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Abstract

In this paper, a unified formula of a series of exact solutions for the coupled Schrddinger-KdV equation
is obtained by using Hirota bilinear method and trial function method. These solutions contain bi-soliton
solution, singular periodic amplitude solution and breather soliton solution. The results contribute to a
better understanding of the structure of the solutions and non-linear phenomena for the coupled
Schrédinger-KdV equation.
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Introduction
Takao Yoshinaga et al. studied nonlinear interaction between long and short waves from the
following model, which was called coupled Schrodinger-KdV equation ™,

iU, £u, =uv,
2
Vt +an +ﬁvxxx = (|U| )x’ (1)
v =V(x,t) , :
where and denote, respectively, the complex amplitude of the short
wave and the long wave, and X and T are the normalized space-time coordinates, while &

u=u(x,t)

and p are control parameters. The positive or negative sign in front of Ue should be adopted
depending upon the property of the medium. Their study results exhibit recurrence or chaotic
motion, depending upon the magnitude of the control parameters involved in the governing
equations (1).

Many researchers have investigated the special case of Egs.(1), that is the following form 251,

{iut =U, +Uv,

v, +6wW, +v, = (|u|2)x.

@)

Such as Dogan Kaya and Salah M. El-Sayed obtained the exact and approximate traveling-
wave solutions for Egs.(2) by using the Adomian's Decomposition Method . Ardeshir
Ahmadi Siahdareh and his colleagues found analytical solutions of Egs.(2) through a hybrid of
Fourier Transform and Adomian Decomposition Method Bl. A number of Jacobi-elliptic
function solutions, soliton-like solutions and trigonometric-function solutions were also
obtained by A. Filiz et al. by using F-expansion Method ™. While numerical analysis of
Egs.(2) is studied by S. Kiictikarslan through the Homotopy Perturbation Method 1.

To our knowledge, breather soliton solutions of Egs.(2) have not been reported. The aim of the
present paper will be to investigate Eqs.(2) by using Hirota bilinear method and trial function
method, and to obtain a unified formula of a series of exact solutions including soliton
solution, periodic amplitude solution and breather soliton solution [& 7,

~)g~



International Journal of Statistics and Applied Mathematics

2 Exact solutions to Schridinger-KdV equation
First, we find

Uy (X, 1) = (a+k?)eT® ) v (x,t) = a+k?

@)

is a solution of Egs.(2).
Second, we set
uoty = S8 ety —v 200 Fy.,

F(x.1) (4)

Vo =a+ k2 . . - . . F G

where , then Egs.(2) can be changed into the following bilinear equations with respect to and
(iD,-D.?-V,)G-F =0,
(DD, +D,* +6v,D,2+C)F -F —|G[ =0, -
where C isa integration constant. In the calculation, Eqgs.(5) is written as another form
I(FG, -FG)-(FG,, -2F,G, + F,G) -v,GF =0,
2(FF,—F,F)+2(FF, —4F,F, +3F,%) +12v,(FF, —-F?) +CF?-GG" =0, ©)
where the asterisk denotes complex conjugate. Now, assuming that
F(xt) =ae™® +a,e ™ +a; cos(Kx+Lt),
G(xt) = Voe—i(kx+at) (blePXJrQl + bze—(Px+Qt) +b, cos(Kx+Lt) +b, sin(Kx+ Lt)), @)

8,(i=123)b,(j=1234) pQK
=1,2,3),

where and L are constants to be determined, we substitute Egs.(7) into EQs.(6),

some equations with respect to a i
b;(j=1234) P,Q,K

obtain the following results

and L can be obtained (the tedious calculation process is omitted). Solving these equations, we

V2 a(3a+3k* —k)(4a3, -a,") X _ 23,(3a+3k*-k)(4a3, -a;’)

2 (a+k®(dap,+a’) 0 2 (a+k®)(4aa,+a’)

:ﬂag(3a+3k2 k(a2 -27) ~oc- 1( (43,3, -a, )(3a+3k2 Y
(a+k®)(4aa,+a,’) ) 4aa, +a,’

Za+3k’-k ok 3a+3k’ -k _s a,a,(3a+3k* k)
4aa, +a,’ %Q 4aa, +a3 4aa,+a,’
2
L:_4k\/a1a:3a+3k

bI:_

where 4,8,,85,8 and k are arbitrary constants. Then, we have
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2 2
- 3a+3k —ka (x-2kt) | 3a+3k 7ka3(x—2kt

293 2
F(x,t) =ae! **%® +ae | +a, c0S(2 J

aa, (3a+3k2 k)( o),

3a+3k k3(x 20) 3a+3k l2<
43,8,+a5

+ aze

ag (x-2kt)

ﬁ(4a1a —a, )(3a+3k2 k) g-illoceat)
2 4aja, + as

2
—a, c0s(2 J a1a24(:12+fl;32— K) (x— 2kt))} ,
2

4aa,+ a3

G(x,t)=- ae

9)
Substituting Egs.(9) into Egs.(4), we can obtain solutions of Schrédinger-KdV equation(2) as follows
u(x,t) =
f 3a+3k?—k f 3a+3k?—k
\E (4a1a2 a3 )(3a+3k _k) —| (kx+at) (aie 43,3, +ay” 2% (x-2K) +a e_ _4a1a2+a32 % (x-2k)
2 43,3, +a; g

~ a,a,(3a+3k* -k)
ascos(Z\/ tag, +a; (x—2kt)))

