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Introduction

In 1994 Matthews. SG, ' introduced the notion of a Partial Metric Space (PMS) as a part of
the study of denotational Semantics of data flow networks. He also showed that the Banach
Contraction Principle can be generalized to the PMSs. Many researchers have proved fixed
point theorems in PMSs [23.5.7.8,10,11,12,17, 18]

Not only in Mathematics, PMSs have vast applications in Computer Science, Information
Science and Biological Sciences.

Bhaskar. TG, Lakshmikantham. V [ introduced the notion of a coupled fixed point and
proved some fixed point theorems in partially ordered Metric Spaces. Later some researchers
proved coupled fixed and coupled common fixed point theorems [ 4 1116, 19, 20,21, 22]

Matthews. SG, '3 241 Qltra. S and Valera. O [ and Altun et al. ¥ proved some fixed point
theorems in PMSs for a single map, taking generalized contractions in PMSs.

Rao et al. 2 introduced the notion of (3 — & — 8) — contraction maps with respect to another
map on a Partial metric space.

In this paper we introduce (¥ — a — 8) — general contraction map F with respect to another
map g on a partial metric space and obtain conditions for the existence of coupled coincidence
points and common coupled fixed points of F and g. Supporting examples and applications are
provided.

2. Preliminaries
In this section, we give the necessary definitions and results which are needed in section 3.

2.1 Definition (Matthews [13, 14])

A partial metric on non-empty set X is a function p : X x X —» R* such that for allx,y, z € X,
2.1 D)p(x,x) =px,y) =p(y,y)ifandonlyifx =y

(2.1.2)p(x,x) < p(x,y), p(y,¥) < p(x,y)

(213)p(x,y) =p(y,x)

(214p(x,y) <p(x,2) +p(z,y) —p(z,2)

The pair (X, p) is called a Partial Metric Space (PMS).

2.2 Example (Rao KPR et al. [1°T)

Let X ={[a,b]:a,b € R,a < b} and definep{[a, b], [c, d]} = max{b,d} — min{a,c}. Then
(X,p) isaPMS.

~T~
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Each partial metric p on X generates a Topology T,, on X which has a base of the family of open p-balls {Bp(x, €),x€X,e> 0}
Where By,(x,€) = {y € X:p(x,y) <p(x,x) + €} forallx € Xand e > 0.
We now state some basic Topological notions such as convergence, Cauchy sequence and completeness.

2.3 Definition (Rao KPR et al. [21])
A sequence {x,,} in the PMS (X, p) converges to a point x € X if and only if p(x,x) = lim p(x, x,,). We may write this as x,, -
n—-oo

X.

2.4 Definition 24
A sequence {x,} in the PMS (X, p) is called a Cauchy sequence if lim p(x,, x,,) exists and is finite.
n,m—oo

2.5 Definition 2
A PMS (X,p) is called complete if every Cauchy Sequence {x,} in X converges to a point x € X so thatp(x,x) =

lim p(x,, Xm).
n,m-oo

2.6 Lemma 1]

Assume x,, » zasn — o ina PMS (X, p), such that p(z,z) = 0,
Then

1. il_r)l;lo p(xn_y) =p(z,y) forevery y € X,

2. Xp-oX=>x=2,

3. {x,}is Cauchy.

2.7 Lemma 2

Let (X,p) be a PMS. Then

(2.7.1) If p(x,y) = 0, then x = y.
(2.7.2) If x # y, then p(x, y) > 0.

2.8 Remark [?1]
If x =y, p(x, y) may not be zero.

2.9 Definition (Bhaskar. TG, Lakshmikantham. V ©))

Let (X, <) be a partially ordered set and F: X x X — X. Then the map F is said to have mixed monotone property if F(x,y) is
monotone non-decreasing in x and monotone non-increasing in y, i.e., forany x,y € X,

X1 <% = F(x1,y) < F(x,,y) forally e X

y1 <y, = F(x,y;,) < F(x,y,) forall x € X

2.10 Definition !
An element (x,y) € X x X is called a coupled fixed point of a mapping F: X x X = X if F(x,y) = x and F(y,x) = y.

2.11 Definition (Abbas. M et al. 1)

An element (x,y) € X x X is called

1. A coupled coincidence point of mappings F: X X X —» Xand f: X -» X if fx = F(x,y) and fy = F(y, x).

2. A common coupled fixed point of mappings F: X x X - Xand f: X - X ifx = fx = F(x,y) andy = fy = F(y, x).

2.12 Definition [
The mappings F:X x X - X and f:X — X are called w-compatible if f(F(x,y)) = F(fx,fy) and f(F(y,x)) = F(fy, fx)

2.13 Definition (Lakshmikantham. V, Ciric. L [*2)

Let (X, <) be a partially ordered set, F: X x X - X and g:X — X be mappings. Then the map F is said to have a mixed g-
monotone property if F(x,y) is monotone g-non-decreasing in x as well as monotone g-non-increasing in y, i.e., forany x,y € X,
gx1 < gx, = F(xq,y) < F(x,,y) forally € X and

gy1 <9y, = F(x,y,) < F(x,y,) forall x € X.

Rao et al. 1 introduced the notion of ( — a — B)- contraction map F with respect to another map g as follows.

