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Abstract

Chen and Huang established some elegant modular relations for the Gollnitz—Gordon functions
analogous to Ramanujan’s list of forty identities for the Rogers—Ramanujan functions. In this paper, we
derive some new modular relations involving cubes of the GélInitz—Gordon functions. Furthermore, we
also provide new proofs of some modular relations for the Gollnitz—Gordon functions due to Gugg.
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1. Introduction

The aim of this paper is to present several new modular relations involving cubes of the
Gollnitz—Gordon functions and provide new proofs of some known modular relations for the
Gollnitz—Gordon functions due to Gugg . The advantage of our method is that the identities
to be proved do not need to be known in advance.

We start with an overview of the terminology and notation of g-series. Throughout this paper,
we assume that |g| < 1 and for nonnegative integer n, we employ the standard notation

n—1 0
@gh=(1-ad), @g)=1-ad)
i=0 i=0

and

and

(a2, ., & 0)e=(a159 )8 q ) (a0 G ).
Recall that Ramanujan’s general theta function f (a, b)is defined by

o0

f(a, b)= an(m+1)/2on(n-1)/2, (1.1)

N=—oo

where |ab] < 1. By the well-known Jacobi triple product identity, the function f (a, b)satisfies
the following identity

f (a, b)=(—a,—b, aly ab).. 1.2)
c
394 Olivia X M Yao

By (1.2), it is trivial to check that

f (a, b)= af (&b, 1/a). (1.3)
Three special cases of (1.1) are defined by

~EO~
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Three special cases of (1.1) are defined by
f(_(j’) I:f(_q , _gz) — (_Unqnﬁn—l),-’z

H=—02

=(q,q)=,

vig) f(q. q3.l rit1)2 .@iﬁfﬁ .
= _ZFO = (q;q)m
22,5

o@) _fla.q) _ " qlz —lgle

(fj' gl q

H=—m0 T X ©

For any positive integer n, we use f to denote f(—¢"), that is,

oa

1-q").
=1

fu=1(q"q")= =

Replacing ¢ by —¢ in (1.4) and using the notation f;,, we see that

flg)= fi/a.
Replacing ¢ by —¢ in (1.5) and (1.6) and empli:yi.ng (1.8), we deduce that
A n
wi(—q)= /, : $(~q) /2 :

The well-known Rogers—Ramanujan functions are defined by

L5 qﬂl
Glg) =n=0 (q,9 Jn
and
= gnin+l)

Hg)=n=0 (g,¢n .

(1.4)

(13)

(1.6)

(.

(1.8)

(1.9)

(1.10)

(1.11)

The functions G(g) and H (g) satisfy the famous Rogers—Ramanujan identities [14. 16]

1
G- -
4.5
(q. 9", g )=
and
1

2 3.5 -
Hig)= (@, q,q )=

(L.12)

(1.13)

In a manuscript of Ramanujan %, there are forty identities involving G(q )and H (q ). The forty identities have been proved in a
series of papers by Rogers ™), Darling [, Watson 18], Bressoud [, Biagioli [ and Yesilyurt 4 2°1, Berndt et al.®! published an

excellent monograph on the forty identities.

The following two functions analogous to (1.12) and (1.13) are the so-called Goéllnitz— Gordon functions

| = (- ; ) 2
Sig)=" "5,
- (42, 92,
and
(=4; 9, g

T(q):= T
(qz; Q':‘)H

n=0
The functions S (g)and T (q) satisfy the following identities [* 1:

~53~

(1.14)

(1.15)
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1
Stgp= — (1.16)
4 7. 8
(g, 9.6 ;g )
and

1 (1.17)

. 3 4 5 8
Tl)= (g.¢.4,q)=.

Motivated by the similarity between the Rogers—-Ramanujan functions and the Gollnitz— Gordon functions, Huang ™% and, Chen
and Huang [ derived many elegant modular relations for S(q )and T (q ) analogous to Ramanujan’s list of forty identities for the
Rogers—Ramanujan functions. They extracted interesting partition theoretic results from some of the relations. Subsequently,
Baruah et al. ™ found new proofs of modular relations which involve only S(q )and T (q )by using Schréter’s formulas and some
theta-function identities given in Ramanujan’s notebooks [?. In the process, they also found some new relations. Yan % also gave
some proofs of modular relations due to Huang % and, Chen and Huang 1. Xia and Yao > %I provided new proofs of some
modular relations established by Huang %1 and, Chen and Huang [l In the process, they also dis-covered some new relations
which involve only the GolInitz—Gordon functions. Recently, Gugg ™! discovered two new elegant relations involving cubes of
the Gollnitz—Gordon functions.

