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Abstract 

Life testing and reliability theory is a very important branch of Engineering Statistics. Over the years 

reliability estimation methods based on sampling theory have been found to be extremely useful for a 

wide variety of problems. There are, however, many instances in which the classical methods have been 

found to be less than satisfactory. The main objective of the paper is to obtain the Bayes estimate of 

reliability function of Generalized Compound Rayleigh distribution (re-parameterized) assuming all the 

parameters unknown under the squared error loss function. Then by using Lindley approximation 

procedure we have obtain the Approximate Bayes estimate of reliability function of the Generalized 

Compound Rayleigh distribution under SELF. We also analyze the sensitivity of Approximate Bayes 

Estimate of model and presented a numerical study to illustrate the above technique on generated 

observations. The comparison is done by using R-programming. 

 

Keywords: Bayesian approximation, reliability function, parameter generalized, Rayleigh distribution, 

squared error loss function 

 

1. Introduction 

Reliability engineering concerned with the ability of a system or component to perform its 

required functions under stated conditions for a specified time. When a manufacturer floats a 

new product in the market, he would like his customer to have some information the reliability 

of product with regards to its performance. In this process he would like to know the answers 

of the questions that what is the probability that the item will fail in the time interval [𝑡, 𝑡 +
 ∆𝑡] given that it was working at the time t, or when customer purchases some items e.g. 

refrigerator, an air conditioner or a LED bulb etc., he thinks about the life of the item means 

some prior knowledge about its mean life and variance etc. Since the failure of the item may 

occur at any time and is affected by random causes, it may assumed the failure time (T) is a 

random variable. 

Over the years reliability estimation methods based on sampling theory have been found to be 

extremely useful for a wide variety of problems. There are, however, many instances in which 

the classical methods have been found to be less than satisfactory. 

Increasing instance of cost-effectiveness in reliability testing programs has had a decreasing 

effect on the case for consideration of sampling theory methods. If one were to consider only 

the use of sampling theory methods, one would be extremely limited, because of cost and time 

constraints, to a very small number of samples. Such a limited sample size would result in 

either very low level of confidence in the reliability estimate or imprecise estimates. 

Grohowski, Hausman, and Lamberson (1976) [5]. For the reason such as these, clauses in 

military and government reliability contracts permit other methods such as Bayesian 

procedures, with the onus of justification put on the producer. 

There are several benefits in using Bayesian methods in reliability. First of all, it is important 

to recognize that all the inferential theories whether the sampling theory, Bayesian theory 

likelihood or otherwise, requires some degree of subjectivity in their use. And only Bayesian 

method provides a satisfactory way of explicitly introducing and organizing assumptions 

regarding prior knowledge or ignorance. Evans (1969) the distribution function of failure time 

is given by F(𝑡)=[𝑇 < 𝑡 <] which is the probability that the item will survive till time‘t’, and  
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Let f (𝑡) be the probability density function of the random variable ‘T’ (Sinha, S.K, 1986) [12]. Consider the function 

 

ℎ(𝑡) = lim
∆𝑡→0

𝑃
[𝑡 ≤ 𝑇 ≤ 𝑡 + ∆𝑡|𝑇 > 𝑡]

∆𝑡
 

 
𝑓(𝑡)

1−𝐹(𝑡)
 = 

𝑓(𝑡)

𝑅(𝑡)
                           (1.1) 

 

The function h (t) is called the hazard rate or instantaneous failure rate. Let 

 

R (t) = 1-F (t)                          (1.2) 

 

Denote the failure free operation till time‘t’, then it is quite evident that the stochastic behavior of time may be studied through 

either of the four functions, f(t), F(t), R(t) or h(t). Here, 

Reliability Function 

 

R (t) = 1 – F (t)                          (1.3) 

 

Failure Rate density Function 

 

 F (t) = d 
𝐹(𝑡)

𝑑𝑡
                          (1.4) 

 

Hazard Rate Function 

 

H (t) =
𝑑

𝑑𝑡
log{1 − 𝐹(𝑡)}                        (1.5) 

 

 F (t) =h (t) exp{−∫ ℎ(𝑥)𝑑𝑥
𝑡

0
}                      (1.6) 

 

Now, since Failure Rate distribution function 

 

F (t) = 1−𝑒𝑥𝑝 {−∫ ℎ(𝑥)𝑑𝑥
𝑡

0
}                       (1.7) 

 

Various life time distributions may be classified according to behavior of the function h (t). If h(t) is increasing, decreasing or 

constant function of ‘t’ it has the direct physical meaning that more the chronological age of the item more, less or equal are the 

chances of failure of an item. (Sinha, S.K, 1986) [12]. 

The Bayesian inference procedures have been developed generally under squared error loss function 

 

𝐿 (𝑅̂(𝑡), 𝑅(𝑡)) = (𝑅̂(𝑡) − 𝑅(𝑡))
2

                     (1.8) 

 

The Generalized Compound Rayleigh Distribution is a special case of the three-parameter Burr type XII distribution. Considered 

it as a gamma mixture of Rayleigh distribution and obtained the compound Rayleigh model with unimodal hazard function. This 

unimodal hazard function is generalized and a flexible parametric model is thus constructed, which embeds the compound 

Rayleigh model, by adding shape parameter. Bain and Engelhardt (1991) [1] studied this distribution (also known as the 

Compound Weibull distribution from a Poisson perspective. The Generalized Compound Rayleigh Distribution is a special case of 

the three-parameter Burr type XII distribution with probability density function (p.d.f.) re-parameterized 𝛾 𝑎𝑠
1

𝛾
  

 

 𝑓(𝑥; 𝛼, 𝛽, 𝛾) =
𝛼

𝛾
𝛽

1

𝛾𝑥𝛼−1(𝛽 + 𝑥𝛼)−(𝛾+1) ;  𝑥, 𝛼, 𝛽, 𝛾 > 0                (1.9) 

 

With Probability Distribution Function 

 𝐹(𝑥) = 1 − (1 − 𝛽𝑥𝛼)
−

1

𝛾 ;  𝑥, 𝛼, 𝛽, 𝛾 >0                    (1.10) 

  

Reliability function 

 

R(t) = (
β

β+tα
)

1

γ
                          (1.11) 

 

Hazard rate function 

 

