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Abstract

In this paper we introduced RGWalLC-Continuous, RGWalL C*-Continuous, RGWaLC**-Continuous,
sub-RGWaLC*-Continuous and RGWaLC-Irresolute Maps which are weaker than LC-Continuous and
stronger than GBLC- Continuous and study some of their properties and their relationship with w-Ic
continuous, 0-lc-continuous, 1d¢c-continuous and w-Ic continuous etc.
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1. Introduction

Bourbaki [l defined a subset of a topological space as locally closed if it is the intersection of
an open set and a closed set. Stone 61 used the term FG for locally closed subset. Ganster and
Reilly B! used locally closed sets to define LC-continuity and LC-irresoluteness. Sundaram !
introduced the concepts of generalized locally closed sets, GLC-continuous maps and GLC-
irresolute maps and investigated some of their properties. Also various authors have
contributed to the development of generalizations of locally closed sets and locally continuous
maps in topological spaces.

In this paper, three new classes of continuous maps are introduced namely RGWalC-
Continuous, sub-RGWaLC*-Continuous and RGWalL C-Irresolute Maps and studied some of
their properties.

2. Preliminaries

Throughout this paper (X, t) (or simple X) represents topological space on which no
separation axioms are assumed unless otherwise mentioned. For a subset A of X, cl(A), int(A)
and Ac denote the closure of A, the interior of A and the complement of A respectively. Let us
recall the following definitions, which are useful in the sequel.

Definition 2.1: A subset A of topological space (X, 1) is called a

1. generalized closed set(briefly g-closed) ! if cI(A) € U whenever A € U and U is open in
X.

2. regular generalized weakly a-closed set 19 (briefly rgwa-closed set) if racl(A)cU

whenever ACU and U is wa-open in (X, 1).

regular generalized weakly a-open set if ACis a [*%l rgwa-closed.

g-continuous 1 if f1(V) is g-closed in X for every closed subset V of Y.

5. regular generalized weakly a- continuous [ (briefly rgwa- continuous) if f1(V) is rgwa-
closed set in X for every closed set Vin Y.

6. irresolute 4 if f1(V) is semi- closed in X for every semi-closed subset V of Y

7. regular generalized weakly a- irresolute ™4 (briefly rgwa- irresolute) if (V) is rgwa-
closed set in X for every rgwa-closed set V in'Y.

8. Locally closed (briefly LC) set [5] if A=UNF, where U is open and F is closed in X.

9. 0g-lc set @ if A=UNF, where U is Og-open and F is Og-closed in X.

10. Og-lc* set [ if A=UNF, where U is 6g-open and F closed in X.

11. 0g-lc set** 2 if A=UNF, where U is open and F Og-closed in X
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12. g-lc set Bl if A=UNF, where U is g-open and F is g-closed in X.

13. g-lc* set Blif A=UNF, where U is g-open and F closed in X.

14. g-lc set** Blif A=UNF, where U is open and F g-closed in X.

15. w-lc set if A=UNF (8 where U is w-open and F is w-closed in X.

16. w-Ic* set if A=UNF 61 where U is w-open and F closed in X.

17. w-lc** set if A=UNF [61 where U is open and F is w-closed in X.

18. rg-lc set if A=UNF ™ where U is g-open and F rg-closed in X.

19. rg-lc* set if A=UNF ™ where U is g-open and F closed in X.

20. rg-lc** set if A=UNF 1 where U is open and F is rg-closed in X.

21. regular generalized weakly a-locally closed 2 (briefly rgwa-locally closed) if A=UNF where U is rgwa-open in (X, 7) and F
is rgwa-closed in (X, 7).

22. regular generalized weakly a-locally open (briefly rgwa-locally open) if Acis rgwa-locally closed.

23. LC-continuous Blif f1(V) is a Ic set of (X, 1) for every open set V of (Y, o).

Definition 2.2: A subset A of a topological space (X, 7) is called

1. door space 1 if every subset of X is either open or closed in (X, 7).
2. submaximal space ? if every dense subset of (X, 7) is open in(X, 7).
3. RGWa-submaximal if every dense set in it is RGWa-open in(X, 7).