We end this section by listing several modular relations involving only the Goéllnitz— Gordon functions which will be proved in
this paper.

Theorem 1.1: We have

3 3 13 fEfﬁfS
T )S (q)-S(g )T (q)=3q if%ﬁf?gm , (1.18)
33 ;03 3 1 et fna
Stg S (g)+q T(g )T (q)= ffj +3g ffzﬁtf‘l : (1.19)
12 12
73 i3 f‘fﬁ fE
S (q)Sig)+q T (g )T(g)=Af iﬁfim, (1.20)
33 103 3 fﬁ fzfzm‘d'
S (q)T(@)-q T (g )S{’qJ:fljf: —3qﬂf£ffu , (1.21)
S (g)S(g )—q T (qﬂ“l’q )= hf f12 *tq ..?“l?‘"}4 ) (1.22)
; D s 1 aARd A2
S@T@)*T (q)3G ) =q fafn — AR (123)
k3
i1 3 S B erfl" 2f_lfé’f 242
5 (g )S(q)—q T (q )T(q)=n" —4q FhAf (1.24)
4 5 P
103 13 3 flf AR .. (1.25)
S(q)T(@)*q T (@ )sla) = [ “fafef” L e ar o,
3 5 $ o3 5 f *0 fzfzﬁo (1.26)
5 (q)S(g )—q T (q)T(q J‘fffzo +q AF 5,
4
3 ; 3 5 1 2 fs“fm ﬁfl (127
31' (g)S(g ) +qS (q)T(qg )= g f“fﬁﬂ - ﬁfif '

~g4~
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3 N , A8 nry o
S (4)5@ )-q T (q)T(q )= *fgfsﬁ +g  Afy flz
3 3 13 g ] f%ﬂf Aang

142

(1.28)

T (q)S(q ) *q S (q)T(g )=q

prove the following identities:

Theorem 1.2: We have

S(-q%SC-)T (g )-S(-g°IS()T (- )

A A

16 ?f%

T (~4%5@)T (~¢) + T (~¢©)s-¢*)T (q)

3 3 3

= fsﬁfﬂs’ ?

a
J

- AnfRY2 (1.29)

Identities (1.18) and (1.20) were first discovered by Gugg ™. Identities (1.19) and (1.21)—(1.29) are new. Moreover, we will

(1.30)

{Slg )T (q)+S(~q )T (~q){S(q)T(q )-S(~q)T (~q )} = 4qprfafs fa*

and

(S CCIT @)+ S @IT QUT (-¢°) S (@) — T @) S ()}

fibas?
_ 4, 4
= 4q PAfs 14

Theorem 1.3: The following identities hold:

S(q?)T (q3) - qu !’??)S(QBJ ffM

1

S(q“JS[’«;’)W“T[’qMJT@)

Stq')5@) + T ()T (@) 1o

s

S(qzl}T{qJ - qlﬁffqzljsfq)

2. Proof of Theorem 1.1

The following 2-dissection formulas of 71 and |

1

f1=f15C-¢%) - gaT (~¢°)

L _fa for
e

and

SS(—q2) g 2 T (—q2).

Hirschhorn et al. [12] proved the following 2-dissection formulas for :f—? and -ﬂ?—J

A f46f63 f42faﬂzz
P o=p’mt v3g P

and

f33 ﬁafzﬁ f_?’u

A =pM2+qnf.

]

1

~55~

(131)

(1.32)

(1.33)

(1.34)

— were proved by Xia and Yao [20]:

2.1)

(2.2)

(2.3)

(2.4)
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3 3
oo f

[ 12

: E]
A =072 +4 4.
It follows from (2.1), (2.2) and (2.3) that

&% aEtht B i3 4

24

.ﬂﬁ

fzgﬂzg + 3g fz? = ﬂ! =A28a )-¢q T(-q )) fzsl (St-g )

6
A2 5 3 6

vqTi~q ) = 7 (g )-q T(-a IS (-q |

i
+ 3¢ S (-qIT (~¢) + 3¢ S(~gT ) + ¢T3

li]
Fo B3l § i3
g _ _ _
= 27 (Sf-¢ )S (¢ )—q T{—q )T (~q )