H(t) =
𝛼

𝛾

𝑡𝛼−1

𝛽+𝑡𝛼                          (1.12) 

2. Estimators 
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Let 𝑥1 ≤ 𝑥2 ≤ ……… ≤ 𝑥𝑛 be the n failures in complete sample case. The likelihood function is given by 

 

𝐿(𝑥 |𝛼, 𝛽, 𝛾) = ∏ 𝑓𝑛
𝑗=1 (𝑥𝑗 , 𝛼, 𝛽, 𝛾)                     (2.1) 

 

𝐿𝑜𝑔 𝐿 =  𝑛 𝑙𝑜𝑔𝛼 +
𝑛

𝛾
𝑙𝑜𝑔𝛽 − 𝑛 𝑙𝑜𝑔𝛾 + (𝛼 − 1)∑ log 𝑥𝑗

𝑛
𝑗=1 − (

1

𝛾
+  1)∑ 𝑙𝑜𝑔(𝛽 + 𝑥𝑗

𝛼)𝑛
𝑗=1         (2.2) 

 

And differentiation of equation (2.6) with respect to 𝛼, 𝛽 and 𝛾 yields respectively, we get 

 
𝜕 𝐿𝑜𝑔 𝐿

𝑑𝛼
=

𝑛

𝛼
+ ∑ 𝑙𝑜𝑔𝑥𝑗

𝑛
𝑗=1 − (

1

𝛾
+ 1)∑

𝑥𝑗
𝛼𝑙𝑜𝑔𝑥𝑗

(𝛽+𝑥𝑗
𝛼)

𝑛
𝑗=1                   (2.3) 

 
𝜕 𝐿𝑜𝑔 𝐿

𝜕𝛽
=

𝑛

𝛾𝛽
− (

1

𝛾
+ 1)∑

1

(𝛽+𝑥𝑗
𝛼)

𝑛
𝑗=1                      (2.4)  

 
𝜕 𝐿𝑜𝑔 𝐿

𝜕𝛾
=

−𝑛 log𝛽

𝛾2 −
𝑛

𝛾
+

𝑛

𝛾2
∑ log(𝛽 + 𝑥𝑗

𝛼)𝑛
𝑗=1                    (2.5) 

 

Setting the expressions for the derivatives in (2.3) and (2.5) equal to zero and solving 𝛼, 𝛽 and 𝛾 yield. The maximum likelihood 

estimators (MLE) of the parameters namely 𝛼̂𝑀𝐿𝐸 , 𝛽̂𝑀𝐿𝐸 and 𝛾̂𝑀𝐿𝐸. 

However, no closed form solutions exist in this case the elimination of 𝛾 in 
𝜕 𝐿𝑜𝑔 𝐿

𝜕𝛽
 and 

𝜕 𝐿𝑜𝑔 𝐿

𝜕𝛾
 and in 

𝜕 𝐿𝑜𝑔 𝐿

𝜕𝛼
 and 

𝜕 𝐿𝑜𝑔 𝐿

𝜕𝛾
 yield a set of 

equations in terms of 𝛽 and𝛾. 

 
∑

1

𝛽+𝑥𝑗
𝛼

∑
𝑥𝑗

𝛼

𝛽+𝑥𝑗
𝛼

−
𝑛

∑  𝑙𝑜𝑔[1+
𝑥𝑗

𝛼

𝛽
]

= 0                        (2.6) 

 

𝑛

𝛼
+ ∑ log 𝑥𝑗

𝑛
𝑗=1 − ∑

𝑥𝑗
𝛼𝑙𝑜𝑔𝑥𝑖

𝛽+𝑥𝑗
𝛼 −

𝑛 ∑  
𝑥𝑗

𝛼𝑙𝑜𝑔𝑥𝑖

𝛽+𝑥𝑗
𝛼

∑ 𝑙𝑜𝑔[1+
𝑥𝑗

𝛼

𝛽
]

= 0                   (2.7) 

 

Respectively. Applying the Newton-Raphson method 𝛼̂𝑀𝐿𝐸 and 𝛽̂𝑀𝐿𝐸 can be derived and then from them 𝛾̂𝑀𝐿𝐸 can be obtained. 

The MLE’s of 𝑅(𝑡) are given respectively by replacing 𝛼, 𝛽 𝑎𝑛𝑑 𝛾 𝑏𝑦  𝛼 ̂𝑀𝐿,  𝛽̂𝑀𝐿 𝑎𝑛𝑑 𝛾̂𝑀𝐿 on the value obtained by solving the 

equation (1.3).  

 

Bayes estimated for 𝜸 with known parameter 𝜶 𝒂𝒏𝒅 𝜷 under SELF 

If 𝛼̂ and 𝛽̂ is known we assume 𝛾(𝑎, 𝑏) as conjugate prior for 𝛾 as 

 

𝑔(𝛾|𝑥) =
𝑏𝑎

Γ𝑎
(

1

𝛾
)

(𝑎+1)

𝑒−𝑏𝛾 ; (𝑎, 𝑏, 𝛾) > 0                    (2.8) 

 

Combining the likelihood function equation (2.1) and prior density equation (2.8), we obtain the posterior density of 𝛾 in the form; 

 

ℎ(𝛾|𝑥) =

𝛼𝑛

𝛾𝑛 𝛽
𝑛

𝛾 ∏ 𝑥𝑗
(𝛼−1)𝑛

𝑗=1 ∏ (𝛽 + 𝑥𝑗
𝛼)

−(
1

𝛾
+1) 𝑏𝑎

Γ𝑎
(

1

𝛾
)

(𝑎+1)

𝑒−𝑏
𝛾⁄𝑛

𝑗=1

∫
𝛼𝑛

𝛾𝑛 𝛽
𝑛

𝛾 ∏ 𝑥𝑗
(𝛼−1)𝑛

𝑗=1
∞

0
∏ (𝛽 + 𝑥𝑗

𝛼)
−(

1

𝛾
+1) 𝑏𝑎

Γ𝑎
(

1

𝛾
)

(𝑎+1)

𝑒−𝑏
𝛾⁄𝑛

𝑗=1 𝑑𝛾

 

 

ℎ(𝛾|𝑥) =
𝛾−(𝑛+𝑎−1)𝑒

−
(𝑏+𝑇)

𝛾 (𝑏+𝑇)(𝑛+𝑎)

