
 

~37~ 

International Journal of Statistics and Applied Mathematics 2018; 3(2): 37-40 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
ISSN: 2456-1452 
Maths 2018; 3(2): 37-40 
© 2018 Stats & Maths 
www.mathsjournal.com 
Received: 12-01-2018 
Accepted: 15-02-2018 
 
S Devibala  
Assistant Professor, Department 
of Mathematics, Sri Meenakshi 
Govt. Arts College for Women 
(A), Madurai, Tamil Nadu, 
India. 
 
MA Gopalan 
 Professor, Department of 
Mathematics, SIGC, Trichy, 
Tamil Nadu, India 
 
V Sivaranjani 
M. Phil Scholar, Department of 
Mathematics, SIGC, Trichy, 
Tamil Nadu, India 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Correspondence 
S Devibala  
Assistant Professor, Department 
of Mathematics, Sri Meenakshi 
Govt. Arts College for Women 
(A), Madurai, Tamil Nadu, 
India. 

 
 

 
 
 
 
 
 
 

 
On the negative pell equation 

23y 22  x  
 

S Devibala, MA Gopalan and V Sivaranjani 
 
Abstract 

The binary quadratic equation represented by the negative pellian 23 22  xy
 is analyzed for its 

distinct integer solutions. A few interesting relations among the solutions are also given. Further, 
employing the solutions of the above hyperbola, we have obtained solutions of other choices of 
hyperbola, parabola and special Pythagorean triangle. 
 
Keywords: Binary quadratic, hyperbola, parabola, integral solutions, Pell equations. 2010 mathematics 
subject classification: 11D09. 
 
Introduction 

Diophantine equation of the form 1D 22  xy , where D is a given positive square – free 

integer is known as Pell equation and is one of the oldest Diophantine equation that has 
interesting mathematicians all over the world, since antiquity, J.L. Lagrange proved that the 

positive Pell equation 1D 22  xy  has infinitely many distinct integer solutions whereas 

the negative Pell equation 1D 22  xy  does not always have a solution. In [1], an 

elementary proof of a criterium for the solvability of the Pell equation 1DX 22  y  

where D is any positive non - square integer has been presented. For examples the equations

13 22  xy , 47 22  xy  have no integer solution where as 165 22  xy , 

1202 22  xy have integer solutions. In this context, one may refer [2-17]. More 

specifically, one may refer “The on – line encyclopedia of integer sequences” (A031396, 

A130226, A031398) for values of D for which the negative Pell equation 1D 22  xy  is 

solvable or not. In this communication, the negative Pell equation given by 23 22  xy  is 

considered and infinitely many integer solutions are obtained. A few interesting relations 

among the solutions are presented.  
 
Method of Analysis 

The negative Pell equation representing hyperbola under consideration is  

23 22  xy  (1) 

whose smallest positive integer solution is 10 x , 10 y  .  

To obtain the other solutions of (1), consider the Pell equation 13 22  xy , whose solution 

is given by,  

nn f
2

1~ y , nn g
32

1~ x
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where, 

    1n1n

n 3232f


  

    1n1n

n 3232g


  

 

Applying Brahamagupta Lemma between  00 ,yx and

 nn y,x ~~ , the other integer solutions of (1) 

 are given by 

nn1n g
32

1
f

2

1
x  

nn1n g
2

3
f

2

1
y  

 
The recurrence relations satisfied by the solutions x and y are 
given by, 
 

 04 321   nnn xxx   

04 321   nnn yyy   

 
Some numerical examples of x & y satisfying (1) are given in 
the table (1) below.  

 
Table 1: Examples 

 

n nx  
ny  

0 1 1 
1 3 5 
2 11 19 
3 41 71 
4 153 265 

 
From the above table, we observe some interesting relations 
among the solutions which are presented below. 

1. nx  and ny  both are always odd. 

