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Abstract

The present paper investigates the existence of mild solutions of a impulsive nonlinear mixed Volterra-
Fredholm integrodifferential equation with nonlocal condition in Banach spaces. Further sufficient
condition for the controllability of impulsive integrodifferential equation is established. The approach
used is the Schauder fixed point theorem with the theory of resolvent operators. An example is given to
illustrate the results.
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1. Introduction

Let X be a Banach space with the norm ||.]|. Let Z = C (J, X) be the Banach space of all
piecewise continuous functions from J into X endowed with the supremum norm

IxN1Z = sup{llx(OIl : t € I}

and B(X) denotes the Banach space of bounded linear operators from X into itself. Motivated
by the work of 28, in this paper we consider the following impulsive nonlinear mixed
Volterra-Fredholm integrodifferential equation of the form:

x(t) = MNMQ+§Q@QM@$)
+ f(t,x(t), fotk(t, s,x(s))ds, fob h(t, s,x(s))ds),t;ﬁtk, k=12,.,m

Ax(0) = = X)), t =t k=1, 2,..., m
X(0) + g(x) = Xo, (1.1)

where t € J = [0, b], the unknown x(-) takes values in the Banach space X, and xo is a given
element of X. Here A(t) is a closed linear operator on X with dense domain D(A), which is
independent of t. Q(t, s), t, s € J, is a bounded operator in X, and t € J, x(t) = x(tF) - x(tz)
where x(t;), and x(t) are right and left limits of x(t) at t, k = 1, 2,..., m. The nonlinear
functionsf: I x X x X x X— X, g: Z— X k h : J xJ x X — X are continuous functions. We
define the following sets

Br={xeX:|lx]|<rtandE,={z€Z:|x|lz<r},

The nonlocal condition, which is a generalization of the classical initial condition, was
motivated by physical problems. The problem of existence of solutions of evolution equation
with nonlocal conditions in Banach space was first studied between others by [ and he
investigated the existence and uniqueness of mild, strong and classical solutions of the
nonlocal Cauchy problem. As indicated in > 19 and the references therein, the nonlocal
condition y(0) + g(y) = Yo can be applied in physics with better effect than the classical
condition y(0) = yo. For example, in [° 3] the author used

9(y) =XF_; ey (),

whereci,i=1,2,---,pand0<t; <t,<---.Db,todescribe the diffusion phenomenon of a
small amount of gas in a transparent tube. In this case, the above explanation allows the
additional measurementsatt, i=1,2,- - -, p.
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The study of differential and integrodifferential equations in abstract spaces with nonlocal conditions have received much
attention in recent years. We refer to the papers for example to [6.7: 16. 19,

The theory of neutral differential equations has been studied by several authors in Banach spaces [> 15 16. 171 Hernandez and
Henriquez [ studied the existence problem for neutral functional differential equations in Banach spaces. Various evolutionary
processes from fields as diverse as physics, population dynamics, economics and engineering are characterized by the fact that
they undergo abrupt changes of state at certain moments of time between intervals of continuous evolution. Because the duration
of these changes are of ten negligible compared to the total duration of the process, such changes can be reasonably well
approximated as being instantaneous changes of state or in the form of impulses. These processes are modeled by impulsive
differential equations which allow for discontinuity in the evolution of the state. For more details on this theory and on its
applications, we refer to Samoilenko and Perestyuk 2% for the case of ordinary impulsive system and to [ 18 19 for partial
functional differential equations with impulses.

The objective of the present paper is to generalize the results reported in [13 14.16. 171 also must remark that our approach to the
conditions on functions are different. The papers reported in 2 are also special cases of the problem (1.1) when the function o(2)
= t. We first investigate the existence of mild solutions of the problem (1.1). The main tool employed in our analysis is based on
the Schauder fixed point theorem and the theory of resolvent operators. We also study the nonlocal controllability problem for the
above equation.

The paper is organized as follows. In section 2, we present the preliminaries and the hypotheses. Section 3 deals with the main
result. Section 4 concerns with the controllability of integrodierential equation. In section 5, we give an example to illustrate the
applications of our results.

