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Abstract

Accurate survey data is important for planning and decision making. The presence of measurement and
response errors in survey data can result in biased estimates as well as estimates with large standard
errors, affecting the power of the statistical test to be carried out. It is important to investigate the effects
of response errors when computing survey data so as to obtain reliable information for use by statisticians
and policy makers. This paper investigates the effects of measurement and response errors in elusive
surveys where the population has capture problems. The technique of centre sampling (CS) which entails
collecting data on especially migrant populations is studied. In the technique, observations are made on
those subjects who visit specified centres within the survey time period. This paper also investigates the
technique of two-phase Centre Sampling (CS). A simulation study is carried out to establish the effect of
response and measurement errors in centre sampling (CS) and two-phase Centre Sampling (CS). Using
profiles at different levels of multiplicities, it was found that the errors affect the statistical estimates,
even in small proportions to true values resulting in large estimation errors in both the mean and the
variance. It is therefore recommended that both measurement and response errors be put into
consideration when designing and carrying out a survey for more accurate results.

Keywords: Elusive populations, response errors, center sampling, two-phase sampling

1. Introduction
In elusive surveys, the population units are not only difficult to capture but response errors can
be quite high especially if the study variable is an undesirable characteristic. Elusive
populations with undesirable characteristics include populations such as homosexuals, drug
addicts and illegal immigrants who are difficult to sample because they are rare in the general
population and often not easy to identify. Such populations are generally best sampled and
surveyed on specific locations or venues, commonly known as centers of sampling. The
process is referred to as Centre Sampling (CS).
Centre sampling was developed in Italy to carry out surveys on immigrant population
composed of regular people (those with a residence permit according to the law) and irregular
people (those illegally residing in the country), (Blangiardo, 2004) 1. Work on elusive surveys
has been done by Mecatti (2002) 61 and Migliorati (2003) €], amongst others. Fuller and
Burmeister (1972) considered estimators for samples selected from two overlapping frames.
Most sampling theory methods are limited to sampling designs in which the selection of the
samples is done before the survey, such that none of the decisions about the sampling depends
on what is observed when gathering the data. In such typical surveys decisions such as how to
sample during the experiment are arrived at and fixed in advance.
In repeated surveys, differences in response given by respondents may be caused by lack of
understanding of the questions, difficult in determining a true value or due to lack of
information required to answer the question correctly. The interviewer may contribute to the
differences in responses by giving different interpretations which may lead to the interviewee
not understanding the subject matter and the purpose of the survey (Burton and Blair, 1991) (1,
In studies where sampling is carried out instead of a census, two major categories of errors in
survey estimates arise, namely; sampling errors and non-sampling errors.
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Sampling errors occur when only a part of the population is studied to make inferences about a target population. Sampling error
would therefore not exist if a census is conducted. Non sampling errors arise in the course of collecting data, through the
measuring process, interviewing or during observations. The other source of non-sampling errors is non-response, where
respondents fail to respond due to reasons associated with the study variable.

The centre sampling relies on the habit of the immigrants to congregate in particular places for social contacts, healthcare, religion
or places such as churches, mosques, bus stations, markets, hospitals etc. Such centers which are finite in number are usually
spread all over the geographical area of interest and overlap covering the entire population. Due to this, the number of centers is
taken to be more than 2.

In order to handle the problem of non-response and response errors, a two-phase sampling is necessary since under the general
conditions of a survey, the measurement for any individual varies over repeated trials of the survey measurement process.

The survey question and answer process is a four-step process that involves comprehension of the question, retrieval of the
information from memory, assessment of the correspondence between the retrieved information and the requested information and
communication (Sudman et al., 1996). The encoding of the information, a process outside the control of the survey interview,
determines whether the information of interest is available for the respondent to retrieve from long term memory.

2. Estimation in Elusive surveys under non contaminated data
In this section consideration is made on estimation when data is assumed to be free of measurement and response errors under
Centre sampling. Suppose the population is finite of size N and the study variable is M Let the population true (error free) values

be {'ul""’ﬂi’""ﬂ“} . Let there be L centres and define the indicator variable
1 if the i™ unit visits centre I,1=12,...,L

= 0 otherwise

@, =@ @y, 0 ]

Then unit i is characterized by the vector ' which is referred to as the profile of that unit.