-}

i 2, . .
+3¢25(~gHT (~a2)(S(-¢OT (a5 - > S(~g>)T (~4%))

JJad2 (@ S-4°)T3-¢% - T -¢%5* -¢%)
9
2

2 R . .
+ 3¢S(~gH)T(~g>)(5(~a")S(~a9) 4" T~a®) T(~g%))).

Equating the even and the odd parts of (2.3), we obtain

(2.5)

9 ) 2.
162 (@ S(-¢0)T> (g% - T (~¢°)5°(~¢°) + 3 S(~gIT (~¢°)

,ﬁg

W

% (5-g%15-a% - o¥T ~aNF ~oth = 20 #

2

b

(2.6)
7

162 (50 8830 - ST TP+ 3ES-AT D

_;‘529

6 2 2 2 é f'sf,] .

% (S(-g )T(-q )—q St-a JT(-q ) =f'f2*

2.7

Dividing g on both sides of (2.6) and then replacing q?‘ by —g, in view of (1.8), we find

that
33 103 f22f64 3
2 2
q(T(a )S (g)-Slg )T (g))=31"ffs"N2 —38(q)T (a)(S(@ )S(g)
- GZT (g3ji" (a)).
By (1.16) and (1.17),
£’
S(q)T (q) = Afs" .
Gugg [11] proved that
; fafs 4
Slg )T@)+aS@)T(q ) =AfRA2
ffafafi2

Sta 1S(a) =4 T(a )T@)= ifiy
It follows from (2.11), (2.8) and (2.9) that

1 7

. s . RS i

Sta )T (@) -T(q)S(a) =30~ Farian s
1 q 4

~56~

(2.8)
(29
(2.10)
(2.11)
i
Lo 212
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Replacing g by gz in (2 4), we have

3,2 .3 el
A2 ;cT a-j? (2.1%)
f42f24 -1 =— g

Identity (1.18) follows from (2.12) and (2.13).
Replacing g2 by —g in (2.7) and vsing (1.8), we find that

S@)S ) +a°T @ )T (a) - 3q S(a)T (¢ )(Sa)T (@) (2.14)
F
+ g5 JT () = 5
AAY
Emploving (2.9) and (2.10), we rewrite (2.14) 1n the equivalent form
] 1 3 fE Efﬁ Ef&ﬂ# fﬁﬁ
Stg 1S (@)+q T )T (g)-3ar’pars =77, (2.15)
1 12 312
which is nothing but (1.19).
Bv (2.1),(2.2) and (2 .4),
3 3 2
f3srr 7, i3 s 1/ 2 )
o +q i =’f1q “1265¢-q )-¢ T(q ) 2 Sq 1+aT-q )
A s s 32 6 6 5 6

=2 (W3¢ S (9Te 3 Sta )
TCa) -~ T (g NS )+ T(q)
2 g 1 T 6

3 . . . .
=25 (a)S-qg J)g T (—q)T(-q )
o dq, Bim 6o G, 20 2. 6
3¢ S(~q )T (g )S~g )T (~4" )~ T(~q)

2 LE 3 6 2 i3 6

. 3 .
x S(-qz M) +3ﬁ Jars Gf-q )?;r’-q g T (-g |
x 8(-g")) = 3" S(—q )T (—q )(S(~q )S(~g")
-¢'T~¢°) T ¢ 2.16)
Equating the even and the odd parts on both sides of (2.16), we find that

3
Fra sy 2 w6 2 4 6
e = £ s (~g )S(—~q j—g T g J)T{g)-3g5-g )
6. 6 2. 2 6 2.
xT(—g )S(—g )T~ ) —g T(~q )S(—~g")}) 217
and
3 2,3
fi2 A 1§ 2 83 6 2 3 5

oft = A (S (~¢ JT(-a)-q T (4 )S(~g ))-3aS(q
x T(~¢% (5 (~4% S (-5 - ¢*T (~¢%) T =a*1. (2.18)

Replacing g2 bv —g in (2.17) and emploving (1.8), we have
3 ) 5-3.3 \ 2.3, 3 3
S @)Sta) +a T @)T (@) —3¢°S(@ )T (@ )(Sa )T (q)
. _(;fl (2.19)
+ &

v g T( )S@@))= ARan’.