2.14 Definition 21
Let (X,p) be aPMS and (X, <) be a partially ordered set.
Let F: X XX - X and g: X — X be two mappings. We say that F satisfies a () — @ — ) — contraction with respect to g if there
exist
Y, a,B:[0,0) = [0, ) Satisfying the following
(2.14.1) v is continuous and monotonically non-decreasing, « is continuous and g is lower semi continuous.
(2.142) Y(t) =0ifandonly if t = 0, «(0) = B(0) =0
(2.143) Y(t) —a(t) + p(t) > 0fort > 0,
g
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(2.14.4) ¢ (p(F(x, y), F(u, v))) < a(m(x,y,u,v)) — B(m(x,y,u,v)) for all x,y,u, v € X, with gx < gu, gy > gv where
p(gx, gu),p(gy, gv),p(gx, F(x,)),p(9y, F (v, X)), p(gu, F (u,v)), p(gv, F (v, u)),

m(x,y,u,v) = max p(gx.F(x,y))p(g9y.F(y.x)) p(gu.F(uv))p(gv.F(vuw))
1+p(gx,gw)+p(gy.gv)+p(F(x,y).F(uv))’ 1+p(gx.gu)+p(gy.gv)+p(F(x.y),F (wv))

Using the above definition Rao et al. 21 proved the following coupled fixed point result in partially ordered partial metric space.

2.15 Theorem P1: Let (X, <) be a partially ordered set and p be a partial metric so that (X,p, <) is a partially ordered partial
metric space. Let F: X X X — X and g: X — X be such that

(2.15.1) Fisa (3 — a — B) — contraction with respect to g,

(2.15.2) F(X x X) € g(X) and g(X) is a complete subspace of X

(2.15.3) F has mixed g monotone property

(2.15.4) (a) If a non-decreasing sequence {x,} = x,thenx, < xVn

(b) If a non-increasing sequence {y,} - y,theny <y, vn

If there exist x,, y, € X such that gx, < F(xo,¥,) and gy, = F(y,, x0), then F and g have a coupled coincidence point in X x X.

2. Main Results

In this section, we introduce (3 — a — ) — general contraction map F with respect to another map g on a partially ordered
partial metric space and obtain conditions for the existence of coupled coincidence points and common coupled fixed points of F
and g.

3.1 Definition

Let (X,p) be a PMS and (X, <) be a partially ordered set. Let F: X x X - X and g: X — X be two mappings. We say that F is a
(¥ — a — B) — general contraction with respect to g if there exist i, a, 8: [0, ) — [0, =) satisfying the following

(3.1.1) y is continuous and monotonically non-decreasing, « is continuous and 8 is continuous.

(B.1.2)y(t) =0ifandonlyift =0and a(0) = B(0) =0

(B.13)yY(t) —a(t) + p(t) > 0fort >0,

(3.1.4) ¢ (p(F(x, y), F(u, v))) < a(M(x,y,u,v)) — B(M(x,y,u,v)) forall x,y,u, v € X, with gx < gu, gy > gv where

p(gx, gw), p(gy, gv),p(gx. F(x,9)),p(gy. F . %)), p(gu, F(w,v)),p(gv, F (v, w)),
M(x,y,u,v) = max p(gx, F(x,y))p(gy. F (v, x)) p(gu, F (u,v))p(gv, F(v,u))
p(gx, gu) + p(gy, gv) + p(F (x,y), F (w,v)) "p(gx, gu) + p(gy, gv) + p(F (x,y), F (w, 1))

Whenever the denominator is non-zero.
Now we state and prove our first main theorem.

3.2 Theorem: Let (X, <) be a partially ordered set and p be a partial metric on X, so that (X, p, <) is a partially ordered partial
metric space. Let F: X x X - X and g: X — X be such that

(3.2.1) Fisa (i — a — B) — general contraction with respect to g, where ¥, a, B satisfy

(3.1.1)-(3.1.4) of definition 3.1

(3.2.2) F(X x X) € g(X) and g(X) is a complete subspace of X

(3.2.3) F has mixed g monotone property

(3.2.4) (a) If a non-decreasing sequence {x,} = x,thenx, <xVn

(b) If a non-increasing sequence {y,} - y, theny, =y Vvn

Suppose there exist x,, ¥y, € X such that gx, < F(x,,¥,) and gy, = F(yy,x,). Then F and g have a coupled coincidence point
inX x X.

Proof: Let x4, vy € X be such that gx, < F(xq,vo) and gy, = F(yo, Xo)

Since F(X x X) < g(X),

We choose x,y; € X such that gx, < F(x,,v,) = gx; and gy, = F(yo, x,) = gy, and choose x,,y, € X such that gx, =
F(x1,,) and gy, = F(yy,x1).

Since F has mixed g monotone property, we obtain gx, < gx; < gx, and gy, = gy;: = gY..

Continuing this process, we construct sequences {x,,} and {y,} in X such that gx,.,; = F(x,, ) and gyns1 = F(U X)), =
0,12, ...

Sothat gxg < gx; < gx, < ---and gyy = gy, = gy, = -

Case (i) Suppose gx,,, = gXm+1 aNd gYmei1 = gVm for some m. Then (x,,, ¥,,) is a coupled coincidence point of F and g in X X
X

Case (ii) Assume gx, # gX,.1 OF g¥n # gynyeq foralln
Since gx, < gXn+1 and gy, = gyns1, from (3.2.1), we obtain Y (p(gxn, gxn+1)) = ¥ (p(F (Xn-1,Yn-1), F (X, yn)))
< a(M(xn—lt Yn—lt xn' yn)) - B(M(xn—l' yn—lt xn' yn))

~g~
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P(9%n-1, 9%), P(gVn-1, 9Yn), P(9%n-1, F -1, Yn-1)),

P(9Yn-1,F Wn-1,%0-1)), (9%, F X, Y1), D(9V F Vs X)),
where M (x,_1, Yn—1, Xn, Yn) = Max P(g%n-1.F On—1.Yn-1))P(g¥n-1.F On-1.4n-1))
P(9xXn-1.9%0)+P(9Yn—1,9Yn)+D(F(Xn—1.Yn-1).F (xn.yn))’
p(gxn.F (. yn))P(9Yn.F Ynxn))
P(9xXn-1.9%0)+P(9Yn-1.9Yn)+D(F(Xn—1,Yn—1).F (Xn.yn))