Each unit which has one of the 2" -1 possible ordered collections of L-tuples of the digits zero and one has unique profile. The

null L-tuple is not a profile. Denote by [ rLren rI-]the rth profile, where w; = (@, @,

®

) is one of the
r 2" =1 possible profiles.
Profiles are very important practical tools since they can be assumed observable by asking the sampled unit the question; “Which

other centers among the L considered and besides the one where you were sampled do you attend?”.

According to Mecatti and Migliorati (2003) [*"], the population mean is given by

1 b1 Nlmr
H= W Z Z luqu
r=1 g=1
Where Fhrg is the qth unit with profile I in centre I

L
”:mr = ZI:la)

(Birnbaum and Sirken, 1965; Thompson, 2002) 221, then using profiles and multiplicity, # can be expressed as

()
" denotes the number of centers attended by units with profile ' i.e. indicating the multiplicity of the re profile

| r=1 mr g=1 (1)

h
is the mean of “ inthe 1" center adjusted for multiplicity.

a, = N,

=L

By defining N as the weight of the I center with respect to the population, then
L

H= ZOQ Hy
1=1

@
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A

If an unbiased estimator # unbiased for # under a general sampling design is given, then

=Y

= ©)

El)

is an unbiased estimator for # and, by assuming independence of samples among centres, it has variance,

var(,ﬁ) Zal var(ﬁ)

2.1. Extension of Centre Sampling to Two phase Centre Sampling (CS) design
The two phase Centre Sampling (CS) can be applied to cut on budgetary allocations or in cases whereby a number of centres are

fairly large in size. It can also be applied when centres are expected to be fairly similar the characteristic M observed such that it
might be impractical to exhaustively enumerate the selected centres. Under two phase CS design, n out of L centres are selected at

_ o o (l=1.,20-1) T
the first phase with inclusion with respect to probabilities . The "'iunits are drawn from the selected
centre in the second phase, under sampling design not necessarily conforming to the first phase.
th
th
Using profiles “"rai to represent the second stage inclusion probability of the g unit with profile @ attending the 1™ centre
selected at first stage, the following estimator;

7T

| r=l mr s=1 s (4)

is unbiased for ,u, under the second phase sampling design (Mecatti and Migliorati, 2003) 117,
Thus

A Z":al ﬁ
= 7T ()

is an unbiased estimator for # according to standard theory for two phase centre sampling (Hedayat and Sinha,1991) [*2, By
using sample totals instead of sample means the estimator (4) agrees with Maiti, Pal and Sinha (1993) [ estimator for the
population size N under two-dimensional sampling. Using standard results from two phase centre sampling, the estimator (4) has
variance

var(ﬁ):gafﬂf[——1]+22a,a,y,y,( ]JrZ—var( )

1=1 1I'=1 =1 7T,

(6)

7T var ( 1
with * 1! being the joint inclusion probability of the pair of centers | and I at the first phase selection and a ('u') conform
with the general form (5).

m>0,(I1#1'=1,...,L)

Assuming , according to Mecatti and Migliorati (2003) 71 +, an unbiased estimator of the variance (6)
is given by
A2 )y, o fh iy | 7y
(i) = = ~1|+ )
@)-5 ] JZE )3l

()

3. Estimation under Centre Sampling (CS) for elusive population when there are measurement and response errors
Estimation is now considered in the presence of measurement and response errors. It is assumed that there exists a true value for

each population unit which we denote by #irg for unit 9 with profile I in centre | in the population of size N.
In the process of making observations, a response error occurs for individual 4 with profile r in centre | such that rather than

observing #ira | we observe Yia where Y is modeled by
yqu = /uqu + eIrq (8)
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€ . . - .
"4 heing the measurement error. Note that the value 9 goes not change for unit 9 itit appears in other centres.

