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Abstract

It appears from the survey of literatures carried out previously, that there is much scope of carrying out
further study on fixed point theory. In the light of this, the present research work proposes to examine the
existence, uniqueness and validity of the different properties of fixed point of two self mappings under
certain contractive conditions in cone metric space with w-distance. Further, an effort has been made to
investigate the existence, uniqueness and application of random fixed point theorems which are
stochastic generalizations of classical fixed point theorems, which in other way has also been named as
deterministic fixed point theorems.
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1. Introduction

Fixed point theory is a basic tool in application of various branches of mathematics from linear
algebra, elementary calculus to topology and analysis. This theory is very closed to other
disciplines like Game theory, Optimization theory, Physics, Economics etc. Fixed point theory
has been developed in various spaces in last century. In modern day this theory is very
favourite for researchers. The concept of fixed point theory was firstly propounded by
Poincare P! in 1886. After that in 1912, Brower @ proved fixed point theorem for solution of
equation f(x) = x. In 1922, Polish mathematician Stefan Banach ™ who was one of the
founders of functional analysis gave a principle which was one of the fundamental principles
in the field of functional analysis. In that principle S. Banach stated as follow-“Every
contraction mapping of a complete metric space X into itself has a unique fixed point.”
(Bonsall 1962).

In 2007, concept of a metric space was generalized by Huang and Zhang ! by replacing the
set of real numbers by an ordered Banach space and obtained some fixed point theorems for
mappings satisfying different contractive conditions. On the other hand during last decade of
20" century Osama kada [ and Naoki Shioji ™ introduced the concept of metric space with
w- distance, gave some examples, properties of w- distance and improved some known results
also. By using this concept proved a complete metric space which was generalized the fixed
point theorems of Subrahmanyan 2, Kannan [l and Ciric Bl In consecutive years various
mathematician established some fixed point theorems.

In this sequel in 2011, Dhanorkar and Salunke ™ and in 2012 Manish Sharma and Rajesh
Shrivastva [% obtained some fixed point results for cone metric space with w-distance.

In 2013, S. k. Tiwari, R. P. Dubey [ proved some fixed point theorems for generalized
contractive mapping in cone metric space and with A. K. Dubey ¢! they gave common fixed
point results in cone metric spaces. Recently in (July 2017), S. K. Tiwari, and Kaushik Das 4]
extended some common fixed point results for contractive mappings in cone metric spaces.

In this research paper we will define w-distance, cone metric space, normality of cone and
proof some new common fixed point theorems for contractive mapping on cone metric space
with w-distance. This result improved and modified some well known results in literatures
also.
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1.2. Preliminaries
We recall some standard notations and definitions

Definition 1.2.1: Let E be a real Banach space and P be a subset of E. Then P is called cone iff,
a) P is closed and nonempty subset of E and P#{0};

b) a,beR",x,yeP=ax+byeP.

C) XEPand_XEij=O

Given a cone P < E. We define a partial ordering < on E with respect to P by X < y < y—XeP. We shall write X <<y
if y—xeintP. Ifint P = ¢, then cone P will be solid.

Definition 1.2.2: The cone P is said to be normal if there is a number K>0 such that for all X,y € E,0<x <y implies

X< K]l[-

Definition 1.2.3: The cone P is said to be regular if every upper bounded increasing sequence is convergent
i.e. if {X, },; isasequencesuchthatX, <X, < X, <..<Yy forsome y € E, then Ix € E such that Iim||xn — X|| =0.

nN—oo
In similar manner the cone P is regular if and only if every sequence which is decreasing and bounded below is convergent.
Definition 1.2.4: Let X is a non empty set. Let d : X x X — E be a mapping satisfies
di. 0<d(X,y) apg A% Y) =0 X=Y ¢ o X% Y € X
dz: d(X,¥) =d(Y,X) goran % Y € X

dy. d(x,y) <d(X,2)+d(Z,X) poran % Y-Z€ X
Then d is called cone metric on X and (X, d) is called cone metric space.

Example: Let E=R?, P={(x,y) € E:X,y>0}c R® X=R and d: X x X — Rsuch thatd(X, y) = (|x—y|,a[x—y]),

where 00 is a constant. Then (X, d) is cone metric space.

Definition 1.2.5. Let X be cone metric space with d. Suppose the mapping p: X x X — E s called w-distance on X if
(wy)) 0< p(X,y) forallx,y € X,
w2) p(X,2) < p(x,y)+ p(y,z)forall X,y,ze X,

(ws) p(X,z) — E is alower semi- continuous for all X,z € X
(wy) for any & > O there exists >0 such that p(z,Xx) < and p(z,y) < Fimplyd(X,y) <« ,where a, S € E.

Example: Let X be norm linear space with Euclidian norm. Then a mapping pP:X xX —[0,00) defined by
p(x,y) = ||x||+||y|| ,forall X,y e X isaw-distance on X.

Definition 1.2.6: Let (X, d) be a cone metric space with w-distance P, X € X and {X,},.; be a sequence in X. Then,

(1) {x, }is called a p-Cauchy sequence whenever for every {X } there exists a positive integer N such that, for all
m,n>N, p(x.,X) <a.

