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Abstract

We motivate our results on Dedekind domains by recalling our study of primes of the form x*+ny2. We
saw that p=x*+ny? if and only if p can be factored in Z [x/—_n] However, this is most useful when
A [\/—_n] has unique prime factorization, as in the case of Z[i], where we were able to analyze precisely
when p factors. It turns out that unique factorization doesn't hold very often in cither the imaginary
quadratic or cyclotomic case. However, if instead of considering factorization of elements, we consider
factorization of ideals, we will find that we do have unique factorization into prime ideal in rings of
integers. We will discuss the definition, properties and relationship of Dedekind domain with other
structures.
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Introduction

Dedekind Domains

Definition

An integral domain A is a Dedekind domain if it satisfies:
1. A is Noetherian

2. Every non-zero prime ideal of A is maximal;

3. Sis integrally closed in its field of fractions.

Proposition

Suppose that A is an integral domain, integrally closed in its field of fractions, and that for any
nonzero ideal I. we have that A/1 is finite. Then A is a Dedekind domain.

PROOF. Since.4 is integrally closed by hypothesis, we need only check that it is Noetherian
and that every non-zero prime ideal is maximal. But if I is a non-zero ideal, since A/1 is finite,
and the ideals of A containing I are in bijection with the ideals of A/I. there can only be finitely
many such ideals, and any ascending chain containing I stabilizes. Thus, A is Noetherian.
Similarly, if p is a non-zero prime ideal of A, then A/p is a finite integral domain, and it is a
general fact that any finite integral domain is a field, so that p is maximal. Indeed, let..4 be a
finite integral domain, and a@ € Aa non-zero element. Then we must have a*t = a*2for some

k -_— = 1’ . . .
k; > k,,by finiteness. Because A is an integral domain, we find 1=k so a is invertible,
a
and.4 is a field.
Corollary

A ring of integers O is a Dedekind domain.

Algebraic Geometry Remark

Prom an algebraic geometry perspective, we see that the definition of a Dedekind domains
means that it has dimension one and is normal; i.e., we can think of it as a nonsingular curve.
Subrings of rings of integers such as Z [\/—_3]are still curves, but have singularities, and their
con tainment in the ring of integers corresponds to the normalization map. As in the geometric
situation, in order to study the singular curve it is frequently helpful to start by studying the
normalization, so we focus primarily on the rings of integers themselves.
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Properties of Dedekind Domains
1. Every non-zero ideal of a Dedekind domain may be uniquely factored as a product of prime ideals, up to reordering.

Definition

Let R be an integral domain with fraction field K. We say that 1 € K is a fractional ideal of R if it is closed under addition and
under scalar multiplication by elements of R, and if there exists a non-zero d € R such that dI € R. A fractional ideal is principal
if it is of the form aR, for some a € K Given fractional ideals I, J of R, the product 1J is defined to be

{aEL:a=Ziejeie€1Je €J}

e
The product of two fractional ideals is easily seen to be a fractional ideal.
2. The set of fractional ideals of a Dedekind domain R form a group under multiplication, with R as the identity.
However, we observe that the second result may be equivalently stated as saying that for any ideal I of R, there exists another
ideal J such that 1J is principal. Equivalently, ideals modulo principal ideals form a group, called the "ideal class group". This is
therefore the first step in understanding the relationship between all ideals and principal ideals. However, having gone to the
trouble to define fractional ideals, we make the definition as follows:

Definition

Given a Dedekind domain R, the ideal class group of R is defined to be the group of fractional ideals modulo the group of
principal fractional ideals.

Thus, the ideal class group measures how far a Dedekind domain is from being a principal ideal domain. We claim in our context.,
this is equivalent to measuring how far away every irreducible element, is from being prime.

Modules over Dedekind Domains (Sketch)
The structure theorem for finitely generated modules over principal ideal domains has an interesting extension to modules over
Dedekind domains. Throughout this subsection, A is a Dedekind domain.
First, note that a finitely generated torsion-free.4-module M need not be free. For example, every fractional ideal is finitely
generated and torsion-free but it is free if and only if it is principal. Thus the best we can hope for is the following.
* Let A be a Dedekind domain.
1. Every finitely generated torsion-free A-module M is isomorphic to a direct sum of fractional ideals,
Mza P ..Pa,.

