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Abstract 

In queuing theory one deals with the mathematical analysis of the performance of queuing systems. In 

our daily lives customers encounter queues while seeking services in institutions. The increase in the 

number of customers has resulted to congestion at revenue collection points in Kenyan towns. There is 

therefore need to study the queuing systems to identify possible remedies. This study sought to fit a 

queuing model to bus park revenue collection point as a preliminary action in studying the congestion 

problem in Kisii town, Kenya. The study considered and collected data on the inter-arrival times, service 

times and the number of servers at Kisii Bus Park Revenue Collection Point. The inter-arrival and service 

times were plotted and compared to a plot of a theoretical exponential distribution. The inter-arrival times 

resembled a theoretical exponential distribution with a parameter 1.022 and the service times resembled a 

theoretical exponential distribution with a parameter 1.209. Further, Kolmogorov Smirnov and Anderson 

Darling goodness of fit tests were conducted to determine if the inter-arrival and service times were 

exponentially distributed. In both cases, the test statistics were less than the critical value. The study 

therefore established that the inter-arrival and the service times could be modeled as exponential hence 

Markovian. The revenue collection point used two servers. This study assumed that the servers followed 

the same service distribution. This study concluded that the inter-arrival and the service times had an 

exponential distribution and the queuing model used was M/M/2. 

 

Keywords: Inter-arrival times, service times, server, exponential distribution, queuing model 

 

1. Introduction 

Queues are experienced in our daily lives in business situations where customers have to wait 

for services to be delivered to them for example: in telephone exchange, in banks, in public 

transportation, in a supermarket, at the county revenue collection points, at a petrol station, 

waiting to use an automated teller machine (ATM) and people queuing to wait for their turn to 

vote [1, 2]. When using phones to conduct daily businesses, sometimes one may be put on hold 

and wait for their turn to receive the services. In modern life, queues are not experienced by 

humans only. Modern communication systems transmit messages, like emails, from one 

device to another by queuing them up inside the network. Modern communication systems 

maintain queues called inventories of raw materials, partly finished goods, and finished goods 

throughout the manufacturing process of a business institution. The supply chain management 

in businesses is nothing but the management of queues [3]. 

Queuing models help in the design process by predicting system performance in organizations. 

For example queuing models might be used to evaluate the costs and benefits of adding a 

server (s) to an existing system of an institution. The models enable institutions/organizations 

to compute the system performance measures in terms of more basic quantities like the waiting 

times, traffic intensity and the queue lengths in the systems. Some crucial measures of system 

(s) performance are: the mean queue length, probability of a customer waiting for service in 

the system, the probability of finding the system being idle, the probability distribution of the 

number of customers in the system, the utilization of the server (s) and customer waiting time [2]. 

Queuing systems have a wide range of applications in modern times [3]. The first queuing 

theory problem was found in the telephone exchange congestion studied by A.K. Erlang 

(1878-1929). 
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A.K. Erlang, a Mathematician, was the chief advisor of a 

Telephone Company based in Copenhagen. In 1917, Erlang 

was able to publish a paper on the telephone exchange traffic 

in which he outlined the methodologies of solving the long 

waiting line and the large number of arrivals to the company 

when the systems were in a steady state. A.K. Erlang formed 

the basis for the development of the queuing models and 

systems being studied by other scholars. Queuing systems 

have the following crucial components: Customers who arrive 

at a service station to receive a certain service. If the 

customers cannot be served immediately upon arrival they 

wait in a queue for their turn to be attended to and upon 

receiving the service they leave the service station 

immediately [4]. 

 

1.2 Markovian Multi-Server Queuing Models 

i. M/M/c/∞ Model: This refers to a MSQM with 

Markovian arrivals and exponential service time 

distribution. Both the input population and the system 

capacity are infinite. The first M in this case stands for 

Markovian/ Memory less, the second M stands for the 

exponential service distribution. The number of servers is 

represented by m which is greater than one. The system 

capacity is infinite [2, 5]. 

ii. M/M/c/K Model: This queuing model is the same as the 

M/M/m model except that it has a finite system capacity 

represented by N [5]. 

iii. M/M/∞ Model: This is a queuing model with infinite 

number of servers. When customers arrive they proceed 

directly to the available server to be attended to that is 

instant service delivery is experienced in this queuing 

system. In this queuing system the probability of queuing 

is zero- that is queues are usually not experienced in this 

type of queuing system. The inputs follow a Poisson 

distribution and the outputs follow the exponential 

distribution [2, 3, 5]. 