Γ(𝑛+𝑎)
                     (2.9)  

 

Bayes Estimate of Reliability function of Generalized Compound Rayleigh distribution 

The posterior mean of the Reliability function of the Generalized Compound Rayleigh distribution is obtained by substituting 

 

 R=(
𝛽

𝛽+𝑡𝛼)

1

𝛾
 in equation (2.9) given below 

 

ℎ(𝛾|𝑥) =
𝛾−(𝑛+𝑎−1)𝑒

−
(𝑏+𝑇)

𝛾 (𝑏 + 𝑇)(𝑛+𝑎)

Γ(𝑛 + 𝑎)
 

 

𝑑𝑅(𝑡) =
(𝑏+𝑇)(𝑛+𝑎)

Γ(𝑛+𝑎)

(−𝑙𝑜𝑔𝑅)(𝑛+𝑎−1)

𝐶(𝑛+𝑎−1) 𝑅(
𝑏+𝑇

𝐶
−1)𝐶𝑑𝑅;                  (2.10) 
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ℎ(𝑅(𝑡)) =
(
𝑏+𝑡

𝑐
)
(𝑛+𝑎)

Γ(𝑛+𝑎)
(−𝑙𝑜𝑔𝑅)(𝑛+𝑎−1)𝑅(

𝑏+𝑇

𝐶
−1); 0< 𝑅 < 1                (2.11) 

 

This is the posterior mean of the reliability function of Generalized Compound Rayleigh distribution.  

 

Bayes Estimate of R under Squared Error Loss Function (SELF) 

The Bayes estimator of reliability function of generalized Compound Rayleigh  

Distribution under squared error loss function is given by 

 

𝑅̂BS =∫ 𝑅
(
𝑏+𝑡

𝑐
)
(𝑛+𝑎)

Γ(𝑛+𝑎)
(−𝑙𝑜𝑔𝑅)(𝑛+𝑎−1)𝑅(

𝑏+𝑇

𝐶
−1)𝑑𝑅

1

0
 ; 0<R<1                (2.13) 

 

𝑅̂BS =(
𝑏+𝑇

𝑏+𝑇+𝐶
)

(𝑛+𝑎)

 ;                         (2.14) 

 

3. Bayes Estimators with unknown parameters𝜶, 𝜷 and 𝜸  

The joint prior density of 𝛼, 𝛽, 𝛾 is given by 

 

𝐺(𝛼, 𝛽, 𝛾) = g1(α)g2(β)g3 (
γ

β
) 

 

=
𝑐

𝛿Γ𝜉
𝛽−𝜉𝛾(𝜉+1)𝑒𝑥𝑝 [− (

𝛾

𝛽
+

𝛽

𝛿
)]                      (3.1) 

 

Where 

𝑔1(𝛼) = 𝑐                           (3.2) 

 

𝑔2(𝛽) =
1

𝛿
𝑒−

𝛽

𝛿                          (3.3)  

 

𝑔3(𝛾) =
1

Γ𝜉
𝛽−𝜉𝛾(𝜉+1)𝑒

−
1

𝛽𝛾                       (3.4) 

 

The joint posterior with likelihood equation (2.1) and (3.1) is given by 

 

ℎ(𝛼, 𝛽, 𝛾|𝑥) =
𝛽−𝜉𝛾(𝜉+1)𝑒𝑥𝑝[−(

𝛾

𝛽
+

𝛽

𝛿
)].𝐿(𝑥|𝛼,𝛽,𝛾)

∫ ∫ ∫ 𝛽−𝜉𝛾(𝜉+1)𝑒𝑥𝑝[−(
𝛾

𝛽
+

𝛽

𝛿
)].𝐿(𝑥|𝛼,𝛽,𝛾)𝑑𝛼𝑑𝛽𝑑𝛾𝛾𝛽𝛼

                (3.5) 

 

 Approximate Bayes estimators 

 

∪ (Θ) =∪ (𝛼, 𝛽, 𝛾) (3.6) 

 

∪̂𝐵𝑆= 𝐸(∪ |𝑥) =
∫ ∫ ∫ ∪(𝛼,𝛽,𝛾)𝐺∗(𝛼,𝛽,𝛾)𝑑𝛼𝑑𝛽𝑑𝛾𝛾𝛽𝛼

∫ ∫ ∫ 𝐺∗(𝛼,𝛽,𝛾)𝑑𝛼𝑑𝛽𝑑𝛾𝛾𝛽𝛼

                  (3.7) 

 

Lindley Approximation Procedures 

The ratio of integrals in equation (3.7) does not seem to take a closed form so we must consider the Lindley approximation 

procedure as 

 

𝐸(𝜇(𝜃, 𝑝)|𝑥) =
∫ 𝜇(𝜃).𝑒(𝑙(𝜃)+𝜌(𝜃))𝑑𝜃 

∫ 𝑒(𝑙(𝜃)+𝜌(𝜃)).𝑑𝜃
 (3.7a) 

 

Lindley developed approximate procedure for evaluation of posterior expectation of 𝜇(𝜃). Several other authors have used this 

technique to obtain Bayes estimators (see Sinha (1986) [12], Sinha and sloan (1988) [13], Soliman (2001)) [15]. The posterior 

expectation of Lindley approximation procedure to evaluate of 𝜇(𝜃) in equation (3.7a) under SELF, where where𝜌(𝜃) =
log𝑔(𝜃), and 𝑔(𝜃) is an arbitrary function of 𝜃 and 𝑙(𝜃) is the logarithm likelihood function (Lindley (1980)) [6]. 

