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Abstract

Due to the necessity of a formula for representing a given set of numerical data on a pair of variables by a
suitable polynomial, in interpolation by the approach which consists of the representation of numerical
data by a suitable polynomial and then to compute the value of the dependent variable from the
polynomial corresponding to any given value of the independent variable, one such formula has been
derived from Newton’s divided difference interpolation formula. This paper describes the derivation of
the formula with numerical example as its application.
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1. Introduction

There exist a number of interpolation formulae such as Newton’s Forward Interpolation
formula, Newton’s Backward Interpolation formula, Lagrange’s Interpolation formula,
Newton’s Divided Difference Interpolation formula, Newton’s Central Difference
Interpolation formula, Stirlings formula, Bessel's formula etc. in the literature of numerical
analysis {Bathe & Wilson (1976), Jan (1930), Hummel (1947) et al} for handling the
problems of interpolation {Hummel (1947), Erdos & Turan (1938) et al}.

In the existing approach of interpolation {Hummel (1947), Erdos & Turan (1938) et al}, where
a number of interpolation formulae are available {Bathe & Wilson (1976), Jan (1930),
Hummel (1947) et al}, if it is wanted to interpolate the values of the dependent variable
corresponding to a number of values of the independent variable by a suitable existing
interpolation formula then it is required to apply the formula for each value separately and thus
the numerical computation of the value of the dependent variable based on the given data are
to be performed in each of the cases. In order to get rid of these repeated numerical
computations from the given data, one can think of an approach which consists of the
representation of the given numerical data by a suitable polynomial and then to compute the
value of the dependent variable from the polynomial corresponding to any given value of the
independent variable. However, a method is necessary for representing a given set of
numerical data on a pair of variables by a suitable polynomial. Das & Chakrabarty (2016a,
2016b, 2016¢ & 2016d) >51 derived four formulae for representing numerical data on a pair of
variables by a polynomial curve. They derived the formulae from Lagranges Interpolation
Formula, Newton’s Divided Difference Interpolation Formula, Newton’s Forward
Interpolation Formula and Newton’s Backward Interpolation respectively. In this study,
another formula has been derived from Newton’s Divided Difference formula applied in
reverse order. This paper describes the derivation of the formula with numerical example in
order to show the application of the formula to numerical data.

2. Backward Divided Difference Interpolation Formula:

Let

Yo = f(x0),y1 = f(x1), y2 = f(x2), oovvvvenn. » Yn-1 = f(Xn_1), ¥y = f(x4)

be the values of the function y = f(x) corresponding to the values

X0y X1s X2 eeeeeerennns ,Xn_1,Xp of the independent variable x. Then Newton’s Divided

Difference uses interpolation formula is given by
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f(x) = f(xp) + (x — X)f (X0, X1 ) + (X = Xo) (X — X1) £ (X, X1, Xp) + (X = Xo) (X — X1) (X — %)

f(Xg, X1, X3, X3) t eninnn +(x—x)E—x%1) X—%3) .... X — Xi_1) T (X0, X1 » X2, X3.....Xj_1)
+o +(x—X)(X—%X1) (X—X3) eevvinininnnn, (x— xp_1) T (X, X1, Xz, X3.....Xp)
where
fXno1s Xno2s e Xq, Xo) = f(Xn, Xp g, e s X2, Xq)
f(Xp ) X1y ver e ,X5,X1,X0) =
Xo — Xp
forn=1,2,3,.............. , .