 

2. Methodology 

Both primary and secondary data were collected. Primary data 

entailed both the inter-arrival and service times. The 

secondary data involved Kisii County estimated arrival and 

service rates specifically for Bus Park revenue collection 

point. The cumulative distributions of the inter-arrival and 

service times were plotted and a comparison was made to 

their respective theoretical exponential distributions. Further, 

goodness of fit tests was conducted to both the inter-arrival 

and service times to determine how best the collected data 

fitted the identified distributions. Kolmogorov Smirnov (K-S) 

and Anderson Darling (A-D) tests were used to determine if 

the inter-arrival and service time data are exponentially 

distributed. K-S and A-D tests were conducted at 5% 

significance level [7]. 

 

2.1 Exponential Distribution PDF and CDF 

“Consider a nonnegative random variable with parameter ʎ >
0 with the following probability density function (PDF); 

𝑓(𝑥) = ʎ𝑒−ʎ𝑥, where 𝑥 ≥ 0         (1) 

 

The corresponding Cumulative Distribution Function (CDF) 

can be computed as  

 

𝐹(𝑥) = 1 − 𝑒−ʎ𝑥, where 𝑥 ≥ 0       (2) 

 

If the random variable x has units of time then the parameter ʎ 

has units of 𝑡𝑖𝑚𝑒−1’’ [3] 

 

2.2 Kolmogorov Smirnov (K-S) Goodness of Fit Test 

The K-S test is a nonparametric test. The cumulative 

probabilities of values in the data are compared with the 

cumulative probabilities in a theoretical distribution. The K-S 

test tends to be more sensitive near the center of the 

distribution than at the tails. The following K-S test statistic 

was employed after the data had been arranged in ascending 

order 

 

𝐾 = max
1≤𝑍≤𝑛

[(𝐹(𝑍𝑖) −
𝑖−1

𝑛
) , (

𝑖

𝑛
− 𝐹(𝑍𝑖))]      (3) 

 

The hypothesis tested was defined as: 

H0: the data follow a negative exponential distribution 

Ha: the data do not follow a negative exponential distribution 

If the calculated value is less than the critical value fail to 

reject the null hypothesis and if the computed value is greater 

than the critical value reject the null hypothesis [8].  

 

2.3 Anderson Darling (A-D) Goodness of Fit Test 

A-D test was designed by Anderson and Darling in 1954 to 

place more weight to the distribution at the tails. This is 

crucial when the tails of a selected distribution are of practical 

significance. To conduct A-D test, first the data is arranged in 

ascending order. The cumulative distribution function is then 

evaluated. Then the A-D statistic is obtained by the following 

formula. 

 

𝐴2 = − ∑ {
(2𝑖−1)∗[ln 𝐹𝑍(𝑧𝑖)+ln[1−𝐹𝑍(𝑧𝑛+1−𝑖)]]

𝑛
} − 𝑛𝑛

𝑖=1    (4) 

 

The next step involves computing the adjusted 

statistics (𝐴𝑎𝑑). For an exponential distribution; 

 

𝐴𝑎𝑑 = 𝐴2 ∗ [1 +
6/10

√𝑛
]          (5) 

 

The critical value for an exponential distribution was 

determined. The adjusted statistics was compared to the 

critical value and this formed the basis of failing to reject 

(rejecting) the null hypothesis. The A-D test is valid for a 

sample size greater than seven [9]. 