2. Preliminaries and Main Results

Before proceeding to our results, we shall set forth some preliminaries and hypotheses that will be used in our subsequent
discussion.

Let X be a Banach space. Let PC([0, b],X) consist of functions u that are a map from [0, b] into X, such that x(t) is continuous at t
# ti and left continuous at

t = t;, and the right limit u(t;") exists for i = 1, 2, 3,... p. Evidently PC([0, b],X) is a Banach space with the norm

IxIPC = sup [lx(OIl. t € [0,b] (2.1)

Definition 2.1. A resolvent operator for (1.1) is a bounded operator-valued function R(t, s) & B(X), 0< s < ¢ < b, having the
following properties:

(@) R(t, s) is strongly continuous in s and t, R(s, s) = I, the identity operator X, 0 <s <¢<b, and [|[R(t,s)|| < Me #*9 for some
constants M and p.

(b) R(t, S)Y Y, R(t, s) is strongly continuous in s and t on Y, and Y is the banach space formed from D(A), the domain A(t),
endowed with the graph norm.

(c) Foreachy €Y, R(t, s)y is continuously differential ins & J and

2R, )y = ~R(t, JAE)y [} R(t, DQ(T, ) A(s)ydr.

(d) Foreachy €Y, and s € J, R(t, s)y is continuously differential int &J and
+fst R(t,7)Q(1,s)A(s)ydr.

with ;—SR(t, s)y and %R(t, s)y are strongly continuous on 0<s <¢ < b. Here,
R(t, s) can be deduced from the evolution operator of the generator A(t).

2R(t sy = R(, S)AG)Y

Definition 2.2. A continuous solution x(-) : J —X is said to be a mild solution of problem (1.1) on J if for xo & X, it satisfies the
following integral equation

X(tt):R(t)[><0*@J(X)]+ . .

f R(t —s)f (s,x(s),f k(s,‘r,x(‘r))dr,f h(s,t,x(t))dt)ds
0 0 0

+ D7 RE= 6l ().

o<tp<t

We need the following theorem (Schauder fixed point theorem 261, p-37) for further discussion:

Theorem 2.1. Let s be a bounded, closed and convex subset of a Banach space X. If f € C(S, S)-set of all compact maps from S
into S, then f has at least one fixed point.
We list the following hypotheses for our convenience.
(H1) The resolvent operator R(z—s) is compact when ¢—s > 0 and there exists a positive constant M1 such that
(H2) There are constants L, K1 and H: such that
Li=max||f (¢, 0,0,0)||, Ki= max||k(t, s, 0)]l,
tej 0s<s<ts<bh

~g1~
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Hi= max [lh(t,s, Ol
sssts
(H3) There exists a constant G; > 0 such that
lgC)Gy, forx € Ep,g(Ax; + (1 — Dx3) = Ag(x) + (1 — Dg(xy),
forxi € Ey, (i=1,2),4(0,1)

(H4) Ik €C(X,X), k=1,2, - - -, mare all bounded, that is there exist constant di, k =
1,2, -, msuch that

(Ol < di,x € X.

(H5) The set {x(0) : x€ Er, x(0) + g(x) = Xo}

where

m

M, |llxoll + Gy + Lrb + LKrb? + Lk,b*> + LHrb?*+ LH,b*+ L;b + de] <r,
k=1

with [ MiLb + M31LKb? +M1LHb?] < 1, is precompact in X,

3. Existence Results
Now we shall prove the following result of existence of mild solution.

Theorem 3.1. Assume that

(i) Hypotheses (H1) — (H5) hold,

(i) f €PC(I x X x X x X ; X) and there exists a constant L > 0 such that
[ f(tX1,y1,21) — f(tX2,y2,22) || <L (|| Xe =Xz [| + |[ys = yal| + || z2 — z2]]),
forxi,vi,zi €Br,i=1,2andt €J.