2 {Xn}sequence is called a p-convergent to a point X € X whenever for every a € E,0 < ¢, there is a positive integer N
such that, for all N> N, p(X, X,) < & We denote this by limx =X or X, — X.

n—o

(3) (X, d) is acomplete cone metric space with w-distance if every Cauchy sequence is p-convergent.
Lemma 1.2.7: There is not normal cone with normal constant M<1.

1.3. Main Result
In this section we will establish following three theorems which improved various existed fixed point results.

Theorem 1.3.1. Let (X, d) be a complete cone metric space with w-distance p and let P be a normal cone with normal constant K.
Suppose Ty, T, : X — X be any two continuous and surjective mappings satisfying the contractive condition.

p(Tyx, T,y) < ap(x,y) + BlpCe, Tix) + p(y, Toy)].coeennn. 1.3.1.1
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forall x,y € X, where a > 0,% < B < 1areconstants, with ¢ + 2 § < 1. Then T; and T, have a common fixed point in X.

Proof: Let x, be an arbitrary point in X. Since T; and T, be onto (surjective), there exist x, €X and x1 €X such that T; (x;) =
X0, To(%2) = x1.

In this way, we define the sequences {x,,} and {x,,+1} by
ka = T1x2k+1 fOI’k = 0,1,2,3
And x2k+1 = T2x2k+2 fOI’k = 0,1,2,3 .......

Note that, If x5, = X541 some k> 1, then it is fixed point of Trand Ta,

Now putting x = x,x41 and y = X,x4,, We have

P( X2k X2k41) = P(T1Xok41, ToXok42)

D Xak Xok+1 = AP (Xoks1, Xors2) T BIP(Xaksr Tixoks1) + P(2kszr ToaXok42)]
< P(Xaks1 Xake2) T BIP (a1 X2k) + P(Xzks2, X2k41)]

= (@ + B) p(Xaks1 Xok+2) + B (X2k41, X2k)

= (1= B) p(x2k X241) <(@ + B) P(X2k41, X2k42)

a+B
= P(Xaks1, Xak+2) <775 P(X2k Xak41)

= p(Xok+1 X2kr2 ) Sh D(Xop, X2k 41), Wwhere h = %E'O <h<s1l
In general,

P( X210 Xap1) S h P(Xgpm1, X2p ) <o v oS W p(x0%1)

So,for k < m,we have

P(Xoks Xom) < P(Xoks Xopg2) Fovn o oo +0(X2m—1, X2m)

< (R%* 4+ R2FFL 4 B2MT D) p (X, X1)

hzk
<1 P(xo,x1)
2k
Implies that p (x5, X27m) Sf_—h Kp(xy, x1) (since P is normal).
2k

—0
h}

Thus, kIim P(Xpys Xop) =0. £ 0<k <Lk — o0,

Therefore {x,,} is a Cauchy sequence in X.
Since (X, d) is a complete cone metric space. Therefore, there exist x* € X such that x,, - x*ask — oo.
Now,

p(Ty x*,x") < p(Tixok41, T ™) + P((T1X2p41,X7) —0 ask — oo

Since x5, = x*and Tyxyp41 — Ty x" as k — oo. Therefore p(T; x*,x*) = 0 This implies that, T; x* =x*. Hence x* is a fixed
point of T; -

Similarly, it can be established that T, x*= x™.

Therefore, T; x*=x"=, T, x*.

Thus x* is the common fixed point of pair of maps T, and T,.This completes the proof of this given theorem.

Theorem 1.3.2: Let (X, d) be a complete cone metric space with w-distance p and let P be a normal cone with normal constant K.
Suppose Ty, T, : X — X be any two continuous and surjective mappings satisfying the contractive condition

p(Tix, Toy) < alp(x,y) + p(x, T1x) + p(, To))] + Blp(x, Toy) + p(y, T1x)] ...1.3.2.1
forall x,y € X, wherea > 0,8 < 1 are constant, with 3a + 2 8 < 1. Then T; and T, have a common fixed point in X.

Proof: Let X, be an arbitrary point in X. Since T; and T, be onto mappings. Then, there exist
Xo €EX and Xy €X such that,

Ty (x1) = %0, T2(x2) = x4

In this way, we define the sequences {x,,} and {x,; 41} by
Xy = Tyxppeq fork = 0,1,23 .......
and x,541 = ToXopee fork = 0,1,2,3 ... ...
Note that, If x,;, = x,,44 some k > 1, then it is fixed point of Tiand T,
Now putting x = xy,4q and y = x4, We have
P( X2k Xak41) = P(T1Xok+1, T2 Xok+2)
< a[p(arr1, Xarrz) + Pkt TiXonsr) + P (Xakrzr ToXok+2)]
+ Bl (Xak+1, ToXak42) + P (Xakrzr TiXag+1) |
< a[p(Xaks1s Xas2) + P(Xonrrs Xai) + D (Xoks2) X2k41)]
+ BIP(2r1 X2k41) + P(Xaks2, X2r) |
< @ [2p(Xaks1, Xak42) + P (Kaprs, X21)]
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+B[ P(Xok+1) Xok42) + D(Xaks2) Xak41) T P(2ks1s X2k)]
= a+2B)p(xzk+1, X2k+2) + (@ + B0 X2k X2141)
= [1— (a+ )] p(xX2k X2k41) <Ra + 2B) P(X2k41) X2k42)

