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Abstract
In the present paper, we introduced a new family of mixed summation integral type operators, to
approximate Lebesgue integrable functions on the interval [0,0), and study the rate of convergence for

these operators. The family of operators is constructed by combing the well known Beta and Baskakov
operators. The estimate for rate of convergence is obtained in terms of higher order modulus of
continuity, by using the techniques of linear combinations.
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Introduction
Durrmeyer [ introduced the notion of summation-integral type operators to approximate
Lebesgue integrable functions on [0, 1]. Several researchers proposed and studied rate of

convergence for summation-integral type operators (- 6 8 9 12 Recently, Gupta [ studied rate
of convergence of complex Baskako-Szasz-Stancu operators. In the present paper, we
introduced a new family of mixed summation integral type operators that is different from the
family studied by Gupta "],

Let C,[0,00), 7 > 0 be the class of locally integrable functions f defined on [0, 0) and

satisfying the growth condition | f (t)| <Kt7,te(0,0), for some K > 0. For
f € C,[0,0) with norm ||f||7 =max{| f(0)|, 0Sltjp | f(t)| t-r } we introduce the
following family of mixed summation integral type operators as
n-1x= 0
V. (f,x) = - Zlqn’V(X)I Py () () dt+ @1+ x)"1f(0), xe[0,00), (L.1)
v= 0

n+v—1J tv

where ¢, ,(X) = v W

m XL+ x)vL o pg () = (

and S(v+1,n) being the Beta function given by vi(n -1)/(n + v)!.
On the other hand, in terms of Dirac delta function & (t), the operators (1.1) may be written as

V,(f,%) = W, () f@®)dt, 0<x<oo, 12)
0

where the kernel is given by

W, (x,t) = ”T‘l 00, 00Py 20+ L) 15(0).
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Since f(t)=0(t7) for f €C,[0,00), and [tr-1/(1+t)s*m dt exists for positive values of r, s only, it follows that for
0

f € C,[0,0), the operators (1.1) are well defined for each n > y +1.
We may observe that the operators defined by (1.1) are linear positive operators 9. Also the operators V, reproduce only the

constant functions. It is easily verified that the order of approximation by these operators is at bestO(n ’1) howsoever smooth the

function may be. For improving the order of approximation, we consider the linear combinations of the operators (1.1) as defined
by

Vao(f ) dgt dg? o dg*

. Vo (f,x) dit d2 ... drk
Va(fkx) = e o,
V(X)) dt dez ... dcX

where dg,dq,dy, ...,dg are (K +1) arbitrary but fixed distinct positive integers and A is the Vandermonde determinant

obtained by replacing the operator column of the above determinant by the entries 1.
The above linear combinations in alternative form may be rewritten as

Kk
Va(f.kiX) = 2 CC kg (1.0 (13)
J:

k )
where C(j,k)zHﬁ, k=0, C(0,0)=1.
i=0 i~ i

i=0 M j i
1#]

Such type of linear combinations were first considered by May M to get the better order of approximation for exponential type

operators which include Bernstein polynomials, Baskakov operators, Szasz operators, Gauss Weierstrass operators etc. as special
cases.

2. Preliminary Results
To prove the main results, we need the following preparatory lemmas and proposition:

Lemma 2.1. For m € N%nd X € [0,00), if the function sz, ,,(X) be defined by
n-1x %
;un,m(x) = T zlqn,v(x)j pn,v—l(t)(t - X)mdt + (_X)m (1+ X)_n_l’
v= 0
then, we have
X(L+ x)(2n =1) + 3x(L+ 5X)

(n—-2)(n-3)

3X
tno(X) =1, wup1(x)= n_2" My o (X) =

and there holds the following recurrence relation

(n -m- 2);”n,m+1(x) = X(1+ X)[;ur,nm (X) + 2m:un,m—l(x)] + [m(1+ 2X) + 3X]/un,m(x) :
Furthermore, it follows from the above recurrence relation that

1,00 =0 1™93) 551 s oo,

where [« ] denotes the integral part of « .

1

Proof. The values of 1z, ,(X), 1, (X) easily follow from the definition.
Now, we have

XL+ %) 42, (X) = ”T‘l Exy q;,v(xf(f By 2(B) (t— )Tl

n-1x %
- mT 21X(1+ X) 0oy (X) ] Py (Ot = x)m-1dt
V= 0
—[(n+D(=x)" @+ x)"-2 + m(—=x)"-1(1+ x)""-1]x(L+ x)
Next using the well known identities

X(1+ X)q;nv(x) = [V - (n +1)X]qn,v (X) and t(1+ t) p;v(t) = (V - nt) pn,v (t) )

we obtain

~15~
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X+ )] 2 () + Mty 3 (X)]

= 2 S (0429000, 00 Pry 1O =07+ (1020 1)
v=1

anv(X)I[{(V 1) = nth+n(t = X) + L= X) ]py,us () (€ = X)"dlt + (N +2) (-3) ™11+ x) 1
(n-1)
n

(n 1)