2. Two finitely generated torsion-free A-modules M & a; @ ....D a,,. amd
N = b; @ ....@Dare isomorphic if and only if
m = n A[]a; = [[b;modulo principal ideals.
Hencee M2 a; @ .. Pa,=AD.DADa;..a,
Moreover, two fractional ideals a and b of A are isomorphic as A-modules if and only if they define the same element of the class
group of A.
The rank of a module M over an integral domain R is the dimension of
K Qg M as a K-vector space, where K is the field of fractions of R. Clearly the rank of M = a; @ ....D a,,.is m.
These remarks show that the set of isomorphism classes of finitely generated torsion- free A-modules of rank 1 can be identified
with the class group of A. Multiplication of elements in CI(A) corresponds to the formation of tensor product of modules. The
Grothendieck group of the category of finitely generated A-modules is CI (A @ Z.
THEOREM (INVARIANT FACTOR THEOREM) Let M O N be finitely generated torsion-free A-modules of the same riuik m.
Then there exist elements e ..., e, of M, fractional ideal sa; ..., a,,, and integral ideals
b; D b, D -+ D bysuch that

M=ae,P..Pae,, N=a,be; D ... D apbrenm

M=ae,P..PHae,, N=a,be; ® ... 0 a,bren
The ideals by,by,...bn are uniquely determined by the pair M O N, and are called the invariant factors of N in M.
The last theorem also yields a description of finitely generated torsion A-modules. For proofs of the above results.
NOTES Let A be a Dedekind domain, and let M be finitely generated torsion-free ~-module. Then A,DM is free, hence
projective, forever) nonzero prime ideal p in A (because A, is principal ideal domain), and this implies that M is projective.
Therefore there is a nonzero homomorphism M—A, whose image is an ideal a in A. As a is projective, there exists a section to the
map M—a and M = a; @ M;so for some submodule Mj of M. Now Mx is projective because it is a direct summand of a
projective module, and so we can repeat the argument with M 1. This process ends because M is noetherian.
NOTES The Jordan-Holder and Krull-Schmidt theorems both fail for finitely generated projective modules over nonprincipal
Dedekind domains. For example, let a be an ideal in A having order 2 in the class group. According to (3.31),a @ a = A DA,
which contradicts both theorems as a # A.

Finding Factorizations

The following result often makes it very easy to factor an ideal in an extension field. Again A is a Dedekind domain with field of
fractions K, and B is the integral closure of A in a finite separable extension L of K.

THEOREM 4.6 Suppose thatB = A[a], and let f(X) be the minimum polynomial of & over K. Let p be a prime ideal in A. Choose

monic polynomials g, (X) .... g, (X) € A[X] that are distinct imd irreducible modulo p, and such that modulo p.

X e
fX) =Tlg
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i el
Then 7" gé((i) is the factorization of pB into a product of powers of distinct prime ideals. Moreover, the residue field ﬁ =
(%) [X1/(4.), imd so the residue class degree fi is equal to the degree of g;.
PROOF. Our assumption is that the map X— a defines an isomorphism
AX1/(f(X)) > B
When we divide out by p (better, tensor with A/p), this becomes an isomorphism k [X]/ ( fx )) — B/pB.X — a where k=A/p.
F s el —
The ring i [X); / ) has maximal ideals (g ... (d,),and 9 I =0 (but no product with smaller exponents is zero). The ideal d,)
in i [X]; / )corresponds to the ideal (gi (a)) + pB € B/pB, and this corresponds to the ideal B; & (p.gi(ain B. Thus Bi.......B; is

the complete set of prime ideals containing pB, and hence is the complete set of prime divisors of p. When we write pB=[[Bf",
then the are characterized by the fact that pB contains [[B{*but it does not contain the product when any e; is replaced with a
smaller value. Thus it follows from the above (parenthetical) statement that ¢; is the exponent g,of occurring in the factorization of

f.

Remark

When it applies the last theorem can be used to prove. For example, m=deg(f), and so the equation m = Y, e;f; is simply the
equation deg(H)=Y. e;.deg(g;). Also,disc(B/A)=disc(f(X)), and this is divisible by p if and only if £(X)has multiple factors (when
regarded as an element of (A/p)[X])i.e., if and only if some ei>0

Conclusion:- In this study, we have discussed sabout Dedekind domains: every nonzero ideal can be factored uniquely as a
product of prime ideals and also with the use of invariant factor theorem we have described a close relationship between modules
and Dedekind domains. We prove these statements by examining the local structure of Dedekind domains. The group structure
allows us to introduce the "ideal class group", which measures how far a Dedekind domain is from being a UFD, and plays a
fundamental role throughout algebraic number theory.
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