In view of (2.9) and (2.19), we see that

33 R f4f2. :ﬂﬁlﬁf z
S(@S@ite T )T@)=ABRA +3q AR
. D

= fifs fafi2? ig &t o+ B (2.20)

~g7~
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Replacing g by —g in (2.3 and using (1_8), we obtain

roor fors

— 7 :
fo=12 —3g fafs 221
Identity (1.20) follows from (2.20) and (2.21).

Dividing g on both sides of (2.18), then replacing q2 by —g and emploving (2.9), we
find that 5
f . .
— = FEUTw) - T 5
3,32
A S

3. 3. 3, LI
+3g 8(g7 )T (g7 )(S(a”)S(a) —a"T (g )T (g ). (2.22)
It follows from (2.11), (2.9) and (2.22) that (1.21) 1s true.
Xia and Yao [21] proved the following 2-dissection formulas for f° 2 and f113:
1
, A A
I

2, 2
A= Afig —29 78 (2.23)

and
afs it
AB= i -gq At (2.24)
4 M 8 12

See also Xia ['¥] In view of (2.1), (2.23) and (2 24),

e L rtr et e
s 2+ 2g s —g 2 e 2+ A
4 16 24 g 12 4 24 12 16
7 7 7
AR phe At Afendt 3

224 & e —anpy 2 =N
4 15 4 24 3 1

2
FEA2S-a5 ~ q T (¢ (5(~a%) - T (%)
= A28 (~a25(~a%) + 3¢°S(~aH T (~gS(~¢%)
+3¢ 2T (~¢HT (~¢%) + * T -5 T 4%
+ A0S (~gIT (~¢%) - 3¢°S-aIT ~HIT ~a%) - (225
3¢ S (-a*IT (~¢5)5(-a%) - ¢ T3 (~a55(-a°).
Equating the even parts and the odd parts on both sides of (2.25), we have
S ~4%)S(-4%) + 3¢°S(~aHIT > (a5~
+3¢" S (=) (-4 )T (-4°) + ¢°T(~¢")T (~4*)

Jr-‘zjlr‘ 3,3 ) f‘vr‘ﬁ}rzfz ) (2.26)
= [l 2f 1+ 2g £33
4 16 24 § 12

and
35° (-4 T(-g) S (-4°) + T (-4 S (4% + 'S (-4") T (")
2 2 ¢ Rer oy Aot
+3g Sq )T (—g T(~g ) =2 e 1 + Aarst . 227
4 M 12 16

Huang ¥ discovered the following two identities:
4

S@S@) + PT@T@) = o (2.29)

~58~
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jljl 2

S@)T(q)-aS@)T@)= ffs. (2.29)

and

Baruah et al. M and Xia and Yao > %I gave new proofs of (2.28) and (2.29). Replacing 2 by —q in (2.26) and employing (1.8),
(2.9) and (2.29), we obtain

S(@)S(d) — T @) T ()

ﬁff fzfszﬁz 3 3
= (0N -2 AR +3aS@)T (@)(S6 )T @) -aSa)T@ )
fafsl ﬂfz_fl:l
= nlastn +g Sy , (2.30)

which 1s nothing but (1.22).
Replacing qz by —g 1n (2.27), we see that
1 3 3 3 A _ -faflz
a8 @Il )*T (@)Sa )=2 ff *+ A

~38(g )T (g )(S(@)S(a) + ¢°T (¢ )T (), (231)

which implies (1.23) by employing (2.9) and (2.28).
It follows from (2.1), (2.23) and (2.24) that

A S N A s B LY

R B R A e

4 48 2 12 ; 4 4
A et T e
= % 2 —ahf . an - T =3
4 24 g n 12 48

r’. v 1
= 42> (5(-a%) - a T (~a)(5(~a% - ° T (~¢%))*
= A2 5-¢55 (6% + 36" - )T -a%T (-4H
. . 2. .
+ 3¢%5-¢% 7% ~%5-¢% + ¢ T (=% T (~¢%))
- a1 (S ~a)T (-9 + 3¢°5*(-a%T ~4%)5-d%)

2 ) 2, .
+3¢%5-¢0T%(-a%T 4% + B5-aH T3 4% (2.32)