( P(gxn-1,9%n), D(gYn-1, 9¥n), P(GXn_1, g%n),
P(9Yn-1, 9Yn) P(G%n, 9Xn+1), P(GVnr GYns1))
 ax P(g%Xn-1, 9%)P(GYn-1, 9¥n)
P(9Xn-1,9%n) + P(GYn-1, V) + (X, GXns1)’
P(g%n, 9Xn+1)P(GVn> GYn+1)
p(gxXn-1,9%n) + P(GYn-1,9Yn) + P(GXn, 9Xn4+1)

[(If p(gxn-1,9%n) + P(GYn-1, 9¥n) + P(gxn, gxn+1) =0 then p(gx,_1, gxn) = 0= gx, = gxn_1, P(GYn-1,9¥n) =0=
9Yn-1 = g¥n Which is a contradiction to case (ii).

o p(gXn-1,9%n) + P(GYn-1,9¥n) + D(gXn, gXp41) # 0]

P(gXngxn+1)P(GYn.9Yn+1)
P(gxn-1.9%n)+P(GYn-1.9Yn)+P(@xXn.gxn+1) ~

(gxn-1,9%n)P(GYn-1.9Yn)
But P < ma Xn—1,0%n), X, X and
P(g%n—-1,9%0)+D(GYn—1,9Yn)+D(@%n.g%n+1) — K{p(g2tn-1, 9%n), (9% GXns1)}

P9V GYn+1)

Therefore M (xp_1, Yn—1, Xn, Yn) = max{p(gxn-1, 9%n), P(GYn-1, 9¥n), P(9%n, 9Xn+1), D(GVn» GYn+1)}

Hence 1 (p(gxn, g%n41)) <

a(max{p(gxn-1, 9%n), P(GYn-1, 9Yn)r 0(9%Xn, 9%n+1), D(GYn» GYn+1}) —

Bmax{p(gxn_1, 9%n), (gYn-1, 9¥n), P(G%n, 9Xn+1), P(GVn» GYn+1)}) (3.2.5)

Similarly
W(p(gYn Y1) <

a(max{p(gxn—1,9%n), P(GYn-1, 9¥n)» P(G%n, GXn+1), PGV GYn+1)}) —
B(max{p(gxn-1,9%n), P(GYn-1, 9¥n), P(GXn, 9Xn41), P(GVn» GYn+1)}) (3.2.6)

Put R,, = max{p(gxn, 9%n+1), P(9Yn, 9Vn+1)} then R,, = 0 for all n = 1 (by case (ii))

Suppose that R,, > R,,_;. Then from 3.2.5 Y/(R,,) < a(max{R,, R,_1}) — B(max{R,, R,,_1})

= a(R,) — B(Ry)

i.e. w(Rn) - a(Rn) + ,B(Rn) <0

~ R, = 0, which is a contradiction

“R, <R, 4 (3.2.7)

Thus {R,,} is a non-increasing sequence of non-negative real numbers and hence converges to some r = 0.
Also lp(Rn) < a(Rn—l) - ﬁ(Rn—l)

Lettingn - oo, we get Y(r) < a(r) — B(r)

From (3.1.2) and (3.1.3) we getr = 0

Thus lim max{p(gxn, 9*n+1), P(9Yn) gYn+1)} = 0,

Consequently lim p(gxy, gxn+1) = 0 = lim p(gyn, gyn+1) (3.2.8)

Hence from (2.1.2), we have
lim p(gxy, gx,) = 0 = lim p(gyn, gyn) (3.2.9)

Now we prove that {gx, } and {gy,,} are Cauchy sequences

To the contrary, suppose that either {gx,,} or {gy,.} is not Cauchy
So that either p(gx,, 9x,) » 0 0r p(gYm, gyn) » 0asn,m —»
Consequently max{p(gx.,, %), 2(GYm, g¥n)} +» 0 asn, M - ©

Then there exist an e > 0 and monotone increasing sequences of natural numbers {m;} and {n,} such that n, > m, > k such that
max{p(g%my» 9%n, ) P(9Ym IVn, )} = € (3.2.10)
And max{p(gxm, 9%n,-1) P(9Ympr GYny-1)} < € (3.2.11)

From (3.2.10) and (3.2.11) we have
e < max{p(gxm, 9%n, ) P(IVmp 9Vni)}
0~
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< max{p(gxmy, 9%n,-1) P(9Vmper 9Yn-1)} + max{p(gxy, 1, 9%n, ) P(9Vnp-1, 9Yn;. )}
< € + max{p(gxn,—1, 9%n, ) P(9Yny-1, 9Vn,. )}

Letting k — oo and using (3.2.8), we get

lim max{p(gxm,, 9, ), (GVmyr 9, )} = € (3.2.12)
And lim max{p(gxm,, 9%n,_,) P(9Ymyr GYni-1)} + max{p(gxu,—1, 9%n, ), (V-1 9V, )} =€ (3.2.13)
s lim max{p(gxm,, 9, ) P(9Ymy GYni-1)} = € (3.2.14)

Consider p(gxmk,gxnk) < p(gxmk.gxmk_l) + P(gxmk—pgxnk) - P(gxmk—l» gxmk—l)

< P(9%mp 9%mp-1) + P(G%mp-1, 9%n—1) + P(9%ni—1, 9%n, ) — P(9%ni1, 9%n-1) — P(G%mp -1, G%Xmp-1)
< max{p(gxm,» 9Xmy-1) P(9Vmy> 9Vimy-1)}