(iii) k, h €PC (J x J x X;X) and there exist constants K,H > 0 such that
[Ik(t, s, X0) = k(t, 5, x2) || <K || X2 — x2]|

and

[Ih(t, s, x1) — At s, x2)|| <H [| X2 — x2|

forxiyi €Bri=1,2andt, s €J. Then problem (1.1) has a mild solution

Proof. We definethe set Eby E = {x €Z: x € E, x(0) + g(x) = Xo}. It is easy to see that E is a bounded closed convex subset of
Z. Define a mapping F : E — E by

t s b
(Fx)(t) = R(H)[x, — g(x)] + J- R(t—s)f (s,x(s),f k(s, T,x(r))dT,f h(s,t,x(r))dr) ds
0 0 0

+ Yo<tp<e R(E — t )L (x(8)), t €. (3.1)

Since all the functions involved in the definition of the operator are continuous, the operator F is continuous. For x € E,t € J and
using hypotheses (H1) — (H5) and assumptions

(if) — (iii)
I (FDO] < Mi([[ % [] + G1)

o, [ |

< My ([[xol] + G4

t
+ M,L f [r
0

s b
+f |k (s,‘r,s(r)) — k(s,t,0) + k(s,t, 0)|| dt +f ||h(s,r,x(r)) — h(s,7,7,0) + h(s, 1, 0)||dr] ds
0 0
+LiMib+ MY dy

m

s b
f(s,x(s),f k(s, T,S(T))d‘[,f h(s, T,X (T))dr,f(s, 0,0,0) H + I ((s, 0,0,0)ll] ds + M, Z dy
0 0

k=1

t m
< M (||xol] + Gy) +M1f [Lr + Lb(Kr + K, ) + Lb(Hr + H;)lds + L;Mb +Mlz dy
0 k=1
m
< M, [|lxoll + Gy + Lvb + LKrb? + LK b?> + LHrb? + LHb?* + Lb] + M, dy,
k=1
<r (3.2)

Thus, F maps E into itself and consequently F & C(E;E), Now, we prove that F maps E into a precompact subset F(E) of E. For
this purpose, we first show that the set E(t) = {(FX)(t) : x €E}, t €J is precompact in X. Observe that

E(0) = {(FX)(0) : x €E} ={x0 — g(X) : x €Ey, X(0) + g(xX) = Xo},

Therefore, according to hypothesis (H5), E(0) is precompact in X. Let t > 0 be fixed. For an arbitrary 0 < € < t, we define a
mapping

Fe)(O) = ROz — 9001 + jo

t—e

s b
R(t — s)f(s,x(s),J k(s,r,x(r))dT,J h(s,r,x(r))dr) ds,
0 0

~g~
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+ No<t<t R(E = )L (x(E ), te]. (3.3)

Since R(t—s) is compact operator for every t, s > 0, then the set E¢(t) = {(FX)(t) : x € E} is precompact in X for every > 0. By using
the equations (3.1), (3.3) and the hypotheses (H1) - (H5), we obtain

t s b
[| (FX)(t) — (Fex)(t) || < M, f [l £(s,x(s), f k(s, T, x(t))dx, f h(s,t,x(1))dr)
t—e o [
-f50,0,0) +L1)ds
<M, [__[Lr + Lb(Kr + K;) + Lb(Hr + H, ) + L,]ds
< M;[Lrb + LKTb? + LK, b? + LHrb? + LH,b? + L,b] €. (3.4)

This implies that there exist precompact sets arbitrary close to the set E(t) = {(Fx)(t) : X € E}. Hence, the set {(FX)(t) : x € E} is
precompact in X. Next, we show that F(E) is an uniformly equicontinuous family of fuctions. Let 0 < s < t. By using hypotheses
(H2), (H3), (H4) and (ii), (iii), we have

ICFx)(&) = (Fx)S) N<NR@®) =R N Uxo Il +1l gl) D) + fsll R(t,7) — R(s,7) |l
T b

Xl f(‘r,x(‘r),f k(‘r, a,x(a))da,f h(‘r, a,x(o’))da) II dt
(0] 0o

t T b

+f IRCE, ) NN f(T,x(T),f k(z, a,x(a))da,f h(t,0,x(0))do) Il dt
s 0] o

+ ) 1IRE = 6 = RGs = el 1 (x@))I]