2. Each of the following expressions is a nasty number: 

 12630 3222   nn xx  

 12327 3222   nn yx  

 1230114 4232   nn xx  

 12159 2232   nn yx  

 123054 3232   nn yx  

 121599 4232   nn yx  

 125727 3242   nn yx  

 12114198 4242   nn yx  

 12186 2232   nn yy  

 126618 3242   nn yy  

 
 

2

24357 4222   nn xx
 

 
 

7

846198 4222   nn yx
 

 
 

7

8411418 2242   nn yx
 

 
 

2

24333 2242   nn yy
 

 
3. Each of the following expressions is a cubical integer: 

    214333 535   nnnn xxxx  

    533331 19161948   nnnn xxxx  

    433321 94912   nnnn yxyx  

    533331 334933147   nnnn yxyx  

    534332 5195193   nnnn xxxx  

    334312 5345312   nnnn yxyx  

    434322 59593   nnnn yxyx  

    534332 533453312   nnnn yxyx  

    335313 19349193147   nnnn yxyx  

    435323 199419912   nnnn yxyx  

    535333 193319333   nnnn yxyx  

    334312 333   nnnn yyyy  

    335313 11161148   nnnn yyyy  

    435323 1131133   nnnn yyyy  

 
4. Relations among the solutions: 

 121 2   nnn xxy  

 122 2   nnn xxy  

 123 27   nnn xxy  

 131 74   nnn xxy  

 1322   nnn xxy  

 133 74   nnn xxy  

 121 32   nnn xyy  

 213 732   nnn yxy  

 131 127   nnn xyy  

 231 72   nnn xxy  

 232 2   nnn xxy  

 233 2   nnn xxy  

 122 32   nnn yxy  

 123 6   nnn yxy  

 223 23   nnn yxy  

 132 237   nnn yxy  

 133 127   nnn yxy  

 233 32   nnn yxy  

 
Remarkable Observations: 
I. Employing linear combinations among the solutions 

of (1), one may generate integer solutions for other 
choices of hyperbolas which are presented in the  
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Table 2 below. 
 

Table 2: Hyperbolas 
 

S. No.   Y , X  Hyperbolas 

1  2112 53   nnnn xx , xx  43XY 22   

2  3113 1911   nnnn xx , xx  643XY 22   

3  2112 95   nnnn yx , xy  613XY 22   

4  3113 3319   nnnn yx , xy  1963XY 22   

5  3223 519113   nnnn xx , xx  43XY 22   

6  1221 533   nnnn yx , xy  163XY 22   

7  2222 5953   nnnn yx , xy  43XY 22   

8  3223 533193   nnnn yx , xy  163XY 22   

9  1331 19311   nnnn yx , xy  1963XY 22   

10  2332 199511   nnnn yx , xy  163XY 22   

11  3333 19331911   nnnn yx , xy  43XY 22   

12  1221 35   nnnn y , yyy  12X3Y 22   

13  1331 1119   nnnn y , yyy  192X3Y 22   

14  2332 113519   nnnn yy , yy  12X3Y 22   

 
II. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas 

which are presented in the Table 3 below.  
  

Table 3: Parabolas 
 

S.N   Y , X  Parabolas 

1  253 322212   nnnn xx , xx  4Y3X2   

2  81911 422213   nnnn xx , xx  644Y3X2   

3  495 322212   nnnn yx , xy  162Y3X2   

4  143319 422213   nnnn yx , xy  1967Y3X2   

5  2519113 423223   nnnn xx , xx  4Y3X2   

6  4533 223221   nnnn yx , xy  162Y3X2   

7  25953 323222   nnnn yx , xy  4Y3X2   

8  4533193 423223   nnnn yx , xy  162Y3X2   

9  1419311 224231   nnnn yx , xy  1967Y3X2   

10  4199511 324232   nnnn yx , xy  162Y3X2   

11  219331911 424233   nnnn yx , xy  4Y3X2   

12  235 223221   nnnn y , yyy  123YX2   

13  81119 224231   nnnn y , yyy  192Y21X 2   

14  2113519 324232   nnnn yy , yy  123YX2   

 
III. Consider p = x + y, q = x. Observe that p > q > 0. 

Treat p, q as the generators of the Pythagorean 

triangle    Z, Y , X T ,  

where 
2222 qpZ,qpY,pq2X  . 