Equating the even parts and the odd parts on both sides of (2.32), we see that

2.3 3; 2
3 6 2 10 3 6 2 f%f f 4f fA f24f§
ig )S(g )+q T (q)TGq )= a2 +2q fof %
4 48 8 12
_A 4 6 6 6 2 2 6 2
139°SEg)T (g )Sta)T@g)+a T@0g)S(aY)) (2.33)
and
3.2 2 2
3 6 2 83 6 L p fof “fLaf”
s (g )TGa )+qr (g )SGq )= ud+2q b
_ 2 6 6 6 2 4 6 2
139°SEq)Tagq)S(g)Sta)+gTaa)T(0qg)). (2.34)

Replacing q2 by 7 g in (2.33) and utilizing (1.8), (2.9) and (2.29), we can obtain (1.24). In view of (1.8), (2.9), (2.28) and (2.34),
we can derive (1.25) after replacing q~ by T qin (2.34).

~5Q~
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Xia and Yao [20] proved that
3 2
ff f fof
fi 2 8 20 440
) (2.35)

ff aof
=4 103 401 q f8f102

f5
Thanks to (2.1), (2.2), (2.23) and (2.35),

f“f 16 4'3

ffﬁaﬁfzcﬁ ﬁf‘is4f40 ﬁzzflﬁl.ﬂn:‘
PRt f :n —29 Aff0 +2g it
£ 10 14 5 10 _116 1jll] 8 lg
S re Jorfef” f f4|:: f~
= pn2 % f#’,ﬁn —e s =K
f“m‘”m A -a TP 50" + 4 fr—q )
fl{}
'-I“II"'|
= 28 Sgls-a'Y + 385~ UT H-gU5-¢"
f11}3

& 2 2 10 g .
-3¢%8% (~gIT (~¢HT (-¢*%) - ¢* T3 (~¢HT (~¢'Y)
+g 4w, 358 g BT g ln-gll - gir Ighimeg 1l

A 03
+ 'S AT 4" + 3% ~aHT -¢'%). 2.36)

Extracting the even parts and the odd parts 1n (2.36). we deduce that
2.6 2
fffo LAY a0 3 13 10

) 7
560 v 20 AR =5 (g ) Si—q
2 2. 10, i) 2. 2. 10,
x T2-g%)5(-4"% - 3¢°S2~gHT (~¢)T (~¢'9)

) +3g S(—g )

- qST 3 r—q}‘)T (—ql D) (2.37)
and
f?f4ﬂ 040 fzfzﬂﬂ 2 2 2 10
- f:;jfmzfzn3 -2 f44f4n = =35 (~q JT(—q)Sq )
- T3 a95(-a"Y) + ¢*S-aHT ¢"Y)
+3¢°S(-gHT 5T (¢"0). 23%)
7
Replacing ¢~ by —g in (2.37) and (2.38) and using (1.8), we get
f44f10 fzzfs‘flo 5 £ 03 5
20 -29 AFPB =S (@) Stg )-a T (a)T(q )
~ 3¢ S(a)T (g /(T (@ )S(a°) - a*S(a)T (@) (2.39)
and
o Ao C 5
~AR -20% 0 =qT @)S@)+a S (a)T(@ )-38@)T (@)
%(S(q)Sta) + ¢ T (@ )T (). (2.40)
Huang ¥ established the following two identities:
ff
2 10
TT
(2.41)

S(@)S(@)+ T ()T (a)= 120
-
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and
TT
210

S@)T @)1 T (@)S(@q)= fafs ; (2.42)

See also 221, |dentity (1.26) follows from (2.9), (2.39) and (2.42). Combining (2.9), (2.40) and (2.41), we arrive at (1.27).
Xia and Yao [20] also established the following 2-dissection formula for

f af 2
15 127 18 J4 faf3e (2.43)