. n n . . . .
Let the sample size selected from centreI be '.Let " be number of units selected having profile r. The error term s
assumed to have

E(ey)=0 gV CHET#
COV (€1q: €y ) = Oirrgy

COV (€141 €y ) = Oirraq

COV (€14 €ivq ) = Oirrrag

~

Define '9' as the estimator of Hy given by

2L—1

= LY

Ny = M, 4 7 9)

n

7T,
Where ~ '™ s the 1%t order inclusion probability of unit g with profile r in centre | and g is the estimate of */

~

The expectation of ‘9' is considered as a two-phase process where in the 1t phase a unit is selected into the sample and in the 2"
phase, an error randomly occurs from the population of possible errors. The expectation is therefore

c(3)-5,5,(4)
i)-e 25 Ly )
()i 5 Lyl ) L5

1
I r mr ges ”qu NI r= r ges ﬂ-qu (10)

Em
E

Where :uI:q = Em(yqu) = Hirq +b|rq

The expectation over sampling is

1 2t

i) 5 L3t

1 e My a5 g

1331 & il
5[ S L sl

= My g Zirg

1 « "
= — _ = 9
N, &' m, ;ﬂ"“ | (1)
1AL tirEp (1)
pm( )_ N| rz_ll mr Z=: ﬂ_qu
—1 1 Njwr
N ﬂqu _E(e)
| r=1 mr 1=1 (12)

We can therefore write
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L n L
Epm (/[l) = Epm (Zalel j = zalel* = 0*
L=1 L=1

Where v = Epm(ﬁ) and 9' - Epm(g')

The bias due to measurement errors is
Bias(a) =E,, (9) —u=0-u
The variance of the estimate is given by

V() =V,En(6)+ENVa(9)

(e (0)]w| o S a s

r=1 mr ges 7z.qu

1 21 1 ,u|rq quﬂqu
- - \V .
LS L St (1,2 T i)

N(AJ

1 N Ne gor
3 zzucov(l.m,l.m»}

e MMy =iga g

133 1| e FingFie
:N_|2 Z_{zﬂlqv( 'rq) ZZ e ”Irqq]"

o2 m Irg q=q’ ﬂqu Irg’

1 &S g
» zz—}

rer MMy gsrg= g v

We then obtain

0

|
‘ —
M-
| —
— =
<
—_
S
o
N—
+
]
g
o
S
<
—_—
<
_;(‘D
o
N—

2 2
I\ll =1 M| ges Tirq q=q’ Tirgr Tirg
2t
LSy sy G RN IE WA
T N2 2 Irr'qq’
N =T m | o ”,,q a=q’ 7w’ Irqq’ | rer’ My ™ =g’
Then
ot N,
1 O-Irq Irrqq
E, (V)= Z Z l ZZ lirg
p rq rq 'lrg’
r=1 mr g=1 Irq a=q" irg7irg
21 ol N o T O T
Z Z Y Y e ZZ ZZ S
2
—lm q=1 ﬁqu q=q’ ﬂ-quﬂ-qu I\II rzr’ r’ q=q’ ﬂ-quﬂ-rq

V-Ten

, assuming independence between centres to get,
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V(0)-F e {ZH Im[__l}zz y.rqu;;q( L _1H

q=q Irq Irq’
luquluqu
N3 —ZZ (i = i)
r#r' a=q’ ﬂ-quﬂ-qu
N2 1% - 1 Gquﬂ.qu ﬂlfrqq
+ZN N2 Z ZZ Olrraq
1=1 1 r=l m Irq ﬂ-quﬂ-qu (15)

3.1 Simple Random Sampling
Under simple random sampling without replacement,

Soh n (n —1)

Irq N| ' Irrqq N| (N| _1)
n n
E(Iqu):Nl = Irq_NII

n(n —N,)
Cov (1 e ) =Coy (1o Vgt ) = g = Zip g = — s
OV(lq Iq) OV<lq Iq) Irqg’ Irq”®Irg" ™ N|(N|_1)

This gives
* 2
A L lulr 2L_1/u Ir
V(@)= “__— g
g z( 22 w55
+ ’
=N ™ e (16)