 

3. Results 

3.1 Inter-arrival Times Distribution 

The cumulative distribution of the Inter-arrival times was 

plotted alongside the cumulative distribution of a theoretical 

exponential distribution. 
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Fig 1: Inter-Arrival Times Cumulative distribution plot 

 

Bus Park Inter-arrival time empirical cumulative distribution 

was compared with that of the theoretical cumulative 

distribution. This was done in order to determine if there was 

a relationship between the two distributions. From fig 1, it can 

be observed that there is no significant difference between the 

two distributions hence deducing that the data could be 

modeled as an exponential distribution. To affirm if the 

sample followed exponential distribution, this study went 

further and conducted a K-S and A-D goodness of fit test.  

 

3.1.1 K-S and A-D goodness of fit test 

 
Table 1: Inter-Arrival Times K-S and A-D tests 

 

Description Kolmogorov-Smirnov Test Anderson-Darling Test 

Statistic 0.04418 0.69049 

α 0.05 0.05 

Critical Value 0.0693 2.5018 

Reject? No No 

 

From table 1, it can be deduced that K-S test the statistic = 

0.04418< the critical value = 0.0693 indicating that the data is 

exponentially distributed. In A-D test the statistic = 0.69049 < 

critical value = 2.5018 confirming that the sample data is 

exponentially distributed. This forms the basis of concluding 

that Bus Park revenue collection point inter-arrival times

followed the exponential distribution hence Markovian. 

 

3.2 Service Times Distribution 
The service time distribution was plotted alongside the 

theoretical cumulative distribution of an exponential 

distribution and comparison made. 

 

 



 

~29~ 

International Journal of Statistics and Applied Mathematics 
 

 
 

Fig 2: Service Times Distribution Plot 
 

From fig 2, it can be observed that the service time 

cumulative distribution graph doesn’t vary significantly from 

the theoretical cumulative distribution graph. To affirm that 

the service times followed the exponential distribution, this 

study took a step further and conducted a K-S and A-D tests 

to determine if the sample data indeed followed the 

exponential distribution. 

 

3.2.1 Service K-S and A-D Goodness of Fit Tests 

 
Table 2: Service times K-S and A-D tests 

 

Description Kolmogorov-Smirnov Test Anderson-Darling Test 

Statistic 0.0465 1.3295 

α 0.05 0.05 

Critical Value 0.0693 2.5018 

Reject? No No 

 

From table 2, in K-S test, the statistic value = 0.0465 < critical 

value = 0.0693 indicating that the sample data is exponential 

distributed. In A-D test, the statistic value = 1.3295 < critical 

value =2.5018 confirming that the sample data has an 

exponential distribution. Thus it can be deduced that the data 

follows the exponential distribution. These imply that Bus 

Park revenue collection point service times are Markovian. 

 

4. Conclusion 

The empirical cumulative distributions for inter-arrival and 

service times were plotted together with the theoretical 

distribution of an exponential distribution. Comparison was 

made to determine if there was a relationship. There was no 

significant difference in the plots of the cumulative 

distributions. Further, K-S and A-D goodness of fit test was 

conducted to both the inter-arrival and service times. For the 

case of inter-arrival times, K-S statistic = 0.04418 < critical 

value = 0.0693 while the A-D statistic =0.69049 < critical 

value = 2.5018. Both the K-S and A-D goodness of fit test 

confirmed that the inter-arrival times had the exponential 

distribution. On the other hand, service times K-S statistic = 

0.0465 < critical value = 0.0693 while the A-D statistic = 

1.3295 < critical value = 2.5018 indicating that the STs fitted 

the exponential distribution. This study concluded that both 

the inter-arrival and service times were exponentially 

distributed It was deduced that the inter-arrival and service 

times were Markovian. The revenue collection point used 2 

servers. These indicate that the structure of the model used at 

Bus Park Revenue collection point was a multi-server model 

defined as M/M/2. 

 

5. Recommendations 

i. The methodology employed in this study can be extended 

to other revenue collection points within the County to 

determine if they are also Markovian or not. 

ii. Kisii County Government and/ or future researchers can 

use the fitted queuing model (M/M/2) to analyze the 

performance of the model at Bus Park Revenue collection 

point. 

iii. Future researchers should study to determine whether the 

inter-arrival and service times can fit the non-Markovian 

queuing models. 

iv. Future researchers should do an investigation to 

determine if the queuing model applies to the peak and 

off-peak times of the day/ month. 
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