0<tgs<s

+ ) lIRCE = eIl I (x(6O)I]

S<tis<t

<|IR®) — R)IIUlxoll + Gy) + M[L, + L(Kr+ K; + Hr + H;)b + L{](t — 5)
S
+ J IIR(t,7) — R(s,D)|[L, + L(Kr + Ky + Hr + H,)b + Lq]dr
0
+ Yo<tp<slR(E = tr) — R(s — t)lldi + Xssepze Midie  (3.5)

Here we have proceeded as in the result (3.4). The right hand side of (3.5) is independent of X € E and tends to zero as t — s as a
consequence of the continunity of R(z — s) in the uniform operator topology for t > 0, which follows from the compactness of
R(¢=s), t—s > 0. Therefore, F(E) is equicontinuous family of functions. Thus by Arzela Ascoli’s theorem, F(E) is precompact.
Hence by the Schauder fixed point theorem, F has a fixed point in E and any fixed point of F is a mild solution of (1.1) on J.

4. Controllability Result

Controllability is one of the fundamental concepts in the mathematical control theory and plays an important role in both
deterministic and stochastic control systems. It is well known that the controllability of deterministic systems are widely used in
many fields of science and technology. The controllability of nonlinear deterministic systems represented by equations in abstract
spaces, whereas the stochastic control theory is a stochastic generalization of classical control theory. Such problems have been
studied by several authors, see 2489 101 and the references cited therein. Now we will establish a set of sufficient conditions for
the controllability of nonlinear mixed impulsive Volterra-Fredholm integrodifferential equation with control parameter of the
form:

x'(t) = A(t) (x(t) + f Q(t,s)x(s)ds)
0
t b
p , | k(t,s, ds,

+f (t x(t) JO (t,s,x(s))ds fo
k=1,2,..,m,
Ax(D) )=k = I(x(t)), t= t, k=1, 2,..., m,
x(0) + g(x) = x, (4.1)

h(t, s,x(s))ds) + (Bu)(t) + t #tk,

where the state x(-) takes values in the Banach space X and the control function u(:) is given in L?(J,U), a Banach space of
admissible control functions with U as a Banach spaces. Here B is a bounded linear operator from U into X. Then, for equations
(4.1), there exists a mild solution of the following form

t s b
x(t) =R()[xg — g(x)] + f R(t —s)[f (s,x(s),f k(s, T,x(r))d‘r,f h(s,t,x(7))dr)
FBOENs + ) RE= 6l (G,

o<ty<t

~g3~
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where the resolvent operator R(z — s) € B(X) for z — s > 0 and the functions f, g, k and h satisfy the conditions stated in Section 3.

Definition 4.1. The system (4.1) is said to be nonlocally controllable on the interval J if, for every xi1 & X, there exists a control u

€ L2(J,U) such that the mild solution x(-) of the problem (4.1) satisfies x(b) + g(x) = Xu:
To establish the result, we need the following additional hypothesis.
(H6) The operator W from L2(J,U) into X, defined by

W, = fy R(b — 5)(Bu) (s)ds,
has an induced inverse W~/ which takes values in L2(J,U)/ ker W, and there exist positive constants M,M3 such that
[BlI< Mz, [W||< M.

Theorem 4.1. If the hypotheses (H1)—(H6) and conditions (ii), (iii) of Theorem 3.1 are satisfied, then the (4.1) is nonlocally
controllable on J.
Proof. Using hypothesis (H6), for an arbitrary x(-), define the control

u(t) = W—1{x1-g(s) - R(b) (x0-g(x)) — fob R(b,s) [f (s,x(s), Jy k(s,7,x(2))dT, fob h(s, T,x(‘r))dt)] ds —
e R(b = )L (x (£0))}(B). 4.2)