3. RGWaL C-Continuous maps.
In this section, we define RGWaLC-continuous, RGWaLC*-continuous, RGWaL C**-continuous functions which are weaker
than LC-continuous function and stronger than GBLC-continuous function and some of their properties are studied.

Definition 3.1: A function f: (X, ) —(Y, o) from a topological space X in to a topological space Y is called RGWalLC-
continuous if for each closed set V in Y, V) is RGWa-LC set in X.

Definition 3.2: A function f: (X, ) —(Y, o) from a topological space X in to a topological space Y is called RGWaLC*-
continuous if for each closed set V in Y, V) is RGWa-LC* set in X.

Definition 3.3: A function f: (X, t) —(Y, o) from a topological space X in to a topological space Y is called RGWaLC**-
continuous if for each closed set V in Y, f1(V) is RGWa-LC** set in X.

Theorem 3.4: Let f: (X, 7) —(Y, o) be a function. Then we have the following.

1. Iffis locally-continuous then it is RGWalLC-continuous.

If f is w-lc-continuous (resp. 6-lc-continuous, 1¢c-continuous, n-Ic continuous) then it is RGWaLC-continuous.
If f is RGWaLC-continuous then it is GBLC-continuous.

If f is RGWaLC*-continuous then it is RGWalL C-continuous.

If f is RGWaLC**- continuous then it is RGWalL C-continuous.

arwn

Proof: (1) Assume that f is locally-continuous. Let V be a closed set in Y. Then f1(V) is locally closed in X. But, every locally
closed set is RGWaLC set. Thus f1(V) is RGWaLC in X. Therefore f is RGWaLC -continuous.

Similarly (2) to (5) can be proved.

However the converse of the above theorem need not be true as seen from the following examples.

Example 3.5: Let X={abcde}, Y={abcd} =X, 0{a}{d}{e}{ad}.{ae}{de}{ade}} and o= Y,
0.{a},{b}.{a,b}.{ab,c}}. Let f: (X, ) —(Y, o) be the function defined f(a)=a, f(b)=b, f(c)=c, f(d)=d, f(e)=a. Then f is RGWaLC-
continuous but not locally continuous, since for the closed set {c,d} in (Y, o), f1({c,d })= {c,d} is not locally closed in (X, 7).

Example 3.6: Let X=Y = {ab,c}, 7= {X, ¢, {a}, {b}, {a.b}} and o= {Y, ¢, {a}}. Let f: (X, 7) —(Y, o) be the identity map
function. Then f is RGWaLC-continuous but not 6-lc-continuous and 13c-continuous, since for the closed set {b,c} in (Y, o), T
1({b,c})= {b,c} is not B-locally closed and §-locally closed set in (X, 7).

Example 3.7: Let X={a,b,c,d} and Y={a,b,c}, 7= {X, ¢, {a}, {b}, {a,b}, {a,b,c}} and o={Y, ¢, {a}}. Let f: (X, 7) —(Y, o) be
the function defined f(a)=a, f(b)=b, f(c)=c, f(d)=a,. Then f is RGWaLC-continuous but not mlc-continuous, since for the closed set
{b,c}in (Y, o), Fi({b,c})= {b,c} is not n-locally closed in (X, 7).

Example 3.8: Let X={abcde}, Y={abcd} = ={X, 0.{a}{d}.{e}{a.d}.{ae}.{de}{ade}} and o= Y,
0,{a},{b}.{a,b}.{ab,c}}. Let f: (X, ) —(Y, o) be the function defined f(a)=a, f(b)=b, f(c)=c, f(d)=d, f(e)=a. Then f is RGWaLC-
continuous but not w-lc-continuous, since for the closed set {a,c,d} in (Y, o), f*({a,c,d })= {a,c,d} is not w-locally closed in (X,
7).

Example 3.9: Let X=Y= {a,b,c}, =={X, ¢,{a},{b,c}} and 6 ={Y, ¢, {a}}. Let map f: X—Y defined by f(a)=b, f(b)= a, f(c)=c, then
f is GBLC-continuous but not RGWaL C-continuous as a closed set F={b,c} in Y, f1(F)= f1{b,c}={a,c} which is not rgwa-locally
closed set.
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Example 3.10: Let X={a,b,c,d} and Y={a,b,c}, 7= {X, ¢, {a}, {b}, {a,b}, {a,b,c}} and a={Y, ¢, {a}}. Let f: (X, ) —(Y, o) be
the function defined f(a)=a, f(b)=c, f(c)=b, f(d)=a,. Then f is RGWaLC-continuous but not RGWalLC*-continuous and
RGWalL C**-continuous, since for the closed set {b} in (Y, o), F}({b})= {c} is not rgwa-Ic* set in (X, 7) and closed set {a,c} in
(Y, o), F*({a,c})= {a,b,d} is not rgwa-Ic** set in (X, 7).

