 1= Y| ——— 25
F.]r‘-n..]r‘ﬂ+1.|:';"(":‘rﬂlzI B w 2 (W[ﬂj ( )

FoFa e,
Since ™ (a,,) — 0 whenever a,, — Otherefore the above inequality implies that
hn%%mﬁhhﬂﬁﬁﬁwg)=1 (2.6)
Now let £ = O be given, then by using the properties (i) to (iv) of a function we can find r=N such that @(c"t) < e It
follows from (2.6) that

limﬂ_,mf;ﬂyﬂﬂ(cp{e]) =1 forevery € = 0(2.7)
Hence y,, is a G-Cauchy sequence in f(X)and f(X)is G-complete. Therefore y, — y as n — oo, for some ys f(X).

Consequently we obtain a point w in X such that f(1) = 1. Now we show that u is coincidence point of fand T.
Since,

E E
FT”’“(E] =T (FTuJyﬂ+l (E) ’FT-VﬂH.*“ (E)) {ZBj
By using the properties (i) and (iv) of a function gz, we can find 5 = 0 such that @(s) < E Again since y,, —* y as 1 — 00,

then there exists meN such that, for all n = ng we have ......Fy_ de) =0
Therefore, for every n == n, we obtain

1
—1= -1
F-;’-ﬂ+1.Tﬂ (Q:|| (%)) FTxﬂ+LT“(¢]{S])
1
<y 1

Since ¥ is continuous at 0 and ¥ (0} = 0, we obtain

£
hm”_’”":f-;'ﬂ+1_7'[ﬂj (E) =1
From (2.8) and (2.9), we get F,, 1, (€) = 1 for every € = 0,which implies that Tu = fu.
This proves that u is coincidence point of fand T. Further suppose Tu = fu = 1. Since fand T are compatible, then
fTu = fTv Obviously, Tw = f12. Now we show that f1r = .

1 1
1= —~ -1
F-;:ﬂ+:l._fl? ('::i:|| (i)) FTxﬂ_'_LTa: (Q:I| (i))
= L -1
FT.xﬂ+LTW(¢]{S})
1
< -1

P o (‘p (%))

Since ¥ is continuous at 0 and ¥/{0) = 0, we obtain
3
hm”_’”":f-;'ﬂﬂ.f[lﬂj (E} -1
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From (2.8) and (2.10), we get FMW[E:] = 1 forevery € == @, which implies that # = w Hence v is fixed point of T and f.

Further suppose that w is another fixed pint of T and f, then
1 1
1= - 1

Ffﬂnh (fp (E)) Topes TW (QIJ (2))

= ! 1

B Tapy, TW [‘p (S:])

1
< -1

Since ¥ is continuous at 0 and ¥ (0) = 0, we obtain

€
il'm?‘!—}uc F;‘:n+;“' (E) = 1
From (2.8) and (2.10), we get F'L,JW(E:lzl for every € = 0, which implies that 2 = W Thus we have guarantee of uniqueness of

fixed point.
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