Let

Zo={x €Z:x(0) +g(x), ||[x|| <ry, fort €3},
where the positive constant rl is given by

m
rl = M, [lIxoll + G + Lryb + LKT b? + LK;b? + LHrb? + LHb?> + L;b + Mlz d, 11+ MM,M3b)
k=1
+ M M M5(||x,|| + G1)b,

with (1+M:MzM3b)[M;Lb+M;Lb%+M;LHb?] <1.Then Z, is clearly a bounded, closed and convex subset of Z. Define a mapping ®
1 Zo — Zo by

@x)(8) = R(D[xo — g() + [ R(t = ) [ (5, %), f; ks, 7,2(@)dr, [} h(s, 7,x(1))dt) + (Bu)(s)| ds + Tocer R —

te )l (e((2))- (4.3)
Now, we shall show that, when using control u, the operator @ has a fixed point. This fixed point is then a mild solution of the
system (4.1). Clearly, x/—g(x) = (®x)(b), which means that the control u steers the mixed integrodifferential system from the

initial state xo to X1 in time , provided we can obtain a fixed point of the nonlinear operator ®. Using the definition of the control
u, we get

@0 (O=R Ofxo—g®)]f, Rt > $) | (5,2(), [ k(s,T,x(T))dT, [} h(s, T, x(T))dt )| ds

+ Yo<tp<e R(E — 6 ) (x((tk))

+ [y R(E = )BW ™ [, = g(x) = R (%o — 9(x)) —

[ R(b,0)f(0,x(0), [ k(8,T,x(T))dT, [} h(6,T,x(T))dT)d + Focr<t R(t — ti ) (x((ti ))] (s)ds. (4.4)

Since all the functions involved in the definition of the operator are continuous, the operator @ is continuous. For x&€Zy, t € J and
following steps as in the proof of Theorem 3.1 in
equation (3.2), from hypotheses (H1) — (H6) and assumptions (ii), (iii), we have

I(@x)(®)]| < My[llxoll + Gy + Lryb + LKr;b* + LK b? + LHr;b?> + LHb?> + Lib+ M; Y5, d; ] (1 + M;M,M;b) +
M My Ms([|x1]| + G)b = 1y (4.5)

Thus, ® maps Zo into itself and consequently @ € C (Zo;Zo).

Now, we prove the @ into a precompact subset & (Zo) of Zo. For this purpose, we first show that for every fixed t & J, the set Zo(t)
= {(Px)(t) : x € Zo}, is precompact in X. This is clear for t = 0, since Z(0) is precompact by hypothesis (H5). Let t > 0 be fixed.
For an arbitrary 0 < € <'t, we define a mapping

t—e

s b
(Px)(t) = R(t)(xg — g(x)) +f R(t — s)[f(s,x(s),f k(s,‘r,x(‘r))d‘r,f h(s,‘t,x(‘r))d‘r)] ds

+ z R(t — t )L (x(t7))

0<tp<t

~g4~
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+ 5 SR(t = $)BW ™ [x, — g(x) = R(B,0) (%0 — g(x)) —
[J R(b,0)f(0,x(0), [, k(6,7,x(D))dx, [, h(6,7,x(1))dr)d0 + Ty, R(b — tk)zk(x(t,;))] (s)ds (4.6)

Since R(¢—s) is compact operator for every t,s = 0, then the set Ze(t)={ (P x) (t):x € Z,} is precompact in X for every € > 0.
By using the equations (4.5), (4.7) and the hypotheses (H1) — (H5), and (ii), (iii), we obtain

[[(@x)(t) — (@) ()|| < M[Lry + LK,1b + LKb + LHryb + LH;b+ L, + d,] €

+M,M,M;[||x1]] + G1 + M;(||xo|| + G1 + Lr;b + LK1 b? + LK;b* + LHr b? + LH,b? + L,b + dk] €, @.7
which implies that Zo(t) is totally bounded, that is, precompact in X,

Next, we show that @(Zo) is an uniformly equicontinuous family of functions. Let 0 < s < t. Following steps as in the proof of
Theorem 3.1 in equation (3.5), from hypotheses (H2), (H3)

and (ii), (iii), we have

I@0@ = @G < IRE = ROl xoll + ) + My [Lo + LU+ kg + By + HIb+ L+ d[ € =) + [IRET) -