Remark 3.11: From the above discussion and known results we have the following implications
In the following diagram, A—B means A implies B but not conversely.

O-lc-continuous —— »  w-lc-continuous ————» RGWaLC*-continuous.

o

LC- continuous —» | RGWaLC-continuous | — GB-LC-continuous

[dc-continuous / 7-lc- continuous RGWaLC**-continuous.

Fig1

Theorem 3.12: Any map defined on a door space is RGWaLC-continuous (resp. RGWaLC*-continuous, RGWalL C**-
continuous).

Proof: Let f: (X, 7) —(Y, o) be a function and (X, ) be a door space and (Y, o) be any space. Let A€cg. Then by assumption on
(X, 1), F1(A) is either open or closed. In both the cases f1(A)

ERGWaLC(X, 1) (resp. RGWaLC*(X, 1), RGWaLC**(X, 1)) and therefore f is RGWaLC-continuous (resp. RGWaLC*-
continuous, RGWaLC**-continuous).

Theorem 3.13: A topological space (X, 7) is rgwa-submaximal if and only if every function having (X, t) as domain is
RGWaL C*-continuous.

Proof: Let f: (X, 7) —(Y, o) be a function and (X, 7) be rgwa-submaximal. Then by theorem 3.50 of [12] P(X) = RGWaLC*(X,
7). If U is any open set of (Y, o), f1(U) eP(X)= RGWaLC*(X,t) and so f is RGWaLC*-continuous.

Conversely, assume that every function having (X, t) as domain be RGWaLC*-continuous. Consider the sierpinski space Y= {0,
1} with o ={Y, ¢, {0}}. Let U be a sub set of (X, 1) and define f: (X, 7) —(Y, o) by f(x) =0 for every xeU and f(x)=1 for every
x¢U. By assumption f1({0}) =U € RGWaLC*(X,). Therefore we have P(X) = RGWaLC*(X, 1) and so (X, 1) is rgwa-
submaximal, by theorem 3.50 of [12].

Theorem 3.14: If f: (X, ) —(Y, o) is RGWaLC*-continuous and a sub set B is both open and closed in (X, t), then restriction fg:
(B, t8) —(Y, 0) is RGWaL C*-continuous.

Proof: Let G be open set of (Y, o). By hypothesis f(G) is rgwa-Ic* set in (X, 7). Then f3(G) = UNF, for some rgwa-open set U
and closed set F of (X, ) Then fg1 (G) = B N f1(G) = BNUNF = (BNU) N (BNF). Since (BNF) is closed in (X, t) and (BNF)
cB, BNF is closed in (B, ts). Since BNU is rgwa-open in (X, ), BNUcB and B is regular open in (X, 7), BNU is rgwa-open in
(B, T8). This shows that fg ! (G) ERGWalLC*(B, ts) and hence fgz is RGWalL C*-continuous.

Theorem 3.15: Let f: (X, ) —(Y, ¢) be RGWaLC-continuous and B an open set in Y containing f(X). Then fg: (X, 7) — (B, 78)
is RGWaLC-continuous.

Proof: Let V be an open set in B. Then V is open in (Y, o), since B is open in (Y, o). Therefore by hypothesis, f* (V) is rgwa-Ic
setin (X, 7). Thatis f: (X, ) —(Y, ) be RGWaLC-continuous.

Remark 3.16: Composition of two RGWaLC-continuous maps need not be RGWalL C-continuous as seen from the following
example.