+max{p(g¥m,—1, 9%n,-1), P(9Yimp-1, 9Vny-1)} + max{p(gxn, -1, 9%, ), P(9Ynp=1, 9V, )}

Similarly
P(9Ymip 9Yn) < MAX{P(9Ymyr 9Yimy-1) P(9%mr 9%my-1)} + max{p(gYimy-1, 9¥ny-1)s P(9%mp-1, G%n—1)} + max{p(gxy_1, gyn, ), P(9%n,-1, 9%n, )}

= max{p(gxmy, 9%n, ) P(9Vmp ¥, )} < max{p(g2my, 9%my—1) P(9Vmper GYmp-1)}
+max{p(gxm,—1, 9%n,-1), P(GYimp-1, 9Yni-1)}

+max{p(gxn, -1, 9%n, ) P(9Vny—1, 9Vn, )}

Now p(g%m, -1, 9%ni—1) < P(9%mp-1,9%m;.) + P(9%mpr 9%ny-1) — P(9%mpr G%m,)

< P(9%mp-1,9%my,) + P(9%mp 9%n,) + P(9%n0 9%ny—1) = P(9%nir 9%n,) — P(G%mpr G%my,)
< max{p(9%m,—1, 9%m,,)» P(9Yimp-1, 9Ym, )} + max{p(gxm,» 9%n, ) D(GYmpr GYn,)}
+max{p(gxn, 9%n,-1), P(9Ympr 9Vn-1)}

Similarly

P(9Ymy-1, 9Yn-1) < max{p(gxmy—1, 9%my ) P(9Ymy—1, 9V, )} + max{p(gxmy> 9%, ) P(9Ympr 9V, )}

+max{p(gxn,, 9%n,-1) P(9Vny IVni-1)}

 max{p(gxm, -1, 9%n,—1), P(9Vmy-1, 9Yn-1)} < max{p(gxm, -1, 9%m, ) (GYmy-1, 9V, )}

+max{p(gxm,, 9%n,. ) P(9Vmp 9Vn,. )} + max{p(g%m, 9% —1), P(9Ynir 9Yny-1)} (3.2.15)

We have
max{p(gxm,, 9%n, ), P(9Ymy 9V, )} < max{p(gxm,, 9%m,-1), P(9Ympr 9Ymp—1)}

+max{p(g%xm,—1, 9%n;-1), P(9YVimp-1, 9Yn-1)} + max{p(, g%, -1, 9%, ), P(9Vnp-1, 9V )}
Letting k — o in (3.2.15)

lim max{p(gxm, -1, 9%n-1), P(9Ymy-1, GYmy-1)} S O+ €+ 0
= € < lim inf(max{p(g%m; -1, 9%n,-1), P(9Ymy-1 9Yn,-1)})

< lim sup(max{p(gxm,-1, 9%n,-1), P(9Ymy-1, G¥my-1)})
<e€

» lim inf(max{p(g2m,-1, 9%n, 1), P(9Ymy-1, Y -1)})
= lim sup(max{p(gxm,-1, 9%, 1), P(9Ymy-1, GVmy-1)}) = €
» Jim max{p(gxmy -1, 9%n-1) P(9Ymy-1, G¥my—1)} = €

ConSIder Ip(p(‘gxmk' gxnk)) = ltb (p (F(xmk—ll ymk—l)' F(xnk—l' ynk—l)))
S<a (M(xmk—l’ ymk—1‘ xnk—l' ynk—l)) - B (M(‘xmk—ll ymk—1‘ xnk—l’ ynk—l)) (3216)

Where
P(9%my—1, 9%ng-1)s P(GYimg-1 9Yny—1)s P(GXmy—1, G%my. ),
P(9Ymy—1, 9V )s P(9%ng-1, 9%, ) PGV i1, 9V, )
P(9%mp—1, 9%m, )P(9Yimy-1, 9V, )
P(9%my—1, 9%n-1) + P(9Ym—1, 9Yn-1) + P(9Xm 9%n,,)’
P(9%n, -1 9%, )P(9Vny-1, IVn,.)
P(9%my -1, 9%ny-1) + P(9Ymy-1, 9Yn-1) + P(9%my» 9%, )

M(xmk—l' Y‘mk—l' xnk—ll ynk—l) = max

= max{p(gXm,—1, 9%n;—1) P(9Ymy-1, G¥n,—1)} FOr large k

~11~
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P(9%mp-1, 9%my)» P(GYmp-1, 9V )s P(9%ny—10 9% ) P(GVrp-12 GVny,)
(since max p(9%my-1.9%m, )p(9Ymy-1.9Ym;,) p(9%n-1,9%n;, )P(9Yny-1.99n,,)

P(gxmk—ngnk—l)‘*‘p(gZmG—l‘gJ/nk—1)+P(gxmkrgxnk) ’ p(gxmk—ngnk—l)‘*‘p(QYmk—l‘gJ’nk—l)+p(gxmk’gxnk)
- 0ask - )

From (3.2.16), for large k,

w(p(gxmk, gxnk)) Sa (M(xmk—l»}’mk—l: xnk—lr:)/nk—l)) -B (M(xmk—pYmk—l:xnk—1v}’nk—1))
= a(max{p(gxm,-1, 9%n,-1), P(GYmy-1, 9Vny-1)})
—B(max{p(gxmy-1, 9*n-1), P(9Ymy-1, GYni1)})

Similarly, for large k

¥ (P(9Ymp 99m,)) < A(max{p(gYme-1 9Vn-1), P(9%my—1, 9%me—1)))

-B (p(gymk_pgynk—l), p(gxmk_l.gxnk_l))

= Y(max{p(gxmy> 9%n, ) P(GVm, » GYn,)}) = max {1/) (p(gxmk. xn)) (p(gymk. gynk))}

< a(max{p(gxm,—1, 9%n,-1), P(Ymy-1, 9Yni-1)})
—B(max{p(gxm, -1, 9%, 1), P(9Ymp-1, 9Ynp-1)})

For large , since i is increasing.