 

𝐸(∪ (𝛼, 𝛽, 𝛾|𝑥) =∪ (Θ) +
1

2
[𝐴(∪1 𝜎11 +∪2 𝜎12 +∪3 𝜎13) + 𝐵(∪1 𝜎21 +∪2 𝜎22 +∪3 𝜎23) + 𝑃 (∪1 𝜎31 +∪2 𝜎32 +∪3 𝜎33)] +

(∪1 𝑎1 +∪2 𝑎2 +∪3 𝑎3 + 𝑎4 + 𝑎5) + 0 (
1

𝑛2)                   (3.8) 

 

𝐸(∪ |𝑥) = 𝑈 + 𝜑1 + 𝜑2                        (3.9) 
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Where 

𝜑1 = 𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3 + 𝑎4 + 𝑎5                     (3.10) 

 

𝜑2 =
1

2
[(𝐴𝜎11 + 𝐵𝜎21 + 𝑃𝜎31). 𝑈1 + (𝐴𝜎12 + 𝐵𝜎22 + 𝑃𝜎32). 𝑈2 + (𝐴𝜎13 + 𝐵𝜎23 + 𝑃𝜎33)𝑈3]       (3.11) 

Evaluated at the MLE ∪̂= (𝛼̂, 𝛽̂, 𝛾̂) where 

 

𝑎1 = 𝜌1𝜎11 + 𝜌2𝜎12 + 𝜌3𝜎13                       (3.12) 

  

𝑎2 = 𝜌1𝜎21 + 𝜌2𝜎22 + 𝜌3𝜎23                       (3.13) 

 

𝑎3 = 𝜌1𝜎31 + 𝜌2𝜎32 + 𝜌3𝜎33                       (3.14) 

 

𝑎4 =∪12 𝜎12 +∪13 𝜎13 +∪23                       (3.15) 

 

𝑎5 =
1

2
(∪11 𝜎11 +∪22 𝜎22 +∪33 𝜎33)                     (3.16) 

 

And 

𝐴 = [𝜎11𝑙111 + 2𝜎12𝑙121 + 2𝜎13𝑙131 + 2𝜎23𝑙231 + 𝜎22𝑙221 + 𝜎33𝑙331]             (3.17) 

 

𝐵 = [𝜎11𝑙112 + 2𝜎12𝑙122 + 2𝜎13𝑙132 + 2𝜎23𝑙232 + 𝜎22𝑙222 + 𝜎33𝑙332]             (3.18) 

 

𝑃 = [𝜎11𝑙113 + 2𝜎13𝑙133 + 2𝜎12𝑙123 + 2𝜎23𝑙233 + 𝜎22𝑙223 + 𝜎33𝑙333]             (3.19) 

 

 To apply Lindley approximation on equation (3.7), we first obtain 

 

𝜎𝑖𝑗 = [−𝑙𝑖𝑗𝑘]
−1

𝑖, 𝑗, 𝑘 = 1,2,3 

 

Likelihood function from equation (2.1) is 

 

𝐿 =
𝛼𝑛

𝛾𝑛 𝛽
𝑛

𝛾 ∏ 𝑥𝑗
𝛼−1𝑛

𝑗=1 ∏ (𝛽 + 𝑥𝑗
𝛼)

−(
1

𝛾
+1)𝑛

𝑗=1 ; (𝑥, 𝛼, 𝛽, 𝛾 > 0) 

 

𝐿𝑜𝑔 𝐿 = 𝑛 𝑙𝑜𝑔𝛼 + 𝑛𝑙𝑜𝑔𝛾 +
𝑛

𝛾
𝑙𝑜𝑔𝛽 + (𝛼 − 1)∑𝑥𝑗

𝑛

𝑗=1

− (
1

𝛾
+ 1)∑

𝑥𝑗
𝛼𝑙𝑜𝑔𝑥𝑗

(𝛽 + 𝑥𝑗
𝛼)

𝑛

𝑗=1

 

 

𝑙1 =
𝑛

𝛼
+ ∑ log 𝑥𝑗

𝑛
𝑗=1 − (

1

𝛾
+ 1)𝜔11 Where 𝜔11 = ∑

𝑥𝑗
𝛼𝑙𝑜𝑔𝑥𝑗

(𝛽+𝑥𝑗
𝛼)

𝑛
𝑗=1                (3.20) 

 

𝑙2 =
𝑛

𝛾𝛽
− (

1

𝛾
+ 1) 𝛿11 Where 𝛿11 = ∑

1

(𝛽+𝑥𝑗
𝛼)

𝑛
𝑗=1                   (3.21) 

 

𝑙3 = −
𝑛

𝛾
−

𝑛 log𝛽

𝛾2 +
1

𝛾2 𝛿10 Where 𝛿10 = ∑ log  (𝛽 + 𝑥𝑗
𝛼)𝑛

𝑗=1                (3.22) 

 

𝑙11 =
−𝑛

𝛼2 − (
1

𝛾
+ 1)𝛽 𝜔122 Where 𝜔122 = ∑

 𝑥𝑗
𝛼(𝑙𝑜𝑔𝑥𝑗)

2

(𝛽+𝑥𝑗
𝛼)

2
𝑛
𝑗=1                 (3.23) 

 

𝑙12 = (
1

𝛾
+ 1)𝜔14 = 𝑙21 where 𝜔14 = ∑

 𝑥𝑗
𝛼 log 𝑥𝑗

(𝛽+𝑥𝑗
𝛼)

2
𝑛
𝑗=1                  (3.24) 

 

𝑙13 =
𝜔11

𝛾2 = 𝑙31 Where 𝜔11 = ∑
 𝑥𝑗

𝛼 log𝑥𝑗

(𝛽+𝑥𝑗
𝛼)

𝑛
𝑗=1                    (3.25) 

 

𝑙22 = −
𝑛

𝛾𝛽2 + (
1

𝛾
+ 1) 𝛿12                       (3.26) 

 

𝑙23 = −
1

𝛾2 (
𝑛

𝛽
− 𝛿11) = 𝑙32 Where 𝛿11 = ∑

1

(𝛽+𝑥𝑗
𝛼)

𝑛
𝑗=1                  (3.27) 

 

𝑙33 =
𝑛

𝛾2 +
2𝑛 log𝛽

𝛾3 −
2

𝛾3  𝛿10 Where 𝛿10 = ∑ 𝑙𝑜𝑔(𝛽 + 𝑥𝑗
𝛼)𝑛

𝑗=1                (3.28) 

 

𝑙111 =
2𝑛 

𝛼3 − (
1

𝛾
+ 1)𝜔133 Where 𝜔133 = ∑

 𝑥𝑗
𝛼(𝛽 −𝑥𝑗

𝛼)(log𝑥𝑗)
3

(𝛽+𝑥𝑗
𝛼)

3
𝑛
𝑗=1               (3.29) 
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𝑙222 =
2𝑛

𝛾𝛽3 − 2(
1

𝛾
+ 1)𝛿13 Where 𝛿13 = ∑

1

(𝛽+𝑥𝑗
𝛼)