(2a+2B)
= p(Xak Xok41) = 1_(a+ﬁ)p(x2k+1vx2k+2

Therefore, p(x X ) < hp( x5, x , Where h = (2a+ 23), <h<1
PXak+1, X2k +2 P\ X2k X2k +1 1—(a+p)

In general

P( X2k Xok1) ShP(Xpq, X2 ) < oon < h**p(xex1)

So for k < m, we have

X2k Xom) < DKok Xop42) tovv oon oo +d(Xzm-1,X2m)

S (th + h2k+1 + cee see see sen + hzm—l)p(xo'xl)

h2k
SE p(xo,%1)
2k
. P(X,, %) (Since P is normal)

implies lim p(x,,, X, )<
p k,m—o0 p( 2k 2m) 1
Thus for lim p(X,,,X,,) =0,k < m.
k,m—

Therefore {x,,} is a Cauchy sequence in X.
Since (X, d) is a complete cone metric space.
Therefore, there exist x* € X such that x,, - x*ask — oo.

Now,
p(Tox%,x") < p(Tixpesr, T X7) + p(Tixgsr,x?) 0 ask - oo,

Since x,, = x " and Tyxyp41 — T1 X" as k — oo. Therefore p(T; x*,x*) = 0.

This implies that, T; x* =x*. Hence x* is a fixed point of T} -

Similarly, it can be establish that T, x*= x™.

Therefore, Ty, x*=x*=,T; x*.

Thus x* is the common fixed point of pair of maps T, and T, . This completes the proof.

Theorem 1.3.3: Let (X,d) be a complete cone metric space with w-distance p and consider P be a normal cone with normal
constant K. Suppose T;,T, : X — X be any two continuous and onto mappings satisfying the contractive condition.

p(Tix, T,y) < ap(x,y) + Bp(x, T1x) + yp(y, T2y) + n[p(x, T1x) + p(y, T,))].........1.3.3.1

for all x, y € X, wherea = 0,8 >0,y S% and %< n < 1are constants with @ + 8 +y + 2n < 1. ThenT; and T, have a
common fixed point in X.

Proof: Let x, be an arbitrary point in X. Since T; and T, be onto mappings, then there exist X, €X and x; €X such that
Ty (x1) = xq, T2 (xz) = %1

In this way, we define the sequences {x,;} and {x,.+1} by

Xop = TiXxypeq fork = 0,1,2,3 .......and

Xops1 = TaXopep fork = 0,1,2,3 ... ...
Note that, If x,;, = x,41 some k > 1, then it is fixed point of Tiand T».
Now putting x = x,,44 and y = x,4,, Then we have
P( X2k, X2k 41) = P(T1X2k+1, T2 Xak+2)
P(X2p Xa1) S AP(Xaks1 Xake2) + BPXair1 Tixas1) + ¥YP(Xaks2 ToXaks2) + NP (Kzkr1, TiXaks1) + P (Xairz, TaXaks2)
< ap(Xoks1 Xaks2) + BP(Xaks1, X2k) + ¥ P(X2k42) Xok41)

[P Czrs1, Xai) + P(X2k2) X2k41) |
= (a +v + Mok X2k42) + (B + 1) Pkt X21)
= [1— (B + M]p(x2k Xap41) (@ + ¥ + 1) P(Xzk41 X2k42)
at+y+n

= p(Xp Xok41) < P(X2k+1) X2k+2)

1-(B+n)
+y+
= p(Xoks1 Xok+2 ) < hp( Xk, X2k41), Where h = 1:;2): <h<1
In general
P( X210 Xgp41) Sh P(Xopo1, X2 ) < o oo < W (x0 x7)
So, for k < m,we have
X2k Xom) < DXk Xog42) +ovvnnnnn. +p(X2m—1, X2m)
< (h2k + R 2™ DYp(x0, X1)

n2k
Sy p (%, %1)
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2k
implies kIim P(Xpy s Xo) < 1h_h Kp(X,,%,) (Since P is normal)

Thusfor lim p(X,,%,,) =0,k < m.
k,m—o

Therefore {x,;} is a Cauchy sequence in X.

Since (X, d) is a complete cone metric space.

Therefore, there exist x* € X such that x,, - x*ask — oo.
Now,

p(Tyx",x") < p(Tyixaps1, T1 ™) + p((TiX2k41,X7) —0 ask — oo.

Since x,;, = x "and Tyxy41 — Ty x" asn — oo. Therefore p(T; x*, x™) = 0.

This implies that, T; x* =x*. Hence x* is a fixed point of T;

Similarly, it can be establish that T, x*= x*.

Therefore, T; x*=x*=,T; x*. Thus x* is the common fixed point of pair of maps T, and T, .
This completes the proof.
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