(” D annv(x)f By 1(6)(t — )™t

Z:qn v(X)jt(l"‘t) Phy-1 () (t=x)mdt + —=

" (—I’:)(l_ X) an,v(x)_‘. pn,v—l(t) (t - X)mdt + (n +1) (—x)m+1(1+ X)—n—l
v=1 0

:_(n;—l) 3y OO T+ 2X) (= X) + (£~ X)2 + XL+ %) [P (Ot~ X)melt
v=1 0

(n-1)
n

+ nﬂn,mﬂ(x) + (1_ X)élqn,v (X)ZO pn,v—l(t) (t - X)mdt + (_X)mﬂ(l"' X)7n71

= _[m(1+ 2X) + 3X]/un,m (X) + (n —-Mm- 2):un,m+1(x) - mX(1+ X):un,m—l(x) .
This completes the proof of recurrence relation.

Corollary 2.2 5. Let  and O be two positive numbers, then for any m > O there exists a constant C such that

<Cnm,
Cla,b]

W, (x,)trdt

|t-x| =5

Proposition 2.3 B1. For m € N and sufficiently large n € N , there holds the following relation
Vn((t -x)m k, x ): n—(k+D[Q(m,k,x) +o(1) ],

where Q(m, K, X) are certain polynomials in x of degree at most m.

Lemma 2.4 (®). For 0<a<a, <a, <b, <b, <b <o and sufficiently small & >0, let the (2k+2)" order Steklov mean
2.5 (t) corresponding to g € C, [0,0) be defined by
12 512 &1

5
Qorsp,s(t) =07 @+am [ [ . j[g(t) —A%x+2g(t)] Hdt
~512-512 -512
2k+2
where 77 = K2 Zti , t €[a,b] and A2k+2g(t) is the (2k+2)" forward difference with step length 77. Then we have
+2 3

(i) .2 has continuous derivatives up to order (2k +2) on [a,b];

(i) Hgé’,&z]g ‘C[a L SCIOTOr@ S ab) =123 ()

(i) |9 — 92 5||C[a b = C2@212(9,6,20,1y);

0 [92020]c o, = Gl

Where Cy, C;, Cs are certain unrelated constants independent of g and o .

3. Main Results
In this section we state and prove the following direct results

Theorem 3.1. If (2k+2)™" derivatives of f € C [O, ) exist at a point X € (0, %) , then we have

AV, (k0 )= 3 X g6,k x)-+00) @
o i= k+1
lim n“'IV, (f.k+1,x) - f(x)]=0 (3.2)

where Q(i, K, X) are certain polynomials in x of degree i.
e~
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Proof. By Taylor’s finite expansion of f (t) we have

2k+2 £ (i)
f=y X

i=0

—X)T + &(t, X)(t — x)2K+2 where £(t,X) -0 ast — X.

Now,

eV, (f,k,x) - f(x)]

2k+1 K
nk+1 Z f(ll)(x) n((t—x)i,k,x)+nk+1 3 C(j,k)Vdjn(g(t,x)(t_x)2k+2, X)
=1 : j=0
=E1+E>  (say)
Since
Hyn,i (x) = R () + R(x) n P[,,z](x)

(djn)[(i+1)/2] (djn)[(i+1)/2]+1 (d n)'
where B (X),1=0,1, 2, ..., [i/2] are certain polynomials in x of degree at most [i / 2] . Therefore, by Proposition 2.3, we get
PO(X) " Fﬁ_(X) - P[V/Z](X) d-1 d-2

—k
(don)[(i+1)/2] (don)[(i+1>/2]+1 (don)i o dge.... dO
R X
PO(_X) + I:?I.(X) + o+ [v/2](.) dl_ldl_z dfk
(d,n)I+D721 * (d,n)li+1)/ 21+ (dyn)

k . 1
Z C(J,k)ﬂdn’l(x) = 7| teserrsessseseses ssssssissssrrsesssres ssssssrrssaassessss wes ser wess sees
j=0 ! A

X
PO(_X) N Pl_(X) +.,_.+M dit de2.... diX
(d, n)Ii+D721 * (d, n)li+D/2}+1 (dn)i

=n-kD[Q(i,k,x) +0() ], i = (k+1), (k+2), ..., 2k +2).

where A is the Vandermonde determinant obtained by replacing the first column by the entries 1.
Consequently, we get

E, —nk+1z ffx)zcu Kt i (9= 3

|7k+1

fM(x

A Q(i,k,x)+0(1).

i!

To prove the assertion (3.1), it is sufficient to show that E, — 0 as n — oo,

For agiven & > 0 there existsa 0 > 0 such that for 0 < |t— X| <J, |5(t,x)| < ¢ and for

|t - X| >0, | £(t,x) | (t—x)2k+2 < K t7, for some positive constant K.