n = s +4 I

Eeplacing ¢ by —g in (2.43) and emploving (1.8), we get
A pnY AkBs

(2.44)
f 2 f 3
9 =fafsfis” —q 1718
In view of (2.1), (2.2), (2.23) and (244), . .
Pf s eyt e paftst
1 s ikl
£ fefis g - g 14/12’ mjls3 —2q .f;if&f&flsz +22q jﬁfﬂf;sa
A . S
= ri¥l-29 & At —a A =l
_,?3; 16 18 18
=39 gt - g T a0’ 5-¢"%) + T (-¢'%)
fls3
] ]
= T (3 D5 g18) 30 AT D54
fls3
+ 3878~ ~-g95¢4'%) - T3 ~H51-4'%)
9.3, 2 18, - 102,. 2 2 18
+q°S 1 AT q% 1 391 AT 1 AT ™)
11 22, 2 18, . 123, 2 18
+3q ST ()T )T g T (Tg)T0qg)). (2.45)
Extracting the even parts and the odd parts in (2 43), we deduce that
fzfjfsfls :ﬂfﬁfz 1 2 18 1 2 01 12
f’f.*raf?lff N +2g f‘ifaﬁz =5 (-q )S(-g ) +3q St-q )T (~g )
% S(~g'%)-3¢' %% (-5 T ~g¥
xT (-1 3-aHT ="y  (246)
and
5 2,3 .2
frfef S F s 2 2 2 1

- fiart -2 FeRrt =-38 (~q JT(-q)S(~q )
4 16 4 36
- T3 -¢Y5-¢"%) + P - T 4% + 3¢%5(-¢%)
x T2 -g)T ("%, (2.47)

~p1~
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Replacing q2 by —¢ in (2.46) and (2. 47) and using (1 8), we obtain

ﬁf43f12f13 ﬁﬁzﬁz 3 9 § 3 g
f%r;%fg@s —:zq.ﬁu"af%fu4 =S (q)Sta )—q T (q)T(a )
-3¢ 8(q )T (q)(S(a")T (a) - a*S(a)T (a°)) (2.48)
and
f44f52 fzgfﬂaz_ﬂzﬂa 3 7 41 3
anffa +2 f%l"ﬁgﬁs =—qT (9)S(g )—q § (q)T(g )
+38(g )T (g )(S(a )Sta") + ¢ T (@ )T (@)). (2:49)

Huang [**] proved the following two identities:
77 (2.50)

S@S@) + T T@) = 7115

and

2 251
3 4 3 f 5 ( )

_ f
Stg IT(g)-q T(g )S(g)= 3'fu

Baruah ef al. [ and, Xia and Yao % 23] also gave proofs of (2.50) and (2.51). Identity (1.28)
follows from (2.9), (2.48) and (2.51) and identity (1.29) follows from (2.9), (2.49) and
(2.50). This completes the proof.

3. Proof of Theorem 1.2
In view of (1.2), (1.16) and (1.17), it is easy to check that

1
3, _
Stg)T(—q) = P a o ) e rd.et L P _GE)
5 19, 11 13,
ffia”, —a " M(~q ", —a") | (3.1)

6 10. 16,
=  MA2P4g .9 g =

It 1s trivial to obtain the following identity from Entry 29 on page 45 of [2F

fla bif (c, d) =f(ac, bd )f (ad, be) + af (b/c, ac*d Jf (b/d, acd>),  (3.2)
where ab = cd Setting a = —gS, b= _419: c= —gll and d = —g13 in (3.2), we find that
5 19, 11 _ 13 16 32 . 18 30
Sa", —q "M(~a ", —q T )=fla L a W@ a )
5., 8 40 .. 6 42,
~gf(g.q )fa.q ) (3.3)
Tt follows from (1.2). (3.1) and (3 _3) that

faf31f433r-q13, -qjﬂ; q43,?-n

. 6 10. 16,
Stg )T (—q) = Jf121aR466(qa. 9 " a Jw
s fis fos—a°, ~a* g3

6 10. 16,
-g ffizfizg . a g )= (3.4)
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which vields
3. 18 30 48
3 faf32fa87 (g ", —q" g e
. 6 10 16,
Stg )T (-g)+S(—g JT(g) =2 fafi21624R6(a . a4 " a Jw
and
5f162f96t’-qﬁ, —q42: g48)co
. . 6 10 16
S(—-g JT(g)—Sig JT(-q) =2¢ Jfafi2f32(qa.q g Jw
Bv (1.16). (1.17, (3.5) and (3.6),
3 . 3 . 3 2 6
g )T (g) = S(@)T(~q)  gs16.24%6 T (~q )
: : 2
S@)T(-g)+S-a)T (@) = fafs’fas’si-¢%)
Identity (1.30) follows from (3.7).
By (1.2). (1.16) and (1.17), it 15 a routine to verify that
jﬂf}i
3 . 5 ) 24,
Stg )T (g) = fttﬁzqu, qa.nfﬁ qll.ql3,q19,q L qzl.q Je
3 21...3 21...5 19...13 11
fafte . g Mlag . q Mia, g Mg .aqa )
3,6 10. 16, .6 42 48
) f4;’"12f2;1 (gl’q 3 ;m@fsrq 57 5}? 13
138 (g, q” (g g )fg , aiflg .q ")
3,6 10. 16, .6 42. 48
= g SA2a (e, g g =g, g g =