R(s,DIIL, + L(k, +k, + H + H)b + L{]d, + f05||R(t, T) — R(s, T)||IMyM[llx | + Gy + (Lyq + Kyyb + Lkyb + LH, b +
Ly + d)b)]dT + MM, Ms[|lx || + Gy + M (llxoll + Gy + (Lry + LKryb + LK1b + LHrb + Ly + d;))b)](t —5). (4.8)

Here we have proceeded as in the result (4.7). The right hand side of (4.8) is independent of x & Zpand tends to zero as s — ¢ as a
consequence of the continuity of R(¢ — s) in the uniform operator topology for t > 0, which follows from the compactness of R(t —
S), t — s > 0. Therefore, ®(Zo) is equicontinuous family of functions. Thus by Arzela-Ascoli’s theorem, @ (Zo) is precompact.
Hence by the Schauder fixed point theorem, @ has a fixed point in Z, and any fixed point of & is a mild solution of (4.1) on J.
Therefore, the system (4.1) is nonlocally controllable on J.

5. Example
In this section, we give an example to illustrate the usefulness of our main result. Let us consider the following impulsive partial
integrodierential equation of the form:

2

d d t 1
a w(t,x) = ao(t)w[w(t,x) + j(; m w(s,x)ds| + u(t, x)

¢ 1
+w(t,x) +J- m w(s,x)ds
0

+ft; [w?(s,x) + sin(w?(s,x))] ds
o (1 +t2)(1 +52) ' '

w(t,0)= w(m)=0
M\t =t = L(y(t)) k=12, ...

1
1
w(0,x) + f Ew(s,x)ds =wy(x),0<t<1,0<x<m,
0

where wq(x)e X = L2([0;7]), we(0) = wy(r) = 0 and the functions ag and p : [0,1] x (0, m) x (0,7) are continuous on 0 <t <1.
Let X = L%([0,7]) and the operators A(t) be

defined by

A(t)z = ao(t)z”.

With the domain D(A) ={z € X : z, z” are absolutely contunuous, z” € X, z(0) = z(1) =0}, then A(t) generates an evolution system
and R(t, s) can be deduced from the evolution systems [ 12151 sych that R(t, s) is compact and [IR(t, s)Il < M;e®~) for some
constants My and . On comparison of functions f, g and Ik with the problem (5.1), then by assumptions, we have

log2

Gyt t2lxatx =l

I f(t, X1, Y171 ) — f(t' X2,¥272) < {1+

and There exists a constantdx >0, k=1, 2..., m,
Il I 1< dy.

Also for x,, x, € C[0, 1], the function

1

ginx + (1 —N)xy) = f %( xx;+ (1 =X)xy,)(s)ds

0

= J lx x,(s)ds + J 1 (1 =xX)x,(s)ds =x g(x1) + 1(1 —x)g(x3)
0 2 0 2

~gg~
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is convex. Let Bu : [0, 1] x X be defined by
(Bu)(t)x = u(t, x), x € (0,m).

With the choice of A(t), B and f, the equations (5.1) take the abstract form as (1.1). Now, the linear operator W is given by
Wuw)x = fol R(1,s)u (s, x), xe(0,m)

Assume that this operator has a bounded invertible operator W~/ in L?([0, 1],U)/kerW. Furthere, all the other conditions stated in
Theorem 3.1 and Theorem 4.1 are satisfied. Hence, the problem (5.1) has a mild solution on [0, 1] and the system (5.1) is
controllable on [0, 1].

6. Conclusion

In this paper, we study the existence of mild solutions of a impulsive nonlinear mixed Volterra-Fredholm integrodifferential
equation (1.1) with nonlocal condition in Banach spaces and controllability of impulsive integrodifferential equation (4.1) is also
established by the Schauder fixed point theorem with the theory of resolvent operators. As applications, example is presented to
illustrate the main results.
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