Now, applylng the formula to the above values of x & f(x) arranged in reverse order

i.e. applying the formula to the values

Yn = f&n) Yn-1 = f&n-1), yn-2 = fXn_2), ..., y2 = f(x2), y1 = f(x1), yo = f(x0)
of the function y = f(x) corresponding to the values

Xy Xn—1 s Xn—2s eer eoe ven ene ee oo, X2, X1, Xo

of the independent Varlable X,

it is obtained that

fx) = flx,) + (X_Xn)f (X, Xp-1) + (X_Xn)(x_xn—l) f (Xn'xn—l,xn—z) + (X_Xn)(x_xn—l)(x_xn—z) f
(X Xn_1Xn-2,Xp-3) T coverriiiienen + X —xp)E =Xy )X =X 2) oo (X— Xp—i) f XpyXn_1Xn_2,Xn_3---Xn—i)
+o + X=X E =Xy )X —Xp_2) ooo. &= %) FXp,Xn_1Xn-2,Xn_3, ... X1, X0) = (1)

3. Representation of Numerical Data by Polynomial Curve:
By algebraic expansion, one can obtain that
(X = X)X = Xq_1) =X* =X Xp_g = XX T Xp _1 X
=%~ (Xp_1 +Xp) X+ Xy _1 Xp
:Xz_(Z{l:n—lXi)X+Xn—1 Xn
X=X (X = Xp 1) X=Xq2) = [X* ~(Xp 1 FXn) X+ Xp 1 X ] (X = Xp - 2)
=X’ =X’ (Xp—1 T Xn) T XXp 1 Xg = X’ Xn_2 ¥ XXn_2 (Xn—1 + Xn) = Xn—2Xn -1 Xn
:XS_(Xn—2+Xn 1+Xn)X+(Xan 1t XnXn—2 T Xn_1Xn -2 ) X —Xp - 2Xp 1 Xp
=X 7(21 =n-2 1)X2+(Zn o n 1XX)X Xn-2Xn-1Xn
(X_Xn)(x_xn—l) (X_Xn—z)(x_xn—S)
=[ X~ (Xn—2F Xn_1 +Xp) X+ (XnXp -1 T XnXn - 21 Xp -1Xn -2 ) X~ Xp _2Xp 1 Xn ] (X = Xp _3)
:X4_(Xn—2+xn—1+Xn)x3+(ann—1+Xan—2+Xn—1Xn—2)Xz_xxn—zxn—lxn_Xn—3x3
+(Xn—2+Xn—1+Xn)xzxn—3 - (Xan—l + Xan_2+Xn_1Xn_2)XXn_3+ Xn —3%Xn-2Xn-1Xn
=x*' - (Xn—3 t Xn_2T Xp-g Xn) X+ (Xan—l+ XnXp-2 TXn-1Xn-2t Xn_2Xn_3 ¥ Xpn_1 Xp-3 +Xan—3) x?
_(Xn—3Xn—1Xn t Xn-3Xn-2Xn T Xn_3Xn-_2Xn-1 t Xn—ZXn—lxn)X
T Xp-3Xp-2Xn -1 Xp
=X 7(21 n-3X l)X3+(Zl =n-2 ] n 3X1X] (Znn—lz n—2 E r21 3X1X]Xk)X+ Xn - 3Xn - 2Xn -1 Xn

In general,

X =X)(X =X 1) X—=Xq_2) - (X — %) (X — Xo)
_Xf(Zu 1X1)Xn 1+(Z 1XX])X E (Z] 32 Zk:lxixixk)xn73+
Fo + (=" (Xan—1Xn—zXn—3 ............. X1 Xg)

Now, Backward divided difference interpolation formula, described by equation (1) can be expressed as
f(X) = C + Cn 1(X - Xn) + Cn—2{xz_(21 n— 1X1) X+Xn 1Xn } + Cﬂ 3{X - (21 n— 2X1) X2+

(Z ] n 1XX] ) X —Xp-2Xp-1Xn } +Cn 4{ X 7(21 n-— 3X1) X3 + (Zi:n—ZZj:n—lexj ) X
(Zlnl knsxxxk)x+xn 3Xp_2Xn_ 1xn}+ ..................................................... +

Co {x"— (Zl 1x1) X (B, S xx; ) xP 2 - (B, Y YR XiXjX)) X3

F o + (=" (Xanf1Xn—zXn—3 ............. xlxo)}

where C, = f(x,)

Cn-1= 1 (Xp, Xp-1)