𝑛
𝑗=1                  (3.30) 

 

𝑙333 = −
2𝑛

𝛾3 −
6𝑛 𝑙𝑜𝑔𝛽

𝛾4 +
6

𝛾4 𝛿10 Where 𝛿10 = ∑ 𝑙𝑜𝑔(𝛽 + 𝑥𝑗
𝛼)𝑛

𝑗=1                (3.31) 

 

𝑙112 = −(
1

𝛾
+ 1)𝜔123 = 𝑙121 Where 𝜔123 = ∑

 𝑥𝑗
𝛼(𝛽 −𝑥𝑗

𝛼)(log𝑥𝑗)
2

(𝛽+𝑥𝑗
𝛼)

3
𝑛
𝑗=1               (3.32) 

 

𝑙113 =
𝛽

𝛾2 𝜔122 = 𝑙131 Where 𝜔122 = ∑
𝑥𝑗

𝛼(𝑙𝑜𝑔𝑥𝑗)
2

(𝛽+𝑥𝑗
𝛼)

2
𝑛
𝑗=1                  (3.33) 

 

𝑙221 = −2(
1

𝛾
+ 1)𝜔113 = 𝑙212 Where 𝜔113 = ∑

𝑥𝑗
𝛼𝑙𝑜𝑔𝑥𝑗

(𝛽+𝑥𝑗
𝛼)

3
𝑛
𝑗=1                (3.34) 

 

𝑙223 =
𝑛

(𝛾𝛽)2
−

1

(𝛾)2
𝛿12 Where 𝛿12 = ∑

1

(𝛽+𝑥𝑗
𝛼)

2
𝑛
𝑗=1                   (3.35) 

 

𝑙331 = −
2

𝛾3 𝜔11 = 𝑙313 Where 𝜔11 = ∑
𝑥𝑗

𝛼𝑙𝑜𝑔𝑥𝑗

(𝛽+𝑥𝑗
𝛼)

𝑛
𝑗=1                  (3.36) 

 

𝑙332 =
2

𝛾3 (
𝑛

𝛽
− 𝛿11) = 𝑙323                       (3.37) 

 

𝑙231 = −
1

𝛾2
∑

𝑥𝑗
𝛼𝑙𝑜𝑔𝑥𝑗

(𝛽+𝑥𝑗
𝛼)

2
𝑛
𝑗=1 = 𝑙213 Where 𝜔14 = ∑

 𝑥𝑗
𝛼 log 𝑥𝑗

(𝛽+𝑥𝑗
𝛼)

2
𝑛
𝑗=1                (3.38) 

 

𝑙123 = −
𝜔14

𝛾2 = 𝑙132 And 𝑙133 = −
2

𝛾3 𝜔11                    (3.39) 

 

𝑙`122 = −2(
1

𝛾
+ 1)𝜔113 Where 𝜔113 = ∑

 𝑥𝑗
𝛼 log 𝑥𝑗

(𝛽+𝑥𝑗
𝛼)

3
𝑛
𝑗=1                  (3.40) 

 

𝑙233 =
2

𝛾3 (
𝑛

𝛽
− 𝛿11) (3.41) 

 

Now 

[−𝑙𝑖𝑗𝑘] = − [

𝑙111 𝑙112 𝑙113

𝑙221 𝑙222 𝑙223

𝑙331 𝑙332 𝑙333

]                      (3.42) 

 

=

[
 
 
 
 
 
 
2𝑛

𝛼3
− (

1

𝛾
+ 1)𝜔133 , (

1

𝛾
+ 1)𝜔123, −

𝛽

𝛾2
𝜔122

−2(
1

𝛾
+ 1)𝜔113 ,

2𝑛𝛾

𝛾𝛽3
− 2(

1

𝛾
+ 1) 𝛿13,

𝑛

(𝛾𝛽)2
−

1

𝛾2
𝛿12

−2

𝛾3
𝜔11 ,

2

𝛾3
(
𝑛

𝛾
− 𝛿11) , −

2𝑛

𝛾3
−

6𝑛 𝑙𝑜𝑔𝛽

𝛾4
+

6

𝛾4
𝛿10]

 
 
 
 
 
 

 

 

[−𝑙𝑖𝑗𝑘] = [

𝑀11 𝑀12 𝑀13

𝑀21 𝑀22 𝑀23

𝑀31 𝑀32 𝑀33

]  

 

𝐷𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑛𝑡 𝑜𝑓 − [𝑙𝑖𝑗𝑘] 

 

𝐷 = −{𝑀11[𝑀22𝑀33 − 𝑀23𝑀32] − 𝑀12[𝑀21𝑀33 − 𝑀31𝑀23] + 𝑀13[𝑀21𝑀32 − 𝑀22𝑀33]} 
 

Transpose of Adjoint of [−𝑙𝑖𝑗𝑘] 

 

= [

𝑀23𝑀32 − 𝑀22𝑀33 𝑀12𝑀33 − 𝑀32𝑀13 𝑀12𝑀22 − 𝑀12𝑀23

𝑀21𝑀33 − 𝑀31𝑀23 𝑀31𝑀13 − 𝑀11𝑀33 𝑀11𝑀23 − 𝑀13𝑀21

𝑀22𝑀31 − 𝑀21𝑀32 𝑀11𝑀32 − 𝑀31𝑀12 𝑀12𝑀21 − 𝑀11𝑀22

] 

 

 

[−𝑙𝑖𝑗𝑘]
−1

=
(𝐴𝑑𝑗𝑜𝑖𝑛𝑡 𝑜𝑓[−𝑙𝑖𝑗𝑘])′ 

𝐷
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[−𝑙𝑖𝑗𝑘]
−1

=

[
 
 
 
 
 
𝑌11

𝐷

𝑌12

𝐷

𝑌13

𝐷
𝑌21

𝐷

𝑌22

𝐷

𝑌23

𝐷
𝑌31

𝐷

𝑌32

𝐷

𝑌33

𝐷 ]
 
 
 
 
 

 

 

[−𝑙𝑖𝑗𝑘]
−1

= [

𝜎11 𝜎12 𝜎13

𝜎21 𝜎22 𝜎23

𝜎31 𝜎32 𝜎33

]                      (3.43) 

 