An estimator of the variance is

R o

= N, s M r=1 s My
a7)
Then
SN AR N, N,
V(el)_ Nz{rz_; mr {; Irq(nl 1J+(§Z/’lquﬂqu ( (Nl_l)J
Niwr Niop N|y)
+zz z Z :aqu:ulr q' ( N _1)
rer' m,. q=q’ (18)

The variance of the estimator can be written as
Von (6)=V,E, (6)+EV,(9)

Where,
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%2

V,E,(6)- Tt T L %Mq[l_mj ZZﬁqﬁqvwn._—ll)) N U

L N|2 r=1 mr g=1 9+a —_
NI N, N,
1 R Higbeg [ M(M-1) oy
+;mer;§ non (N(N-1) NN,
I\Il qu
__:E: 2 1 iif_ 1 N| 1 %?i # E?i:g:
= 4 Q) N|2 - m2 nl = luqu n,(N 1) = luquluqu
Ny N
oy Quy PR (nl'_NV)
Y 2 3 b nl,(NI,—l)} )
And
A\ , 1 21 1 | N O'“,q O\rqq- I _1)
Eme(H)—Za, N,2 Z_l:m qz_;, ;zn n, N(N 1)
N| NI NI
Nig N
Lt O-Irr qq" nI(nl _1)
+ -
T 22 (D
qu qu
1 n (N
TN ;m 0 qul m n|(N 1);2 "qq} +§merq2_1]q2_;0mqq (N =DJ g

4. Estimation under two phase Centre Sampling (CS) for elusive population when there are measurement and response

errors
In two phase centre sampling a sample say S’ is selected at the first phase (phase 1) and some auxiliary variable X is observed.

In phase 2, a subsample is selected from the phase 1 sample.

Let as usual "irg be the inclusion probability of unit 9 after the two phases. We can write

i P(unit q is selected after both phases)

= P(unit g is selected at phase 1) xP(unit q is selected at phase 2 given that it was selected at phase 1)
= ﬂ-qul X ﬂ-qu2

Or simply

ﬂ-qu = ”Irqlﬂ-quz

The estimate of H is therefore

=Y,

=1
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Where N =M 6 g

The expectation now becomes

. 1331 ¥
Ep1pzm(9|):E _Z_Zﬂ

2 A P < -l {
EE Ly Lytile p L5150
TUIVN T moo T |"'»Tur_'f
1 221 1 Nur u
rq H
Z Iqus' since Epz(lqus):ﬂ-qu2 Epl(lqus‘):ﬁqu1
I r=1 mr g=1 77
,U|
| r=1 mr g=1 rq

The variance under the two-phase sampling and measurement model is given by
A A A A\ 2

\% (HI ) :VPlemel = EplEp2 Em (0| _0>

=V, E,E.(§)+E,V, E.(4)+E,E,Vn ()

The three components are obtained as follows,

n 1 b1 1 yr
VmEszm(Q)zvaszmLWz_z IqJ

| r=1 mr TI:qu

wfigig

r ges ﬂ.qu
21 1 ul |
_ rq ' Irgs
=V,.E,, Z 2"
I r qes ”Irq
2"—1 * 2L-1 Nig
Yy |y, | L L el
r M, ges' ”Irql m, o2 ﬂ.qui
-1 Nwr Or
uIrq7rqu1 (1 ”Irq ) I uIrququ
{z Z Z Tirge, ~ gy gy
r r q=1 ﬂ-qul q#q ”Irqlﬂ-qul
Nlur Nla)r u u
Irq Irq’'
+ZZ 22— (g = i T,
rer MM g2 g ﬂ-qu ﬂ-qul

Then

E,Vp, En (é) =E,V, { ZLZ_l Z b :l

r r ges ”Irq

r ges' 7Z-Irq
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2t

p1 NZ{Z

r ges’