Cn-2=f (Xn, Xn-1, Xn-2)
Co-3=f (Xp) Xn—1> Xn-2,Xn-3)

Ch-i=f (Xp, Xn_1> Xn—2, Xn_3) «e ver ver eee ) Xpn_i)

Co =T (Xp, Xn—1> X2, Xn_3, se= eer ere wve e+, Xg)

Now, we have

Constant term = C, — Cp-1 X, + Co-2 Xp_1Xp — Cn-3 Xp_2Xp_1Xn + Cn-4 Xp_3Xp_2Xn_1Xn —
........................... F (1) Co(XpXn_1Xn—2Xn_3 «-veeveeeenr X1Xg)

Coefficient of x = Cy -1 — Cn- 2(21n1x)+cn 3 (X, ]anX])

Co-a(Xino1 X002 o2 3 XiXjX)) Fu
.
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+ ( 1" Co (xnxn 1XNo2X0g ceenenenenns X1Xy t X nXn—1Xn—2Xp_g -eeee- X1Xg)
Coefficient of x> = Cn-2— Ca-3( Zip_2 X)) + Ca-4 ( Tt 2 s X; Xj) —
......... + (—1)" Co (XpXp—1Xn—2Xp—3 -+eeeeeeevee X3 T XX 1Xn_2Xn_3 ceveeeneenen Xp
F XX 1Xne2X o3 eeeeeneenennn Xq1)
Coefficient of x> = Cy-3— Cn—4 (Xlep_3Xi) + oervvnnnnnn + (1" Co (XnXpn—1Xn-2Xn—3 «reeve-- X4+
XnXn—1Xn—2Xn=3 «ceeeeee- X3 T XpXn-1Xn—2Xn—3 «ceeevees Xt XnXno1Xn=2 «eeveeees Xq1)
Coefficient of X' = Cp—i— Cn—(i+1) ( Drep 1 X)) & evvvernnennnns + (=1)" T Co(XnXpn—1Xp_2-veere--
K1) T ovverernernneennnn t XX 1Xp_2 e eee eee X7 )

Coefficient of X" = Cy
.. The equation (2), can be expressed as

fX)=An+ A1 X+ A2 X2+ A3 X3+ + Ao x" —>(3)
which is the required formula for representation of numerical data by a polynomial curve
where
An=Co— Ch-1 Xy T Cr-2Xp_1Xn — Co-3Xn_2Xn-1Xn + Co-4 Xy 3Xn_2Xn-1Xn —
........................... + (—1)" Co(XpXp—1Xn—2Xp—3 «-e-eveeeeen. X1Xg)
An-1=Cho1— Cn 2(21 tno1Xi) T Ca3 (Xi5, ! nn2 1Xi¥Xj ) —
Ci-4(Xitn_1 - RCZ_ 3 XiXjX)) Feonee.
+ (=) Co (Xan 1xn P X1Xy + XXy 1xn 2Xp3 eeneen X1Xg)
An-2=Ch-2—-Cy- 3(21 n— 2X1)+Cn 4(2 =n-— 22 =n— 3XX])_
......... + (—1)" Co (XpXn—1Xn—2Xp_3 -+creeveevees X3 T XX 1Xn_2Xn_3 coeeveeneenes Xo
F XX 1Xn—2X0e3 ceeeeeeeeenen X1 )
An-3=Cro3—Cra (Xl _3X) F e +(=1)" Co (XnXp—1Xn—2Xp_3 «eveee-n Xy
+ XpXp_1Xn—2Xp_3 eeeee- X3+ XpXn_1Xn_2Xn_3 ceeeeenen X XpXpo1Xpe—2 ceveerens X1 )
An-i=Cn-i—Co-+) (Dot Xi) F oo + (1" T Co(XnXp_1Xp_g-eeeee-n-
D I + XXX cee eee eee X1 )
A() = Co
Equation (3), with the coefficients
Any A1, An-2, An=3y ceeeeiieeee , Ao

,as defined above, is the required formula for representing a given set of numerical data on a pair of variables by a suitable
polynomial we have aimed at.