2 2
f—i“‘?k Ko (x-2k) - y—ia”k Koy (x-2k)
& a, +a a;a, +a
aie 192 3 +_a2e 192 3

2
a,a,(3a+3k 2— k) (x—2k1))),
4aa, +a,

[saa, 3a+3k2—k
2a3(3a+3k2 —k) m“ 2 f a2
A 2 (31339 + azase hdp T3
8, +8,

a,a,(3a+3k* —k) (x
4aa, +a3

+a, cos(2 \/

v(x,t)=a+k’ -

- 2kt))

2 2
f-‘za”k ‘L‘as(x-zkt) - f—ia”’k _Iz(aa(x—Zkt)
qa, +a qa, +a
aie 1942 3 +_a2e 192 3

(
2 2 _ _3a+3k2—lz<a3(x_2kt)
+a, COS(Z\/aiaz (3a+3 > ) (x—2kt)))— 2332( _M(a@\/:
daa, +a, 4aa, +a,

ke [aa(3ar ki 0 ¢ [a26a+ K -K) 2
“ae )-2,[ 2% sin(2 (x—2k1)))
a,a, +a3 4aa, +a3

+4a,a, cos(2 J

2

W%(sz \/Tkzl;as(xzkt) a,a (3a+ 3k? - k)
((ae" =™ +ae | A +a, 003(2\/ PP 2k)))*
8,8, +a, (10)

This is a unified solution set which contains soliton solution, periodic amplitude solution, breather soliton solution.
Now, we choose properly constans &3, 8 and &in Eqgs.(10), different solutions can be obtained.

= = 2
Case | Setting 8 =28;,a, 2a3, and &= —2k in Eqs.(10), then, a soliton solution for Egs.(2) can be expressed as
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s S,

4cosh(, L V7 JREK-+1)(x - 2K0) - cosh(-2 V7RG +1)(x— 2k’
4cosh(%\/1_7\/k(37k+l)(x—2kt))+cosh(%\/l_7\/mxx—2kt))

v(x,t) = K+

5 k(3K +1)(cosh(%\/1_7m)(x—2kt))+4cosh(%ﬁm)(x—2kt)))

T doosh(:S VAT JKK-+I)(x - 2K1) + cosh( 4 VIT YKk +1)(x - 2k1)
5 k(3 +1)(sinh(%\ﬁ\/k(37m)(x—2kt))+sinh(%ﬁ\/k(T7+1)(x—2kt)))2
M (c0sh(. IT KGR+ (x-2k0) +cosh(. - T JRE@RFD(x-2k0)*

(11)

where k is a constant and satisfies k(3k +1) >0 .

lul
Y=x-81

u(x1) Wlth =4, and Y =X—8t Egs.(11).

Fig 1: The profiles to Re(u), Im(u) and | | for

u(x,t)

From Fig.1, we clearly see that is a bi-soliton solution.

p—ty = 2
Case 11 Setting 4 =%, a3, and @=K" i Egs.(10), then, a solution with periodic amplitude for Egs.(2) can be written as
u(x,t) =

3 V2Kk(Bk-1)(2c0s( 5 Jk(6k—T)(x~ 2k)) - cos(; 2 5 Jk(Bk—1)(x- 2kt)))e-'k‘*+k‘>
I 2¢05( J‘ 5.JK(BK—1)(x~ 2K1) + cos(c \/’ 5 Jk(Bk —1)(x 2K1))
v(x,t) = 2k* -
4 K(Bk ~D(cos(; B KBk —D)(x - 2k0)) + 2005(; V5 JK(Bk ~1)(x~240)
® 200s(_ VB Jk(BK—1)(x2k0)+ cos( VB JK(EK—1)(x~2K)
4 K(BK=1)(sin( B KBk —D)(x - 2kt) +sin( 2 BBk —D)(x - 2k1)))
: (2cos(g«f K@K )(x—zkt))+cos<gf JKED(x-2k)

+

(12)

k(6k—1) >0

where k is a constant and satisfies

Similarly, Fig.2 shows that u(x1) is a singular solution with periodic amplitude (unbounded).

p— = — 2
Case |11 Setting 3 =23;,8, 28, ,and &= 2k* iy Egs.(10), then, a breather soliton solution for Egs.(2) can be obtained.

~)8~
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u(x,t)

Fig 2: The profiles to Re(u) and Im(u) for in Egs.(12) with k=5 .

u(x,t) =

By 2Kk (9k- 1)(4sinh( \/_ 15Jk(9k-1)(x — 2kt)) - cos(—\/_ 15[k (9k-1)(x — 2kt)))e 02
30 4sinh( . f 15 k(OKk-1)(x— 2t)) +cos(_ J_ 15k (9k-1)(x - 2kt))

v(x,t) =3k? +
B (oKD sinh(%«/l_S,/k(gk-l)(x—zkt))-cos(%«ll_s,/k(gk-l)(x—2kt))

15 4sinh(%\/1=5«/k(9k—1)(x—2kt))+cos(%\/1=51/k(9k—l)(x—2kt))
| 32k(9K-1) (COSh(%\/E\/k(gk‘l)(X—2kt))—Sin(%\/l_5«/k(9k-1)(x—2kt)))2

15 (4sinh(%«/1_5‘/k(gk-l)(x—2kt))+cos(%\/l_&/k(gk-l)(x—2kt)))2.
k(@k-1)>0

(13)

where k is a constant and satisfies

, 318

u(x.t)|
u(x,t)

Fig 3: The profile of in Egs.(13) with k=5 .

Fig 3: shows that is a breather soliton solution.

3 Conclusion

In this paper, the coupled Schrédinger-KdV equation is transformed into the bilinear equations and which are solved by using trial
function method. A unified formula of a series of exact solutions which includes bi-soliton solution, periodic amplitude solution
and breather soliton solution is obtained. Three structures of exact solutions are displayed. These results greatly enriched the
diversity of wave structures for the coupled Schrédinger-KdV equation.
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