So letting k — oo,

Y(e) < a(e) — B(€) , a contradiction, since € > 0.

Hence {gx,,} and {gy,,} are Cauchy sequences in the partial metric space (X, p).

From (3.2.9), we have

lim p(gxn, gxm) = 0 = lim p(gyn, g¥m) (3.2.17)
Suppose g(X) is a complete subspace of X.

Since {gx, } and {gy,} are Cauchy sequences in the complete partial metric space (g(X),p), then {gx,} and {gy,} converge to u
and v in g(X) respectively, say

ie.gx,>u,gy,—>v

Sinceu, v € g(X), there exist x,y € X such thatu = gx and v = gy

From (3.2.1)

p(u,w) = lim p(gxy, u) = 0,p(v,v) = lim p(gy,,v) =0 (3.2.18)
Now we prove that,li_r& p(F(x,v), gxn) = p(F(x,y),u),

And lim p(F (y, x), gyn) = p(F(y, %), v)
From (2.1.4), we have
P(wF(x,y)) < p(, gXns1) + P(9%ns1, F(X,3)) = P(9Xns1, GXns1)

< (U, gxn+1) + (G421, F(x, 7))
Lettingn — oo

p(w F(x,)) < 0+ lim p(F (xy, yu), F (%))

Also from (3.2.4), we get gx,, < gx and gy, = gy
Since ¥ is continuous and non-decreasing, we get

Y (p(u, F(x, y))) =y (p(F O ), F(x, y)))
< a(M(xn' Y, X, J’)) - ﬁ(M(xn' Ynr X, Y))

Where
( P(gxn 9%, PGV 9D, D(g%n F (), )
| p(9Yn F O %)), (9%, F (,9)), p( 9y, F 3, ), |
M (x,, Y, X, V) = max P(g*n.gxXn+1)P(GYn.g¥n+1)
p(9xn.9%)+P(9Yn.gY)+p(9%n+1.F (%))’
p(gx.F(xy))p(gy.F(y.x))

p(gxn.g%)+P(9Yn.g»)+p(9xn+1.F (X))

= max{p(u, F(x, y)),p(v, F(y, x))} For large n

~12~
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( P(9%n F Ctn ¥)), (90 F Oy xn)),]

p(9x,F(x,9)),p(9y, F(y,x)),
(Since max P(GxXngxXn+1)P(GYn.gYn+1) —>0asn— oo)
(9209 +P(9Yn.gY)+p(9xn+1.F (%))’
p(gx.F(xy))p(gy.F(y.x))
p(9xn.9%)+P(GYn.gN)+p(9%n+1.F (%))

= (p(w F(6y))) < lim  (p(F G y0), F(x,9)))

< lim (M s 2,9)) = B(M Gty Y, %)) )
= lim (@ max{p(gxn, g%), P(gyn, 9¥)} =~ B max{p(gxn, 9%), p(g¥n, 9¥)})
= lim amax{p(gxn, g%), p(gyn, gy} — lim B max{p(gxn, gx), p(gyn, g¥)}

= a(max{p(u, gx),p(v, gy)}) — B(max{p(w, gx),p(v, gy)})
a(max{p(u,u), p(v,v)}) — f(max{p(u, u), p(v,v)})
a(0) — p(0)
=0
= p(u,F(x,y)) =0
=u=F(,7y)
= gx =F(x,y)
Similarly p(v, F(y, x)) =0
=v=F(y,x)
=gy =F(y,%).
Hence F and g have a coupled coincidence point in X x X.
Note: Theorem 3.2 holds even when g is lower semi continuous.

3.3 Corollary: (Theorem 2.15)
Proof: Since m(x,y,u,v) < M (x,y,u,v), the result follows in view of the note above.
Now we state and prove our second main theorem.

3.4 Theorem

In addition to the hypothesis of Theorem 3.2, we suppose that (x,y) and (x',y") are coupled fixed points of F and g, such that
(gx,gy) and (gx', gy') are comparable. Then

F(x,y) =gx=gx'=F(x',y) And F(y,x) = gy = gy’ = F(y',x") (3.3.1)

Moreover if (F, g) is w —compatible, then F and g have a unique common coupled fixed point in X x X, in the sense that any two
comparable common coupled fixed points coincide.

Proof: We may suppose that gx < gx' Andgy = gy'. Then from theorem (3.2) we have

¥ (p(FCey), F(x',y)) < a(MCxy,x',y) = B(M(x,y, %', y")

p(gx, gx'),p(gy,9y"), p(gx, gx),
p(gy. 9y).p(gx', gx"),p(gy’, g¥"),
Where M(x, y,x',y') = max p(gx.g9x)-p(9y.9y)
p(gx.gx")+p(gy.gy")+p(gx.gx")’
p(gx'.9x")p(9y'.9y")
p(gx,gx")+p(gy.gy")+p(gx.gx")
p(gx, gx'),p(gy,9y"),
p(gx.9x).p(9y.9y)
=max<{ 2p(gx.gx")+p(gy.gy")’ (By 2.1.2)
p(gx'.9x")p(gy’.9y")
2p(gx.gx")+p(gy.gy")

, : (9209 p(97.9)
Now max{p(gx, gx'),p(gy, gy")} = {FHELIL 00|

._plgxg0).p(gy.9y) _ pgx gx").p(gy,9y")
2p(gx, gx") + p(gy, gy") ~ 2p(gx, gx') + p(gy,9y")

< Ploxgx")p(9y.9y")

- p(gy.gy")

=p(gx, gx')