Let A and P be denote the area and perimeter of the 
Pythagorean triangle. 
Then the following interesting relations are observed: 
a) 4Z3Y2X   
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b) 4
P

12A
5X2Z   

c) 
P

2A
xy  

 
Conclusion 
In this paper, we have presented infinitely many integer 
solutions for the hyperbola represented by the negative Pell 

equation 2.3xy 22   As the binary quadratic 

Diophantine equations are rich in variety, one may search for 
the other choices of negative Pell equations and determine 
their integer solutions along with suitable properties. 
 
References 
1. Mollin RA, Anithasrinivasan. A note on the Negative pell 

Equation, International Journal of Algebra, 2010; 
4(19):919-922. 

2. Whitford EE. Some Solutions of the Pellian Equations 

422  Ayx  JSTOR: Annals of Mathematics, 

Second Series 1913-1914; vol 15, No ¼, 157-160. 
3. AhmetTekcan S, Betw Gezer, Osman Bizim. On the 

Integer Solutions of the Pell Equation
tdyx 222  ”, 

World Academy of Science, Engineering and Technology  
2007; 1:522-526. 

4. AhmetTekcan. The Pell Equation 

.2)( 222 tykkx  World Academy of Science, 

Engineering and Technology, 2008; 19:697-701. 
5. MerveGuney. The Pell equation

tybbax 2)2( 2222  , when  4,1N  ,  

MathematicaAterna. 2012; 2(7):629-638. 
6. Sangeetha V, Gopalan MA, ManjuSomanath. On the 

Integral Solutions of the pell equation 
tyx 313 22  , 

International Journal of Applied Mathematical Research, 
2014; 3(1):58-61. 

7. Gopalan MA, Sumathi G, Vidhayalakshmi S. 

Observations on the hyperbola 
tyx 319 22  ”, 

Scholars Journal of the Engineering and Technology, 
2014; 2(2A): 152-155. 

8. Gopalan MA, Vidhyalakshmi S, Kavitha A. On the 
Integral Solution of the Binary Quadratic Equation

222 1115  yx , Scholars Journal of the Engineering 

and Technology, 2014; 2(2A):156-158. 
9. Vidhyalakshmi S, Krithika V, Agalya K. On the Negative 

Pell Equation, 3180 22  xy  Proceedings of the 

National Conference on MATAM Dindugal, 2015, 4-9. 
10. Meena K, Gopalan MA, Karthika R, On the Negative 

Pell Equation 610 22  xy , International Journal of 

Multidisciplinary Research and Development, 2015: 
12:390-392. 

11. Gopalan MA, Vidhyalakshmi S, Pandichelvi V, 
Sivakamasundari P, Priyadharsini C. On the Negative 

Pell Equation 1145 22  xy ”, International Journal 

of pure Mathematical Science, 2016; 16:30-36. 
12. Meena K, Vidhyalakshmi S, Rukmani A. On the 

Negative Pell Equation 631 22  xy , Universe of 

Emerging Technologies and Science, 2015; 2(12):1-4. 

13. Meena K, Gopalan MA, Bhuvaneswari E. On the 

Negative Pell Equation 1560 22  xy , Scholars 

Bulletin, 2015; 1(11):310-316. 
14. Gopalan MA, Vidhyalakshmi S, Presenna R, Vanitha M. 

Observations on the Negative Pell Equation

11180 22  xy , Universal Journal of Mathematics, 

2(1):41-45. 
15. Vidhyalakshmi S, Gopalan MA, Premalatha E, Sofia 

christinal S. On the Negative Pell Equation

872 22  xy , International Journal of Emerging 

Technologies in Engineering Research(IJETER), 2016; 
4(2):25-28. 

16. Gopalan MA, Vidhyalakshmi S, Thiruniraiselvi N. A 

study on the Hyperbola 318 22  xy ”, International 

Journal of Latest Research in Science and Technology, 
2013; 2(1):454-456. 

17. Gopalan MA, Vidhyalakshmi S, UshaRani TR, S 

Mallika. Observations on the hyperbola 312 22  xy
, Bessel Journal of math, 2012; 2(3):153-158. 