21

where ab = cd. Substituting a = q3, b=g . c= glg, d= qs and n = qlg in (3.9), we see

that

3 21,,.21 3,..19 5..37 —13.
fla, g g aiffe, aifta . qa )
13

¢ ~a*0f (-a*, - (~a* ~a i -a> ), —a )

(3.7)

=25°7@% 1@ 16l oY v @Y. (3.5)
By (1.2). (1.3) and (1.5). it is trivial to check that
207 @ " O @0 @S v @ 2757, 776 )
(%, a*%). (3.6)
In view of (1.3). (3.8). (3.10) and (3.11).
fof
Stg IT(@)+S~g T(~q)=2  fifae@® ¢'% q'%)=15 ¢*% ¢*¥)=
Also. by (1.2). (1.16) and (1.17). N
J
. 3 7 3 3. 24,
Stg)T(@) = f{flzrq,g;, qu?qgflq?l:'.-qj qll_?,q f;_qq;,:.n
ffa, g )f(@ a )@ .a )@ q)
7
= AP @ a d' 0e@'® % g e (3.3)
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Sctlinga=q=b=g3rs—q d= q Emdn g in (3.9), we obtain

f(q;q .lf(q,g Jf(q;q )f(g ,q) f(qa-q )f(q; ]
xfi-q° - aP) - a2 - ) = 2082 6" ') £ 1Y) mz ). (3.14)

7"

Tt follows from that (1.2), (1.5). (3.13) and (3.14) that
ff 2

1716

Stg)T(qa )-S~q)T(~q )=2q fifsrki@® a'* a'9=14' &% ¢*%)=
(3
Identity (1.31) follows from (3.12) and (3.15).

Thanks to (1.11). (1.16) and (1.17).

3
Saf4

9)

11 13 19 2I1. 24
g o0

. 3.3 21 24, 3.3 5
S(-g JTig)=fN27(~a",~a ;¢ Jw (g, 0,0 8 g ,q ,8 Jo
24

3,3 3 5 11 13 19 21 21
a4 (a. ¢, ¢, ~¢ .~ ,~q .4 .4 .,q
3.6 42. 48 10 22 26 38 48,

= ﬁtﬁz(qq,q)( q 4.-9'3)

f‘&fr_’-q,—q Jf(—grq )f(q q )f(g ) g

6 42 43 2.6 10 16
= fmzmm q : _J fq,q ,q )m )

Joo

qxfsfr’a,—a Jff’q, r;f )fﬁ;r Ja Jff’ra' 5
= Aan’nae® ¢ "= ¢ g%

(3.10)
Settingaz—qB,b:—QZI,{::q_S,d:ng andn:—ggin(lg'},weseethat
3 _ M., 3 _21,..-5 29 .11 13
Sa, —g (g, —a Mg g Mg g )
3 21,..3 21 -5 _ 29 11 _ 13,
RGN A AR A B B o B .
3., -8 _32..6 18 8 _ 16, 24
=-2¢f(~g ", —g Mig.,qa Mi—qa,-qg Jwvig )
-5,.6 18 .2, 8 _ 16, , 24,
=2 f(a,a If (g ~a Jw(@ ) (3.11)

Thanks to (1.2). (1.5). (3.16) and (3.17).
lgﬂf‘?( qs, qm)w (g

24,
J

6
SAT@ ST q) 2 K@ 1

7.6 10
+ - = f#ﬂm@ q .q) rqjq 4

Also, in view of (1.2), (1.3), (1.16) and (1.17),

o3 fifd

%

(3.12)