Evaluated from equation number (3.8) and from joint prior density equation (3.1) we have; 

 

𝐺(𝛼, 𝛽, 𝛾) = 𝑔(𝛼)𝑔2(𝛽)𝑔3(𝛾|𝛽) 

 

=
𝑐

𝛿Γ𝜉
𝛽−𝜉𝛾𝜉−1𝑒𝑥𝑝 [−(

𝛾

𝛽
+

𝛽

𝛿
)]                      (3.44) 

 

log 𝐺 = log 𝐶 − 𝑙𝑜𝑔𝛿 − 𝑙𝑜𝑔Γ𝜉 + (𝜉 − 1)𝑙𝑜𝑔𝛾 − 𝜉𝑙𝑜𝑔𝛽 − (
𝛾

𝛽
+

𝛽

𝛿
)              (3.45) 

 

𝑙𝑜𝑔𝐺 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 − 𝜉𝑙𝑜𝑔𝛽 + (𝜉 − 1)𝑙𝑜𝑔𝛾 −
𝛾

𝛽
−

𝛽

𝛿
 

 

𝜌1 =
𝛿𝜌

𝛿𝛼
= 0                           (3.46) 

 

𝜌2 =
𝛿𝜌

𝛿𝛽
=

−𝜉

𝛽
+

𝛾

𝛽2 −
1

𝛿
                         (3.47) 

 

𝜌3 =
𝛿𝜌

𝛿𝛾
=

𝜉−1

𝛾
−

1

𝛽
                          (3.48) 

 

Substituting the above values from equation (3.12)-(3.16) in (3.17)-(3.19), we get the values of A, B, and P as 

 

𝐴 = [𝜎11𝑙111 + 2𝜎12𝑙121 + 2𝜎13𝑙131 + 2𝜎23𝑙231 + 𝜎22𝑙221 + 𝜎33𝑙331] 
 

=
1

𝐷
[𝑌11 (

2𝑛

𝛼3 − (
1

𝛾
+ 1)𝜔133) + 2𝑌12 (

1

𝛾
+ 1)𝜔123 + 2𝑌13

𝛽

𝛾3 𝜔122 −  2𝑌23
𝜔14

𝛾2 − 2𝑌22 (
1

𝛾
+ 1)𝜔113 −

2

𝛾3 𝑌33𝜔11]   (3.49) 

 

𝐵 = [𝜎11𝑙112 + 2𝜎12𝑙122 + 2𝜎13𝑙132 + 2𝜎23𝑙232 + 𝜎22𝑙222 + 𝜎33𝑙332]  
 

=
1

𝐷
[(

1

𝛾
+ 1)𝜔123𝑌11 − 4𝑌12 (

1

𝛾
+ 1)𝜔113 − 2𝑌13 (

𝜔14

𝛾2 ) + (2𝑌23 + 𝑌22) (
𝑛

(𝛾𝛽)2
−

1

𝛾2 𝛿12) + 𝑌33 (
2

𝛾3 (
𝑛

𝛽
− 𝛿11))]   (3.50) 

 

𝑃 = [𝜎11𝑙113 + 2𝜎12𝑙123 + 2𝜎13𝑙133 + 2𝜎23𝑙233 + 𝜎22𝑙223 + 𝜎33𝑙333] 
 

=
1

𝐷
[
𝑌11𝛽

𝛾2 𝜔122 −
2𝑌12𝜔14

𝛾4 −
4𝑌13𝜔11

𝛾3 +
4𝑌23

𝛾3 (
𝑛

𝛽
− 𝛿11) + 𝑌22 (

𝑛

𝛾2𝛽2 −
1

𝛾2 𝛿12) +  𝑌33 (−
2𝑛

𝛾3 −
6𝑛 𝑙𝑜𝑔𝛽

𝛾4 +
6

𝛾4 𝛿10)] (3.51) 

 

∪̂𝐴𝐵= 𝐸(∪ |𝑥) 

 

= 𝑢 + (𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3 + 𝑎4+𝑎5) 
1

2
[𝐴(𝑢1𝜎11 + 𝑢2𝜎12 + 𝑢3𝜎13) + 𝑃(𝑢1𝜎21 + 𝑢2𝜎22 + 𝑢3𝜎23) 𝑃(𝑢1𝜎31 + 𝑢2𝜎32 + 𝑢3𝜎33)]

+ 0 (
1

𝑛2
) 

 

𝐸(∪ |𝑥) = 𝑈 + 𝜑1 + 𝜑2                        (3.52) 

 

Where 

𝜑1 = 𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3 + 𝑎4 + 𝑎5 (3.53) 

 

𝜑2 =
1

2
[(𝐴𝜎11 + 𝐵𝜎21 + 𝑃𝜎31). 𝑈1 + (𝐴𝜎12 + 𝐵𝜎22 + 𝑃𝜎32). 𝑈2 + (𝐴𝜎13 + 𝐵𝜎23 + 𝑃𝜎33)𝑈3] (3.54) 

 

Evaluated at the MLE ∪̂= (𝛼̂, 𝛽̂, 𝛾̂) where 

𝑎1 = 𝜌1𝜎11 + 𝜌2𝜎12 + 𝜌3𝜎13  = (
−𝜉

𝛽
+

𝛾

𝛽2
−

1

𝛿
)
𝑌12

𝐷
+ (

𝜉 − 1

𝛾
−

1

𝛽
)
𝑌13

𝐷
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𝑎2 = 𝜌1𝜎21 + 𝜌2𝜎22 + 𝜌3𝜎23  = (
−𝜉

𝛽
+

𝛾

𝛽
−

1

𝛿
)
𝑌22

𝐷
+ (

𝜉 − 1

𝛾
−

1

𝛽
)
𝑌23

𝐷
 

 

𝑎3 = 𝜌1𝜎31 + 𝜌2𝜎32 + 𝜌3𝜎33  = (
−𝜉

𝛽
+

𝛾

𝛽2
−

1

𝛿
)
𝑌32

𝐷
+ (

𝜉 − 1

𝛾
−

1

𝛽
)
𝑌33

𝐷
 

 

𝑎4 = 𝑈12𝜎12 + 𝑈13𝜎13 + 𝑈23𝜎23  =
𝑌12

𝐷
𝑈12 +

𝑌13

𝐷
𝑈13 +

𝑌23

𝐷
𝑈23 

 