< max{p(gx, gx'),p(gy. g¥")}

And

p(gx’,gx").p(gy’,gy") < p(gx, gx").r(gy, gy")
2p(gx, gx') +p(gy, gy') ~ 2p(gx,gx') + p(gy,gy")
< p(gx.gx")p(9v.9y")
- r(gy.9y")
3
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< p(gx, gx")
< max{p(gx, gx"),p(gy, 9y")}
2 (p(Fy), F(x',y7) ) = $(p(gx, 9x")
< a(max{p(gx, gx"), p(gy, gy")}) — B(max{p(gx, gx'),p(gy, gy )}

Similarly
Y(p(gy, gy")) < a(max{p(gx, gx"),p(gy, gy")}) — B(max{p(gx, gx"), p(gy, gy}

« max{(p(gx, 9x")), ¥(p(gy, gv))}
< a(max{p(gx, gx'), p(gy, gy")}) — B(max{p(gx, gx"),p(gy, gy}

~ Y(max{p(gx, gx"),p(gy, gy")})
=max {1/; (p(gx. 9x"),¥(p(gy, gy’)))}

< a(max{p(gx, gx'),p(gy, gy")}) — B(max{p(gx, gx'),p(gy, gy )}
= P(t) — a(t) + B(t) < 0 Where t = max{p(gx, gx),p(gy, gy}

o t = 0

=max{p(gx, gx"),p(gy, gy} =0
= p(gx,gx') = 0,p(gy,gy") =0
=gx = gx'andgy = gy’.

Suppose (x,y) and (x',y") are comparable coupled fixed points of F and g. We may suppose that (x,y) < (x',y'), that is x <
x'andy = y'.

Thenx = gx =F(x,y)andy = gy = F(y,x)

x'=gx'=F(x",y)andy =gy =F(y',x")

Hence

By 33.1),x =F(x,y) =gx=gx'=F(x',y") =x'
Andy =F(y,x) =gy =gy =F@y' x) =y
Hencex = x"andy =y’

s y) =y

Hence any two comparable common coupled fixed points coincide.

3.5 Corollary
Let (X, <) be a partially ordered set and p be a partial metric such that (X, p) is a complete partial metric space. Let F: X x X - X
be such that

B4y (p(F (x, ), F(u, v))) < a(max{p(x,u), p(y, v)}) — B(max{p(x,w),p(y, V)N Vx,y,u,v € X,
x <uandy > v, where ), and S are as defined in def. 3.1 and

(3.4.2) (a) If a non-decreasing sequence {x,} — x, then x,, < x Vv n and

(b) If a non-increasing sequence {y,} - y, theny <y, v n.

If there exist xo, Yo € X such that x, < F(xo,,) and y, = F(y,x,), then F has a unique coupled fixed point in X x X.
Proof:

In theorem 3.2, if we take g as the identity map I: X — X, the result follows.

The following example supports our results.

3.6 Example
Let X = [0, 1]. Let < be the partially order on X definedby <y ® x > y.
2 2
The mapping F: X x X — X is defined by F(x,y) = 8(’;;3’“) and g is the identity map.

Define p: X x X — [0, ) by p(x,y) = max{x, y} then pis a complete partial metric on X.
Define 1, a, : [0, 0) — [0,00) by %(t) = t, a(t) = Zand B(t) = =.

x0%+y02 _ 1 *
8(x9+Yyo+1) - E
So thatgxy < F(xq,¥,). SimilarlyF (y,, x9) =< gy,
Letp(x,u) =r,p(y,v) =68, x%2 <7r?,y? < 6% u? <r?v? < 6?2

Takex, =y, =1.Thengx, =gl =12

ax?+y?<r?+8%andu® +v? <r? +6°

2,42 2,82 24,2 2,82 2 2 2

x“+ 48 u“+v 448 x x

I < , < , < <y 2
x+y+1 x+y+1 u+v+1 u+v+1l x+y+1 x+1 x+y+1

sy

~14~
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<ut+v<r+é

+ u?+v?
Y <x+y<r+6,
x+y+1 u+v+1

x2+y?  u?+v?
ax , <r+é
x+y+lu+v+1

1 x2+y?  u?+v?
g™ X{x+y+1’u+v+1
=~ (max{r, §}) — ; (max{r, 5})

= a(max{p(x,u), p(y,v)}) — B(max{p(x,w), p(y,v)})

} < %(r +8) < %(max{r, )

= (p(Fx, ), F(u,v)) ) < a(max{p(x, w), p(y, v)}) — f(max{p(x,u), p(y, v)})

Hence all conditions of theorem 3.4 hold and
(0,0) Is the unique coupled fixed point of F In X X X.

4. Application
In this section we give an application of our main results.

4.1 Theorem

Let (X, p) be a complete partial metric space. U be an open subset of X and U be a closed subset of X such that U < U, Suppose

H:U x U x [0,1] = X is an operator such that the following conditions are satisfied

1. x#H(x,y,A)andy # H(y,x, 1) for each x,y € dU and A € [0,1] (here dU denotes the boundary of U in X)

2. Y (p(H(x, v,A), H(u, v, /1))) < a(max{p(x,u),p(y,v)}) — B(max{p(x,w),p(y,v)}) for all x,y € U and 4 € [0,1], where
Y:[0,0) — [0, ) is continuous and non-decreasing and a, 8: [0, ) — [0, o) are continuous with () — a(t) + B(t) >0
fort >0

3. Thereexists M > 0 such that p(H(x,y, 1), H(x,y, 1)) < M|A — u| forall x € U and A, u € [0, 1].

Then H(., Ay) has a coupled fixed point for some 4, € [0,1] if and only if H(., 1) has a coupled fixed point for all 4 € [0,1]