Example 3.17: Let X=Y=Z= {a,b,c} and 7={X, ¢, {a}}, o= {Y, ¢, {a},{b,c}} and n= {Z, ¢, {b}}. Let f: (X, ) —(Y, o) be the
function defined f(a)=b, f(b)=a, f(c)=c, and g:(Y, ) —(Z, n) be a function defined as g(a)=b, g(b)=a, g(c)=c. Then both f and g
are RGWaLC-continuous but their composition gof: (X, ) —(Z, n) is not RGWaLC-continuous, since for a closed set {a,c} in
(Z, ), (goD)*{a.cH=F g ({a.c})= f1({b,c}) = {a,c}which is not rgwa-Ic set in (X, ).

Theorem 3.18: Let f: (X, 7) —(Y, o) be RGWaLC-continuous (resp. RGWaLC*-continuous, RGWaLC**-continuous) and g:
(Y, o) — (Z,n) is continuous, then gof: (X, T) — (Z,n) is

RGWaL C-continuous (resp. RGWaL C*-continuous, RGWaL C**-continuous).

Proof: Let U be an open set in (Z, n). Since g is continuous g™(U) is open in (Y, o). Since f is RGWaLC-continuous, f1(gt(U)) =
(goD)}(V) is rgwa-lc set in (X, )and hence gof: (X, T) — (Z, n) is RGWaLC-continuous.

Definition 3.19: A function f: (X, 7) —(Y, o) is called sub-RGWaLC*-continuous if there is a basis p for (Y, o) such that f1(U)
€ RGWalL C*(X, t) for each U€ep.

Theorem 3.20: Let f: (X, ) —(Y, o) be a function. Then we have the following.
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1. If fis RGWaLC*-continuous, then f is sub-RGWaL C*-continuous.

2. fis sub-RGWaLC*-continuous if and only if there is a subbasis S for (Y, o) such that f1(V)e RGWaLC*(X, 1) for each
VES.

3. (iii)If f is sub-LC-continuous, then f is sub-RGWaL C*-continuous.

Proof: (i) Let f be RGWaLC*-continuous, B be basis of (Y, o) and VEB. By hypothesis f1(V)e RGWaLC*(X, 7) and so f is sub-
RGWaL C*-continuous.

(ii) Let f be sub-RGWalLC*-continuous. It follows from assumption that there is a basis B for (Y, o) such that fi(U) €
RGWaLC*(X, t) for each UEp. Since Pis also a subbasis for(Y, o) the proof is obvious.

Conversely, let S be a subbasis of (Y, ¢) and p= {ACY: A is an intersection of finitely many sets belonging to S}. Then B is a
basis for (Y, o). For each UeB, U=N{Fi: FES, ieA} where A is a finite set. Now f1(U)= N{f*(F): Fi €S, i€A}. By assumption, f
1(Fi) € RGWaLC*(X, 1) for each F; €S, ieA. Also N{f(Fi): Fi €S, ien}= f1(U)e RGWaLC*(X, 1), by Theorem (i) and hence f is
sub-RGWaLC*-continuous.

(iii) Follows from LC(X, ) RGWaLC(X, 7).

Remark 3.21: The following examples show that the converses of (i) and (ii) of Theorem are not always true.

Example 3.22: Let X= {a,b,c,d}, Y={a,b,c}, ={X, ¢, {a}, {a.b}} and o={Y, ¢, {a}, {c}, {a.c}}. Then RGWaLC*(X, 1) = P(X)-
{a,b,d}, and B= {{a},{b},{c}} is a basis for (Y, o). Define f: (X, 1) —(Y, o) by f(a)=f(d)=a, f(b)=b, f(c)=c. Then f is sub-
RGWalL C*-continuous but not RGWaLC*-continuous, since for the closed set {a,b}of (Y, o), F({a,b})={a,b,d}which is not
rgwa-Ic* set in (X, 7).

Example 3.23: Let X=Y={a,b,c}, t={X, ¢, {a}, {b}, {a,b}} and o={Y, ¢, {a}, {a,b}}. Then LC(X,7) = {X, ¢, {a}, {b}, {c}, {d},
{a,b}, {a,c}, {a,d}, {b,c}, {ab,c}, {a,c,d}, {b,c,d}}, RGWaLC*(X, t) = P(X) and p= {Y,{a}, {a,b}}is a base for (Y, o). Define f:
(X, 1) —(Y, o) by f(a)=c, f(b)=d, f(c)=a, f(d)=b. Then f is sub-RGWaLC*-continuous but not sub-LC-continuous, since for the
set {a,b}eB, £1({a,b})={c,d} which is not Ic-set in (X, ).