3 -5 3 d P aS gl 2 2
T (-q )S(g)=f4127(-¢",~q ~.¢" Jw f’q g’ ¢, qﬂq 0 e

3,9 9 15 15. 1.' 23, 2
faf24 (g7 a0 . g .r} J ~9,-4¢. -4 -4 .4

A}iw

31330482”' 14. 16
= faflz e g, fa”, q (4w

f&’ffg. q }fr’a?rfafl?ﬂ‘r’q, Jﬂ’—q ,—ag}
= faf12 f24rq18J 430. 48 qrq qH;qlﬁ)x
Takinga=gq,b=g>,c=g .d=g) andn=—g" in (3.9), we find that
n 1 My q-", c;rl‘)ff q”. K
fla,qa Jffg g2 7 T8 nos
—J’"f’-g,-q th"- L-a (@ q Jf(a :q )
=247 (a% o' )2 -d®, "% @Y. G

By (3.19) and (3.20),
6 18..2. & 16, .24
Sfaffe g "W (g, g waq J

(3.13)

14)

 isa) TEsc g 24
l!i jU 48, 2

- - = Aan2na B e e e

(3

~p4~
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4. Proof of Theorem 1.3

Besides the functionsy  (tqg() @nd (1 g ), Ramanujan defined one further function
G (=qiy; qZ)D. (4.1) By the definition of fn, it is trivial to verify that

A a
x(g)= Ji4 x(-g)= 12 (4.2)
Emploving (2.1), (2.2) and (4.2), we see that
3 7 fofr it 14 7 14

. T J .
vig Jri—g )= 'jlffu = -’«fl*i F28(5(—q J=aqTi{-q )
x J122 (5006 4 37 48

J6
o
jﬁf 14

g3319.f23

14 6 _ 10 14 6.
(—q" )5(—aq)-—q T{(-qg JT{-q)
14 6. 4 14 6.
+ (S(—g" )T (—g )—g T(—g )5(—g }), (43)
14
which yields

2B s My -8
foH-

- ¢*T (~¢"Y)st-a%)a.4)

X @'3)}{ ) —g?) —xf —q3);c f g?)

and

J{IZf‘:ZE 14, 6,
21728 (5-g")5-4%)
I
10 14, [T
—q T(~q )T(~q )).(45)
Similarly, 1t follows from (2.1), (2.2) and (4.2) that

x fq3);f f —q?) +x r.’-q3)x f g?ﬁ

2 2
21 f2°m f 12 1 i)

ilght-g )= ij‘fﬂ =j‘7742 B4(5(-g  )-gq T(-g )
<142 (5-¢%) + g T -4%)
ﬂ_“;
_ Sl

3 ¥
22 5-4")56-6") - 6T (4T (-4
L

+ Y84 5 T - AT (-g*Hst-aP), (4.6)

42
which implies that

Jafs4 42 2,
27 T 5(~g ")S(—q")

"'FZ‘T-E

- 2T (~¢T -dH)a

v @i Y - can @Y = 27 43%—_458(—;:“2;?:’1%}
jlfﬁl-l
- T ~¢*Hs-a%).4.8)

x (g )y (—qzl} +x(—q)x r.’qzl)

and
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Recently, Berndt and Yesilyurt (] proved the following identity:

£ @) ~x(-dlx@) 4 b-a v (- 49)
@ -a ) +x-a)x @y - ¢ Hw 'Y

In view of (1.9, (4.4), (4.7) and (4.9), we have
Sa 9169 -a'Ta"s¢%  pspanies 4.10)

Sea* s - 2redred = Y

Recently, Berndt and Yesilyurt [l proved the following identity:

t@xa)-x-ak@) P bcavia) (4.9)
c@h -+ an @y - s-aDw g

In view of (1.9), (4.4), (4.7) and (4.9), we have

14 6, 4 14, & 3
S(—q JT(—a)—q T(—q )S(—q) [+ fan4f168 (4.10)
St-a*H8¢-a%) - T (- 5T (g% ~ flf Ef inf
which vields (1.33) after replacing gz by —g and using (1.8).
Berndt and Yesilyurt ¥ also established the following elegant identity:
3 7 3, T 84, 2
g X @I Ca) rxCainla) $Cqg Jwig) (4.11)
. 21 . 21, 28, ]
@l (¢ ) —x(qx @) =¢(-¢ Jw(-q)

Tt follows from (1.9). (4.5). (4.8) and (4.11) that
a5t - T g HTe® T

(4.12)
St-a"9T 6% - *°T (~¢" 954> ~ S T e

prla;mg q‘! by —g in (4.12) and employing (1.8). we can easily arrive at (1.34). This completes the

proof.
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