4. Example of Application of the Formula:
Example (4.1): The following table shows the data on total population of Assam corresponding to the years:

Year 2011 2001 1991 1981 1971
Total Population | 31205576 | 26638407 | 22414322 | 18041248 | 14625152

Taking 1971 as origin and changing scale by 1/10, one can obtain the following table for independent variable x (representing
time) and f(x) (representing total population of Assam):

Year 2011 2001 1991 1981 1971
Xi 0 1 2 3 4
f(xi) | 31205576 | 26638407 | 22414322 | 18041248 | 14625152

Now here X4 = 0, X3= 1, Xy = 2 X1= 3 Xo = 4
f(x,) = 31205576, f(xs) = 26638407, f(x,) = 22414322, f(x,) = 18041248, f(x,) = 14625152

Difference Table
X f(x) f(x4.X3) | f(X4.X3.X5) | f(Xa. X3, XpX1) | (X4, X3, X5, X3, Xo)
0 | 31205576
— 4567169
1 | 26638407 171542
— 4224085 —82012.16
2 | 22414322 —74494.5 66584.99
—4373074 184327.83
3 | 18041248 478489
— 3416096
4 | 14625152

~3n~
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Now, C4=1(x,)=31205576
Cs = (x4, X3) =— 4567169
Cr =1(xy, X3, Xp) = 171542
Ci=1(x4, X3, X5, X1) = — 82012.16
Co= (x4, X3, X2, X1, Xg) = 66584.99

.. The polynomial is
f(X)=Ay T Agx + A2 +HA; X3 +HA X 4)
Where A, = C, — C3x4 + Cyx3%; — C1XX3%Xy + CoX XyX3X, = 31205576
Az =C3—Cy(x3 + x4 ) + Ci(XgX3 T X3Xp ) — Co(X4X3Xp + XgX3X T XgXpX1 + X3X5Xy)
=—4567169 — 171542 (1 + 0) — 82012.16 (0 + 1x2) — 66584.99 (0 + 0 + 0 + 1x2x3)
=-15302245.3
Ay =Cy —Ci(xq T X3 T Xy ) + CoXygX3t XyXp T X3Xp T XXy + X3X1 T XpXq )
= 171542 + 82012.16 (0 +1 +2) + 66584.99 (0 + 0 + 1x2 + 0 + 1x3 +2 x 3)
=1150013.4
A =C—Co(xy + X3t X3+ Xq)
=—282012.16 —66584.99 (0 + 1 +2 + 3)
=—-481522.1
Ay =Cy=66584.99
Thus, the polynomial that can represent the given numerical data is
~(4) = {(x) = 31205576 — 5302245.3 x + 1150013.4 x> — 481522.1 x* + 66584.99 x*
This polynomial yields the values of the function f(x) corresponding to the respective observed values as follows:
f(0) = 31205576
f(1) =31205576 — 5302245.3 x 1 + 1150013.4 x 1 —481522.1 x 1 + 66584.99 x 1
=26638407
f(2) = 31205576 — 5302245.3 x 2 + 1150013.4 x4 —481522.1 x 8 + 66584.99 x 16
=22414322
f(3) = 31205576 — 5302245.3 x 3+ 1150013.4 x9 — 481522.1 x 27 + 66584.99 x 81
= 18041248
f(4) = 31205576 — 5302245.3 x 3+ 1150013.4 x9 — 481522.1 x 27 + 66584.99 x 81
= 14625152

Example (4.2): The following table shows the data on total population of India corresponding to the years:

Year 2011 2001 1991 1981 1971
Total Population | 1210193422 | 1027015247 | 846302688 | 683329097 | 548159652

Taking 1971 as origin and changing scale by 1/10, one can obtain the following table for independent variable x (representing
time) and f(x) (representing total population of Assam):