𝑎5 =
1

2
(𝑈11𝜎11 + 𝑈22𝜎22 + 𝑈33𝜎33) =

1

2𝐷
(𝑌11𝑈11 + 𝑌22𝑈22 + 𝑌33𝑈33) 

 

5. Approximate Bayes Estimator of R under quared Error Loss Function 

 

∪̂𝐴𝐵𝑆= 𝐸(𝑈) = 𝑅                         (5.1) 

 

Where 

𝐸𝑢(𝑈|𝑥) =
∫𝛼∫𝛽∫𝛾𝑈𝐺∗(𝛼,𝛽,𝛾)𝜕𝛼𝜕𝛽𝜕𝛾

∫𝛼∫𝛽∫𝛾𝐺∗(𝛼,𝛽,𝛾)𝜕𝛼𝜕𝛽𝜕𝛾
                     (5.2) 

 

The above equation (5.2) is evaluated by method of Lindley approximation, whose simplified form is equation (3.8) replace 𝑈 by 

𝑅 in equation (3.52), 

 

𝑅̂𝐴𝐵𝑆 = 𝐸(𝑅|𝑥)                          (5.3) 

 

𝐸(𝑅|𝑥)=R+ 𝜑1 + 𝜑2 (5.4) 

 

 Now U=(
𝛽

𝛽+𝑡𝛼)

1

𝛾
 

 

𝑙𝑜𝑔𝑢 =
1

𝛾
𝑙𝑜𝑔

𝛽

(𝛽 + 𝑡𝛼)
 

 

Now differentiating 𝑢 with respect to 𝛼 

 
1

𝑢
𝑢1 = −

1

𝛾

𝑡𝛼

(𝛽 + 𝑡𝛼)
𝑙𝑜𝑔𝑡 

 

𝑢1 = −
𝑅

𝛾

𝑡𝛼

(𝛽+𝑡𝛼)
𝑙𝑜𝑔𝑡; (5.5) 

 

Now differentiating 𝑢 with respect to α, β and γ respectively we get; 

 

𝑢11 =
𝑅

𝛾
𝑡𝛼

(𝑙𝑜𝑔𝑡)2

(𝛽 + 𝑡𝛼)2
(
𝑡𝛼

𝛾
− 𝛽) (5.6) 

 

𝑢12 = −
𝑅

𝛾

𝑡𝛼𝑙𝑜𝑔𝑡

(𝛽+𝑡𝛼)2
[
𝑡𝛼

𝛾𝛽
− 1] (5.7) 

 

𝑢13 =
𝑅

𝛾3

𝑡𝛼

(𝛽+𝑡𝛼)
𝑙𝑜𝑔𝑡(𝛿∗ + 𝛾) (5.8) 

 

Again differentiating 𝑢 with respect to 𝛽 

 

𝑢2 =
𝑅

𝛾

𝑡𝛼

𝛽(𝛽+𝑡𝛼)
 (5.9) 

 

Again differentiating 𝑢2 with respect to𝛼, β and γ respectively we get; 

 

𝑙𝑜𝑔𝑢2 = 𝑙𝑜𝑔𝑅 + 𝛼𝑙𝑜𝑔𝑡 − 𝑙𝑜𝑔𝛾 − 𝑙𝑜𝑔𝛽 − 𝑙𝑜𝑔(𝛽 + 𝑡𝛼) 

 

 𝑢21 = −
𝑅

𝛾

𝑡𝛼𝑙𝑜𝑔𝑡

(𝛽+𝑡𝛼)2
[
𝑡𝛼

𝛾𝛽
− 1] (5.10) 

 

𝑢22 =
𝑅

𝛾

𝑡𝛼

(𝛽(𝛽+𝑡𝛼))
2 (

𝑡𝛼

𝛾
− (2𝛽 + 𝑡𝛼))                     (5.11) 



 

~27~ 

International Journal of Statistics and Applied Mathematics 
 

 

𝑢23 = −
𝑅

𝛾3

𝑡𝛼

𝛽(𝛽+𝑡𝛼)
(𝛿∗ + 𝛾)                       (5.12) 

 

Again differentiating 𝑢 with respect to 𝛾 

 

𝑢3 = −
𝛿∗

𝛾2 𝑅                           (5.13) 

 

Again differentiating 𝑢3 with respect to𝛼, β and γ respectively we get; 

 

𝑙𝑜𝑔𝑢3 = 𝑙𝑜𝑔(−1) + 𝑙𝑜𝑔𝑅 + 𝑙𝑜𝑔 (𝑙𝑜𝑔 (
𝛽

(𝛽 + 𝑡𝛼)
)) − 2𝑙𝑜𝑔𝛾 

 

𝑢31 =
𝑅

𝛾3

𝑡𝛼

(𝛽+𝑡𝛼)
𝑙𝑜𝑔𝑡(𝛿∗ + 𝛾)                       (5.14) 

 

𝑢32 = −
𝑅

𝛾3

𝑡𝛼

𝛽(𝛽+𝑡𝛼)
(𝛿∗ + 𝛾)                       (5.15) 

 

𝑢33 =
𝑅

𝛾4 𝛿∗(𝛿∗ + 2𝛾)                        (5.16) 

 

Substituting the above values of 𝑢1, 𝑢2, 𝑢3, 𝑢11, 𝑢12, 𝑢13,𝑢22, 𝑢23 𝑎𝑛𝑑 𝑢33 in the equations (3.53) and (3.54), we get 

 

𝜑1 = 𝑢1𝑎1 + 𝑢2𝑎2 + 𝑢3𝑎3 + 𝑎4 + 𝑎5 

 

𝜑1=
𝑅

𝛾
[−𝐾𝑎1 +

𝐾

(𝛽+𝑡𝛼)
𝑎2 −

1

𝛾
𝛿∗𝑎3 −

𝑌12

𝐷

𝐾

(𝛽+𝑡𝛼)
(

𝑡𝛼

𝛾
− 𝛽) +

𝑌13

𝐷𝛾2 −
𝑌23

𝐷𝛾2𝛽𝑙𝑜𝑔𝑡
(𝐾(𝛿∗ + 𝛾)) +

𝑌11

2𝐷𝑡𝛼 𝐾2 (
𝑡𝛼

𝛾
− 𝛽) +

𝑌22

2𝐷

𝐾2

(𝛽𝑙𝑜𝑔𝑡)2𝑡𝛼 (
𝑡𝛼

𝛾
−

(2𝛽 + 𝑡𝛼)) +
𝑌33

2𝐷𝛾3 𝛿∗(𝛿∗ + 2𝛾)] 