Remark 3.24: The composition of a sub-RGWaLC*-continuous function and a continuous function need not be a sub-
RGWaL C*-continuous.

Solution: Take a sub-RGWalLC*-continuous function f: (X, t) —(Y, g) which is hot RGWaLC*-continuous (for example the
function in example). Hence there is a set V€ such that f1(V) ¢ RGWaLC*(X, 7). Let = {Y, ¢, V}. Then 7 is a topology on Y
and the identity function g: (Y, ) — (Y, 1) is continuous. But composition gof: (X, 7) —(Y, 1) is not sub-RGWaLC*-
continuous.

4. RGWaLC -Irresolute maps
In this section, we define RGWaLC- Irresolute, RGWaL C*- Irresolute, RGWalLC**- Irresolute functions which are weaker than
w-LC-irresolute functions and stronger than GBLC-Irresolute functions.

Definition 4.1: A function f: (X, 7) —(Y, o) from a topological space X in to a topological space Y is called RGWaLC-irresolute
if for each RGWa-LC set V in Y, V) is RGWa-LC set in X.

Definition 4.2: A function f: (X, ) —(Y, o) from a topological space X in to a topological space Y is called RGWaLC*-
Irresolute if for each RGWa-LC* set V in Y, f1V) is RGWa-LC* set in X.

Definition 4.3: A function f: (X, t) —(Y, o) from a topological space X in to a topological space Y is called RGWaLC**-
Irresolute if for each RGWa-LC** set V in Y, f1V) is RGWa-LC** set in X.

Theorem 4.4: Let f: (X, 7) —(Y, o) be a function. Then we have the following

()If f is rgwa-irresolute, then it is RGWaLC-irresolute.

@i)If f is RGWaLC-irresolute (resp. RGWaLC*-irresolute, RGWaLC**-irresolute), then it is RGWaLC-continuous (resp.
RGWaL C*-continuous, RGWaL C**-continuous).

Proof: (i) Let f is rgwa-irresolute, and Ve RGWalLC(Y, o). Then V=UNF for some rgwa-open set U and some rgwa-closed set
Fin (Y, o). We have (V) = fY{(UNF) =FY(U)NFL(F) where f1(U) is a rgwa-open set in(X, ), since is rgwa-irresolute. This
shows that f1(V) € RGWaLC(X, t) and hence f is RGWaLC-irresolute.

(if)Follows from the fact every open set is rgwa-Ic, rgwa-Ic* and rgwa-Ic**.

Remark 4.5: The converse of the Theorem 4.4 need not be true in general as seen from the following example.
Example 4.6: Let X= Y= {a,b,c,d}, t={X, ¢, {a}, {b}, {a,b,c}} and o={Y, ¢, {a}, {a,b}}. Define a function f:(X, ) —(Y, o) by

f(a)= b, f(b)=c, f(c)=d, f(d)=a. Then f is RGWaLC-irresolute but not rgwa-irresolute, since for the rgwa-closed set {b, c} of (Y,
o), F1{b, c}= {a,b} which is not rgwa-closed set in (X, 7).
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Example 4.7: Let X=Y={a,b,c}, t={X, ¢, {a}} and o={Y, ¢, {a}, {a,b}, {a,c}}. Let f: (X, 7) —(Y, o) be an identity map. Then f
is RGWaLC-continuous but not RGWalL C-irresolute, since for the rgwa-lc set {a,b} in (Y, o), f1({a,b})={a,b} which is not
rgwa-Ic set in (X, 7)

Theorem 4.8: Let f: (X, 7) —(Y, o) be a function. Then we have the following.

()If f is w-LC-irresolute (resp. w-LC*-irresolute, w-LC**-irresolute), then it is RGWaL C-irresolute (resp. RGWaLC*-irresolute,
RGWaLC**-irresolute).

(i)If f is RGWaLC-irresolute (resp. RGWalL C*-irresolute, RGWalL C**-irresolute), then it is GB-LC-irresolute (resp. GB-LC*-
irresolute, GB-LC**-irresolute).