Proof: Consider the set 4 = {A €[0,1]: (x,y) = (H(x, v,A),H(y, x, l)) for some x,y € U}
Since H(., A,) has a coupled fixed point in U, we have 4, € A, so that A is a non-empty set
We will show that A is both open and closed in [0, 1], so by connectedness we have A = [0,1]
As aresult H(., ) has a coupled fixed point in U for all 4 € [0,1].
First we show that A is closed in [0, 1].
Suppose {u,}n=q S A with y,, > p asn — oo where u € [0,1]
We show that u € A.
Since p, € A forn = 1,2,3,..., there exist x,, y, € U with (x,, yn) = (H O Y i)y H Oy X )
Consider p(xn' xn+1) = p(H(xn: yn' ”n)' H(xn+1t yn+1: I’ln+1))
< p(H(xn' Yn: /Jn): H(xn+1' yn+1' #n))

+p(H(xn+1' Yn+1 ﬂn)' H(xn+1' Yn+1 ﬂn+1))

—p(H(xn+1, Yn+1r M) HXp 41, Yrs1s Mn))

< p(H (X Yo 1), H (g1, Vs ) + Mty = fhya |
P(Xn, xn+1) < p(H(xn: Vno Hn): H(xn+1' Yn+1 Hn)) + Ml.un - :un+1|

Lettingn — o
_rlll_rgo p(xn: xn+1) S _rlll_ll}o p(H(xn; yn' .un)' H(xn+1' yn+1' .un))

Since  is continuous and non-decreasing, we obtain
lim (pCen, xn41)) < lim a(max{pGen, Xnse1), P O Yns1)}) — Bmax{p (o, 211, P Qs Ynr 1))

Similarly
Tim 9 (p O Yn41)) < Jim a(max{p(en, %ne1), P Qs Ynr )P — Bmax{p Cn, Xne1), PO Yne 1))

}LHT‘)IO(IIJ (max{p(xp, Xp4+1), D Vs Yn+1)}))

= max {rlll_{rolo Y(p(xn Xn41)), 7111_{{)10 Y(pOns Yn+1))}

< lim a(max{p(xn, Xn41), P Ons Yns1)}) = Bmax{p (xn, Xn41), p Oy Yns1)3)
= rlll_f& Y(max{p(xn, Xn+1), 2 Vs Yns1)})

- 7111_{?0 a(max{p(xn, Xn+1), P Vs Yn+1)})

~15~
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+ TlLl_l;lz)lo B (max{p(xy, Xp+1), ? Qs Yn+1)}) =0
= max{p(xXn, Xp41), PV Yns1)} = 0. (4.1.1)

Now we prove that {x,,} and {y,,} are Cauchy sequences in (X, p)
On the contrary, let us suppose that {x,,} or {y,} is not Cauchy
There exist an € > 0 and monotone increasing sequences of natural numbers {m;} and {n,} such that n, > m,, such that

max{p(xmk’ xnk)’ p(}’mk: ynk)} 2 € (412)
And max{p(xmk,xnk_l),p(ymk,ynk_l)} <e (4.1.3)

From (4.1.2) and (4.1.3)
e < max{p(¥my X, ), P (Vo Y )}
< max{(p(xmkﬁxnk—l) + p(xnk—lrxnk)) ) p(ymk' Ynk—l) + p(ynk—l' ynk)}
< max {max (p(xmk' xnk—l)' p(ymk' ynk—l)) + max (p(xnk—lrxnk)' p(ynk—lr ynk>)}

< max{e + max{p(xnk, xnk_l), p(ynk, J’nk—1)}}
s>eask o

& max{p (X Xy, ), D (Vi Yy )} = € a8 k > oo
and max{p(xmk,xnk_l),p(ymk,ynk_l)} seask - o (4.1.4)
p(xmk' xnk) S p(xmk' xnk+1) + p(xnk+1' xnk)

< p(xmk'xnk) + Zp(xnk'xnk+1)

Similarly

P (Vg Ynie) < PV Yng+1) + P10 Yy )

< PV V) + 20 (Vg Yrge+1)

max{p(xmk: xnk)' p(ymk' ynk)} < max{p(xmk, xnk+1)' p(ymk' ynk+1)} + max{p(xnk+1: xnk)' p(ynk+1' ynk)}

Letting k — oo, we get
lim max{p (X, Xnye1) P Yimgo Yy} = € (4.15)

ConSIder p(xka xnk+1) =p (H(xmkl Ymk' ”mk)' H(xnk+1: Ynk+1: .unk+1))

( p (H(xmkrymk:#mk)'H(xmk+1'3/mk+1' ﬂnk+1)) w
< +p (H(xmkrymk'#nk+1)'H(xnk+1:ynk+1' ﬂnk+1))
_p (H(xmkl ymk: #nk+1)' H(xmk: ymk' ”nk+1))

< Ml.umk - ﬂnk+1| + p (H(xmk' ymk! Mnk+1)' H(xnk+1ﬁynk+1' .unk+1)) (416)
Consider p(ymk: ynk+1) =p (H(ymk' xmk' :umk)' H(Ynk+1' xnk+1' Mnk+1))

p (H(Ymk' xmk' :umk)' H(ymk' xmk' an+1))
=< +p (H(ymk'xmk' an+1)'H(Ynk+1' xnk+1' ﬂnk+1))
-P (H(ymk' xmk' an+1)' H(Ymk' xmk' :unk+1))