If @5(t) is the characteristic function of the interval (X — &, X + ) , then we have
k -

|E,| < ki _zocu,k)[vd,n(|s<t,x>|(t— 022, (0),X)+ Vi o (| £t | (€= )22[1— 85 )], X )
j=

=En+Ey (say)
Applying Lemma 2.1 and Corollary 2.2, we obtain
k -
|Ep|<&nkst Z| C(j.k)| max Hgnoki2(X)<Cy e
j=0 0<j<k
and
k
|E22| <enkdly |C(j,k)| | Wd (X, t)| e(t, x)| (t —x)2k+2dt
j=0

[t-x|z5

K
<ty [C(j.k)| ] wdn<xt)t7dt<cznk+1zlcu k)[n-m =0@)

j=0 ltx |25
forsome m> (k +1).

Finally, combining the estimates of E»; and Ez,, we get (3.1). The proof of (3.2) follows easily along the lines of the proof of (3.1),
by noticing the fact that

V, (t=x)"k+1x)=0(n ),
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This completes the proof.

Theorem 3.2. Let f eC [0,00). If f(P),1<p<2k+2 exists and is continuous with the modulus of continuity
w( £, 5 ) on [0,a]. Then for sufficiently large n € N , we have
[Va (k) = f ooy < Max{Cin—p/2a(f (),n112),Con-(kD

where C; =C;(k, p),C, =C,(k,p, f) and O<b < a.

Proof. Forallt>0and X €[0,a], we have
(0= 2500 [10@- 1000 e hn 20, ©9

where & lies between tand x and y(t) is the characteristic function of the set (0,0) \ [0,a]. The function h(t, X) is bounded
by Kt7[t—x|", K >0,

Using (3.3), we have

Va (160 = 20KV (£, = 21K [Wa o (60

(t)

K D (x)
= 2C(J, k)Ide( t)LO (t=x) +[ () - FPI(x)]

j=0

+ h(t, x);((t)}

f ) (x)

>CG k)fwdn(x ) (t-x)idt

Il
= gMU

+ Z C(j, k)de GO () - FP)(x)] (t pX) dt + Z C(j, k)de n (X, 1) h(t, x) z(t)dt
j=0 0

= Jl+J2 +J3 (say)

Making use of Lemma 2.1, we get

J; = f(x)+0(n-&+D ) uniformly for all x [0, a]
Since for all & > 0, we have

[f® (&) - fr)| <ol f®,6-x)<ao

Therefore, we have

)s{1+t_Tx}o(f(P>,5).

‘erl_

f(p ,é; Kk i ®© t—x
\Jz\SMZ\C(J,k)\ Wy o (x,1) \t_x\u‘i dt
p! 1:0 0 ] 5

Using Schwarz inequality and Lemma 3.1, we get

[ 32| Sa)(f;p,)’é) iOC(L k)[o((djn)P)+;O((djn)(p+1)
=

q1/2

Consequently, choosing & = n? , We obtain

|J,|<Cyn-p/2( f (P, n112)

Next, choosing a positive number s such that | t—x | > S, we get
k

\Js\s_zo\c:(j,k)\ ; [‘ Wy o (6t t7[t—x[Pdt.
J: —

Applying Schwarz inequality and Corollary 2.2, we have
12

1/2
< 3leGll] ] wd.n(x,t)ewdt} { [ Wy (xt)(t—x)2rdt
j=0 \ ‘

t-x| =s [t-x|=s
k
< 3| C(j, k)| (Kn-m)-1/20((d jn)-p/2 )< C,n-tesd).
=0

Finally, combining the estimates of Ji, J, and Js, the Theorem 3.2 follows.
This completes the proof.
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Our next result is the rate of convergence in terms of higher order modulus of continuity, which is stated as

Theorem 3.3. Let f € C [0,0)and 0 <@, <a, <b, <b, <oo.Then for sufficiently large N € N , we have
[Va(F k)= g <K £, 50 £ 02 0]

where the constant K is independent of f and n.

Proof. First by linearity property of the operators (1.3), we have
” Vo(f.k, ) - f ”C[az,bz] < ”V"((f = faszs)s K- )"C[az,bz]

+ “Vn( f2k+2,5, k, - )_ f2k+215HC[a2,b2] +“ f- f2k+2'5 “C[az,bz]

= A + Az + A; (say)

By property (iii) of Lemma 2.4, we have
Ay <Crag.,(F1,8;a,b )

Next by Theorem 3 1 we have

A, <Cyn- (kﬂ) " fz(ij)rz,é

"c[aqvbl]

By using the interpolatlon property due to Goldberg and Meir!™ foreach j =k+1, k+2, ..., 2k + 2, we have

O I I O I ] N ELA | R I T

Again using Lemma 2.4, it follows that

A = "Vn((f — faias) Ko )"c[az,bz]

k 0
<| 3[CK)| [Wan(t) | FO)- (0]t
1=0 0 Cla, b,]
k
< Z|C(j k)|{ + }den(t,x)|f(t)—f(x)|dt
j=0 |t- x\<5 |t-x|>0 Cla,b,]
S” f - f2k+2v5 ||C[a2—6,b2+6] +C5 n-m " f "7
<Cgwpp( f,65 @by )+ Con | £,

Finally, choosing & = n*?2, and combining the estimates of A1, A, and As, we get the desired result.

This completes the proof.
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