Proof: (i) Follows from the fact that every w-Ic set (resp. w-lc* set, w-lc** set) is a rgwa-Ic set (resp. rgwa-Ic* set, rgwa-lc**
set).
(if)Follows from the fact that every rgwa-Ic set(resp. rgwa-Ic* set, rgwa-lc** set) is a gB3-lc set (resp. gB-lc* set, gB-lc** set).

Remark 4.9: the converse of the Theorem need not be true in general as seen from the following example.

Example 4.10: Let X= Y= {a,b,c,d}, 7={X, ¢, {a}, {a,b } and o={Y, ¢, {a}, {b}, {a,b,c}}. Let f: (X, T) —(Y, o) be an identity
map. Now w-LC(X, 7)={ X, ¢, {a}, {b}, {a,b}.{c,d}, {b,c,d}, RGWaLC(X, 17)=P(X), w-LC(Y, a)= {X, ¢, {a}, {b}.{c}, {d},
{a,b}, {a,c}, {b,c}, {c,d}, {ab,c}, {ac,d}, {b,c,d} and RGWaLC(Y, a)= P(Y). Then f is RGWaLC-irresolute but not w-LC-
irresolute, since for the w-LC set {c} of (Y, o), f1{c} ={c} which is not w-LC set in (X, 7).

Example 4.11: Let X= Y= {a,b,c}, t={X, ¢, {a}} and o={Y, ¢, {a}, {b}.{a.b}} Let f: (X, 7) —(Y, o) be an identity map. Then f
is GBLC -irresolute but not RGWalL C-irresolute, since for the rgwa-lc set {a,c}of (Y, o), f* ({a,c})={a,c} which is not rgwa-Ic
setin (X, 7).

Remark 4.12: The following example shows that
()RGWaLC-irresolute need not be RGWaLC*-irresolute.
(ilRGWaL C-irresolute need not be RGWaLC**-irresolute.

Example 4.13: Let X= Y= {a,b,c,d}, ={X, ¢, {a}, {b}, {ab,c}} and o={Y, ¢, {a}, {a,b}}. Let f: (X, 7) —(Y, o) be an identity
map. Then f is RGWaLC -irresolute but not RGWaLC*-irresolute, since for the rgwa-Ic* set {c} of (Y, o), f* ({c})={c} which is
not rgwa-Ic* set in (X, 7).

Example 4.14: Let X= Y= {a,b,c,d}, ={X, ¢, {a}, {a,b}} and a={Y, ¢, {a}, {b}, {ab,c}}. Let f: (X, 7) —(Y, o) be an identity
map. Then f is RGWalLC -irresolute but not RGWaLC**-irresolute, since for the rgwa-lc** set {a,d} of (Y, o), ! ({a,d})={a,d}
which is not rgwa-lc** set in (X, 7).

Theorem 4.15: Any map defined on a door space is RGWaLC-irresolute.
Proof: Proof is similar to that of Theorem

Theorem 4.16: Let f: (X, 1) —(Y, o) and g: (Y, 0) — (Z, 1) be two maps. Then

1. gof: (X, 1) — (Z, n) is RGWaLC-irresolute (resp. RGWaLC*-irresolute, RGWaLC**-irresolute) and f is RGWalLC-
irresolute (resp. RGWoaLC*-irresolute, RGWaLC**-irresolute) and g is RGWalLC-irresolute (resp. RGWaLC*-irresolute,
RGWaLC**-irresolute).

2. gof: (X, 1) — (Z,n) is RGWaLC-continuous if f is RGWaLC-irresolute and g is RGWalL C-irresolute.

Proof: (i) Let VE RGWaLC (Z, n). Since g is RGWaLC-irresolute, g*(V) € RGWaLC(Y, o). Since f is RGWalLC-irresolute,f
Yg'(V))= (gof) (V) is rgwa-lc set in (X, 7). Therefore gof is RGWaLC- irresolute.

(ii)Let Ven. Since g is RGWaLC-continuous, g(V) € RGWalLC(Y, o). Since f is RGWaLC-irresolute, f1(g!(V)= (gof) (V) €
RGWaLC(X, 7). Therefore gof is RGWaLC-continuous.

5. Conclusion
In this paper we have introduced and studied the properties of RGWaL C-continuous and RGWaL C-irresolute maps in topological
spaces. Our future extension is to study rgwa-locally separation axioms in Topological Spaces.
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