Year 2011 2001 1991 1981 1971
Xi 0 1 2 3 4
fixi) | 1210193422 | 1027015247 | 846302688 | 683329097 | 548159652

Now here x, =0,x3=1,%x,=2,%x;,=3,%X,=4
f(x,) = 1210193422, f(x3) = 1027015247, f(x,) = 846302688, f(x,) = 683329097, f(x,) = 548159652

Difference Table
X f(x) f(x4, X3) (X4, X3, X5) | (X4, X3.XpX1) | (X4, X3, X5, X3, Xo)
0 | 1210193422
— 183178175
1 | 1027015247 1232808
— 180712559 2545558.66
2 | 846302688 8869484 —217007.25
—162973591 1677529.66
3 | 683329097 13902073
—135169445
4 | 548159652

Now, C4=f(x,)= 1210193422
Cs = f(xy, x5) = — 183178175
Cs = (x4, X3, X,) = 1232808
C1 = f(x,. X3, Xp, X;) = 2545558.66

~g~
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Co= (x4, X3, X2, X1, Xg) = — 217007.25

.. The polynomial is
f(X)=Ay T Asx + AP +HA X3+ A XY 5)

Where A, =C4 — C3x4 + CyX3%1 — C1X5X3X, + CoXqXpX3X, = 1210193422
Az =C3—Cy(x3 + x4 ) + C1(XgX3 t X3Xp ) — Co(XgX3Xy + XgX3X1 + XgXpXq + X3XXy)
=— 183178175 — 1232808 (1 + 0) + 2545558.66 (0 + 1x2) +217007.25 (0 + 0 + 0 +1x2x3)
=-178017822.18
Ay =Cy—Cy(xg + X3+ Xy ) + CoXyX3t XyXp T X3Xp T Xy X1 T X3X1 T XpX; )
= 1232808 — 2545558.66 (0 +1 +2) —217007.25 (0 + 0+ 1x2+ 0+ 1x3 + 2 x 3)
=—8790947.73
A =C—Co(xy + X3t X3+ Xp)
=2545558.66 +217007.25 (0 + 1 + 2 + 3) = 3847602.16
Ap =Cy=-217007.25
Thus, the polynomial that can represent the given numerical data is
~.(5) = f(x) = 1210193422 —178017822.18 x — 8790947.73x> + 3847602.16 x> — 217007.25 x*
This polynomial yields the values of the function f(x) corresponding to the respective observed values as follows:
f(0) = 1210193422 —178017822.18 x 0 — 8790947.73 x 0+ 3847602.16 x 0 —217007.25 % 0
=1210193422
f(1) = 1210193422 —178017822.18 x 1 — 8790947.73 x 14 3847602.16 x 1 —217007.25 x 1
=1027015247
f(2) = 1210193422 —178017822.18 x 2 — 8790947.73 x 4+ 3847602.16 x 8 —217007.25 % 16
= 846302688
f(3) = 1210193422 —178017822.18 x 3 — 8790947.73 x 9+ 3847602.16 x 27 — 217007.25 x 81
= 683329097
f(4) = 1210193422 — 178017822.18 x 4 — 8790947.73 x 16+ 3847602.16 x 64 — 217007.25 x 256
= 548159652

5. Conclusion

The formula described by equation (3) can be used to represent a given set of numerical data on a pair of variables, by a

polynomial.

The polynomial that represents the given set of numerical data can be used for interpolation at any position of the independent

variable lying within its two extreme values.

Newton’s forward interpolation formula is valid for estimating the value of the dependent variable under the following two

conditions:

(1) The given values of the independent variable are at equal interval.

(i) The value of the independent variable corresponding to which the value of the dependent variable is to be estimated lies in the
first half of the series of the given values of the independent variable.

However, Newton’s divided difference interpolation formula is valid for estimating the value of the dependent variable beyond
these two conditions. Therefore, the formula derived here is valid for representing a set of numerical data on a pair of variables by
a polynomial beyond these two conditions.
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