< Ml:u'mk - :uTLk+1| + p (H(ymk: xmk' :uTLk+1)! H(ynk+1rxnk+1: #nk+1)) (417)
Consider
max{p(xmk’xnk+1)r p(ymk' ynk+1)}
< M|.umk - :“nk+1| + p (H(xmk' Ymk' :unk+1)' H(xnk+1' Ynk+1' .unk+1)) )
< max
M|)umk - .unk+1| + p (H(ymk' xmk' l’lnk+1)‘ H(ynk+1' xnk+1' )unk+1)

p (H(xmk: ymk' :uTLk+1)I H(xnk+1' ynk+1: ,u'nk+1)) '}

p (H(ymkl xmk' #nk+1)' H(ynk+1' xnk+1l .unk+1))
~16~
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- maX{p(xmk'xnk+1)' p(ymk' Ynk+1)} - M|l'lnk - )unk+1| <
max {p (H(xmk: ymk! #nk+1)' H(xnk+1' ynk+1' an+1)) P (H(ymk' xmk! ﬂnk+1)' H(ynk+1' xTLk+1' .unk+1))}

p (H(ka, ymk' an+1)' H(x‘nk+1' ynk+1' :unk+1)) !})

= Y(max{p(Xm,, Xny+1)s P Dimge Y1)} = Mthny, = tng+1]) < ¥ | max
e e " " p (H(ymk' xmk' .unk+1)' H(ynk+1' xnk+1' an+1))

1/) (p (H(xmk' ymkl .unk+1): H(xnk+1l ynk+1' /"nk+1))) )

= max
lp (p (H(ymk' xmk' /“tnk+1)' H(:Vnk+1' xnk_+1' :unk+1))>

(Since v is continuous and non-decreasing)

< max

{a(max{p(xmk, xnk+1), p(ymk;ynk+1)}) - ﬁ(maX{P(xmk;xnku);P(Ymk'Ynk+1)})v}
a(max{p (ymk’ ynk+1)’ p(xmk’ xnk+1)}) - B(max{p(ymk, ynk+1)’ p(xmk’ xnk+1)})

= a(max{p(xmk' xnk+1)' p(ymk' Ynk_+1)}) - ﬁ(max{p('xmk' xnk+1)' p(ymk_' ynk+1)})
Letting - oo , from (4.1.5)
P(e) < a(e) — B(e)
=Yle)—ale) +B(e) <0
~ € < 0, which is a contradiction
~ {x,}and {y, } are Cauchy sequences in (X, p)
Since (X, p) is complete, by def. 2.4 there exiss u, v € U withx,, > u, y, > v
Sothat p(u,u) =0 = p(v,v)
From lemma 2.6
lim p(xn,, H(u, v, 1)) = p(u, Hw, v, 1))
Consider p(xn,, H(u,v, u)) = p(H(xn, Voo ), H(u, v, u))
P(H Gty Yo 1), H (o, Yo 1)) +

<| p(HGw Y w) Hw,v,pw) -
p(H(xnl yn: ,u), H(xn, yn, H))
< Ml,un _ﬂl +p(H(xn,yn,”),H(u’ V,,Ll))

< Mlpyn — pl + a(max{p (x,, w), p(yn, )} — B(max{p ey, w), p (Y, v)})
Lettingn — o

Tlll_r)go p(xn,H(u, v, ,u)) = p(u,H(u, v, u)) <0

p(u,H(u, v, u)) =0

Similarly p(v,H(v, u, u)) =0

~u=Hvuw Andv = H(v,u, 1)

~UEA

Hence A is closed in [0, 1].

Let po €A, then there exist x,,y, € U such that (xo,¥0) = (H(xo, Yo, o), H(Vo, X0, o)) Where p(H(x,y, 1), xo) =

p(H(X, y' ‘U.), H(th }’o, #0))

p(H(x' y! .u)! H(x! y! #0)) +
<| p(HGx Y, o), H(xo, Yo, o)) —
p(H(x! y' .uO)' H(x! y! #0))

< Mlu — pol + p(H(x, v, o), H(xo, Yo, Ho))

Suppose |u — pol < # for large n

< #"‘ p(H(x,y, 1), H(x0, Yo, 1)) (4.8)

similarly p(H(y, x, 1), Y0) < w2 + p(H, %, 1t6), H (o, X0, o)) (4.9)
LS {p(H(x, Y, o), H(xo, Yo, .Uo));}

mnt P(H(Y: X, o), H(Yo, Xo, Mo))

Now consider max {p(H(x,y, 1), x0), p(H(y, x, 1), yo)} <

~17~
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Y (p(H(x, Y, ko), H(xo, Yo, lio))) )

¥ (p(H, %, 1), Ho, X0, o)) )
{a(max{p (x,%0), (¥, ¥0)}) — B(max{p(x, x,), p(y, yo)}),}
a(max{p(x, xo),p(¥,¥0)}) — B (max{p(x, x,),p(y,y0)})
= a(max{p(x, x0), p(y,¥0)}) — B(max{p(x, x,), p(y, o)}
< a(max{p(x,x,),p(y,y0)})

)Smax

1
i (maX{p(H 0y, 1), %), p(H, %, 1, ¥0)} = 3=

< max

Since 1 is non decreasing, « is continuous and f is continuous,

max{p(H (x,y, 1), %), p(H(y, x, 1), ¥0)} < max{p(x,x,), (¥, ¥0)}

Thus for each u € (g — €, 4y + €)

(ii)Holds and 1 is continuous and non-decreasing and «, 8 are continuous with ¥ (t) — a(t) + B(t) > 0 for t > 0. Thus all
conditions of theorem 3.4 are satisfied

Hence we deduce that H (., i) has a coupled fixed point in U. But this coupled fixed point is in U, since (i) holds.
Thuspu € Aforany u € (ug — €, g + €)

Hence (4o — €, 1y + €) S A and therefore 4 is open in [0,1]

Consequently A is a non empty, clopen set in [0,1] which is a connected set.

Hence A = [0,1].

Converse part also follows in the same way.
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