 

𝜑1=
𝑅

𝛾
𝜑3                           (5.17) 

 

And  

 

𝜑2=
1

2
[𝑈1((𝐴𝜎11 + 𝐵𝜎21 + 𝑃𝜎31). 𝑈1 + (𝐴𝜎12 + 𝐵𝜎22 + 𝑃𝜎32). 𝑈2 + (𝐴𝜎13 + 𝐵𝜎23 + 𝑃𝜎33)𝑈3)] 

 

𝜑2 =
𝑅

𝛾
[−𝐾 (

𝐴𝑌11+𝐵𝑌21+𝑃𝑌31

2𝐷
) +

𝐾

𝛽𝑙𝑜𝑔𝑡

(𝐴𝑌12+𝐵𝑌22+𝑃𝑌32)

2𝐷
−

𝛿∗

𝛾2 (
(𝐴𝑌13+𝐵𝑌23+𝑃𝑌33)

2𝐷
)] 

 

𝜑2=
𝑅

𝛾
                             (5.18) 

 

Substituting 𝜑1 𝑎𝑛𝑑 𝜑2 in equation (5.4) we get Approximate Bayes Estimator under Squared Error Loss Function as 

 

𝐸(𝑅|𝑥) = R+ 𝜑1 + 𝜑2 

 

𝐸(𝑅|𝑥) = 𝑅 +
𝑅

𝛾
(𝜑3 + 𝜑4) 

 

𝑅̂𝐴𝐵𝑆 = 𝑅[1 + 𝛾−1𝜑5]                        (5.19) 

 

Where 

𝜑5=𝜑3 + 𝜑4 and 𝐾 =
𝑡𝛼

(𝛽+𝑡𝛼)
𝑙𝑜𝑔𝑡                      (5.20) 

 

𝜑3 = [−𝐾𝑎1 +
𝐾

(𝛽+𝑡𝛼)
𝑎2 −

1

𝛾
𝛿∗𝑎3 −

𝑌12

𝐷

𝐾

(𝛽+𝑡𝛼)
(

𝑡𝛼

𝛾
− 𝛽) +

𝑌13

𝐷𝛾2 −
𝑌23

𝐷𝛾2𝛽𝑙𝑜𝑔𝑡
(𝐾(𝛿∗ + 𝛾)) +

𝑌11

2𝐷𝑡𝛼 𝐾2 (
𝑡𝛼

𝛾
− 𝛽) +

𝑌22

2𝐷

𝐾2

(𝛽𝑙𝑜𝑔𝑡)2𝑡𝛼 (
𝑡𝛼

𝛾
−

(2𝛽 + 𝑡𝛼)) +
𝑌33

2𝐷𝛾3 𝛿∗(𝛿∗ + 2𝛾)]                      (5.21) 

 

𝜑4 = [−𝐾 (
𝐴𝑌11+𝐵𝑌21+𝑃𝑌31

2𝐷
) +

𝐾

𝛽𝑙𝑜𝑔𝑡

(𝐴𝑌12+𝐵𝑌22+𝑃𝑌32)

2𝐷
−

𝛿∗

𝛾2 (
(𝐴𝑌13+𝐵𝑌23+𝑃𝑌33)

2𝐷
)]            (5.22) 
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6. Simulations and Numerical Comparison 

The simulations and numerical calculations are done by using R Language programming and results are presented in form of table 

in table (1). 

1. The Random variable of Generalized Compound Rayleigh Distribution is generated by R-Language programming by taking 

the values of the parameters 𝛼, 𝛽, 𝛾, taken as𝛼 = 1, 𝛽 = 0.5 and 𝛾 = 0.8 in the equations [(2.3)-(2.5) and equation (1.9)]. 

2. Taking the different sizes of samples n=10(10)80 with complete sample, MLE's, the Approximate Bayes estimators, and their 

respective MSE's (in parenthesis) are obtained by repeating the steps 500 times, are presented in the tables from (2.1- 2.2), for 

t=0.5, R(t)=0.42, H(t)=0.625 and parameters of prior distribution 𝑎 =2 and 𝑏 =3. 

3. Table(1) presents the MLE of R(t) and Approximate Bayes estimators of reliability function R(t) of reparametrized 

Generalized Compound Rayleigh Distribution under SELF (for 𝛼, 𝛽 𝑎𝑛𝑑 𝛾 unknown) with their MSE. The all three 

estimators are efficient for the sample size n=50 but as sample approaches to 70 their MSE's started increasing. The 

Approximate Bayes estimator 𝑅̂𝐴𝐵𝑆 performs better among other estimators. 

 
Table 1: Mean and MSE's of R (t) (𝛼 = 1,𝛽 = 0.5,𝛾 = 0.8, k = −10 ) 

 

n 𝑹̂𝑴𝑳 𝑹̂𝑩𝑺 𝑹̂𝑨𝑩𝑺 

10 0. 5496425 0. 5497635 0. 5497635 

 [1.7239x10-4] [4.0544x10-4] [4.0544x10-4] 

20 0.513952 0. 550967 0. 550967 

 [1.6316x10-4] [3.67188x10-4] [3.67188x10-4] 

30 0. 490252 0. 555524 0. 555524 

 [2.7167x10-4] [4.0074x10-4] [4.0074x10-4] 

40 0. 468581 0. 4682655 0. 4682655 

 [7.1028x10-5] [7.0887 x10-5] [7.0887 x10-5] 

50 0. 449611 0. 449769 0. 449769 

 [1.7239x10-5] [4.0544x10-5] [4.0544x10-5] 

60 0.4012582 0. 455967 0. 455967 

 [1.6316x10-5] [3.67188x10-5] [3.67188x10-5] 

70 0. 400252 0. 425524 0. 425524 

 [2.7167x10-5] [4.0074x10-5] [4.0074x10-5] 

80 0. 364581 0. 3682655 0. 3682655 

 [6.1028x10-4] [6.0887 x10-4] [6.0887 x10-4] 
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