YLy e

rer MMy g2 g3 ﬂqu”qu

Irq

uIrqulr q'
ﬂlrr'qq'z - ﬂ-quz ﬂ-lr‘q

Nio 11*2
Irq
pl Nz{zm Z 2 g, (1 72-'“12)
r=1 a=1 “*Irq
Nioe Nigp

I I

rer M mr g=1 g'#l ”qu”qu

*2

U” 7T, (l 7T, ) u:u’
q”"Irg, Irg, Hirg~lirg" (
Z ” ZZ ”quQ‘z

q=q’ ”Irqﬂqu

Y
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- ”Irqzﬂqu‘z )

L

N
loy uqu

ur
Irq*
(ﬂ-quq ﬂquzﬁquz)llrrqqs
q#q’ ﬂ-quﬂ-qu

(ﬂlrr 'qq', ”Irqzﬂlr q', ) IIrr qqs}

= o | UprqUrrg:
_ rq _ rq-Irg’ _
- {z m Z (l ﬁl"‘lz ) Z Z |rqq'1 (ﬂ-“'qq'z ﬂl"Qz ﬂ-qu'z)
r=1 a=1 ““Irq =0’ Zirgirg:
Nioe Nigp ul ul
Hirglirg” _
D e S CWEE AP
r#r gq=1 q'#1 7Z-|rq7z-|r q' (23)
Then
yqu
EpEp Vi =B, Ep Vi Z z
’ ' r qes ﬂ-qu
T Zm 2 - ZZ s Zme ZZ .
r=1 " | qes Irq a=q' Zirg 70 r#r 9=1 g'=1 Zyrg Xy g
1531 GIZ Oirgg' Oirgg' |
By BV = o By 71 27| 2 s+ ZZ D) N ZZ —
P My | ges' Irq a=a" g7’ rer MM, a=a' TirgZlirg:
1 21 1 J|rq Gquq ﬂquq P O-Irr qq ﬂ.lrr '09',
I TS 3 e )
I r=t W [ ges 7[qu17[qu2 020" irg7irg: r#r o=l rgZlrg
L N 2
1 2--1 1 loy Glr Nio, o o
_ il q Irqq* Irr'qq’
_Ep1 N2 m> Z 2 m*ZZ ﬁlrrqqzllrrqqs +ZZ ”Irrqqzllrrqqs
| r=1 ' | g=1 7Z-Irq1 Irq2 q=q’ ﬂ-qu Irq' r=r' ”Irqﬂ-lr q'
1 21 1 Nlur O_qu O_Irqq Ty qq’ Oy qq s qq’
N & D +ZZm 2
1 r=1 " | o=l ﬂqulﬂ-quz ﬂquﬂqu N r£r ﬂquﬂ-lr q'
1 = 1 NI( O-Irq O_Irqq Tyrr: qq’ Oy qq s qq'
N & Yy y T +ZZm 2
1 r=1 ' | g=1 ﬂqulﬂ-quz ﬂquﬂqu N r=r ﬂquﬂ-lr q'
LIS LIS o 3y Gl | 55 Ly G
~ N2 2
NI r=1 W | 9=l ﬂ.qu q=q’ 7Z.Irq7z.qu r=r M M. ﬂ-quﬂ-qu
(24)
4.1. Simple random sampling in both phases
21p | Ny ( ) Ul [ (N =1)  nf nf
* Irq Irq' [ Ir‘l r]I
V, E, En(6)= {Zm 2. e ZZ NN NN,
r=1 g=1 g0’ 1 I [ I
N| I\II NI
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Ni, N ’ ’

she UirgUirg nI(nl _1) nl' n|'
+ —N —L.L
;Z qz—;‘q—l |.|(NI(NI_1) N, N,

N, N,

1 21 1 II Nio, ler I! _ NI) Nige Nigp
e S Mot S S [ S LS S

=1 M, q¢q (N 1) rer MM 93 o

(25)

Secondly

u? [1—”'}
E,V,E (é) i{zz“_li 2 izuquuqu 1)(n|(n|:l)_:_:’_:_:l]

NI2 r=1 mr2 g=1 q=q’ n N n 1) nlf(nll 1)
n.' o
W Up U 0y (0 =1)(n(n=1) n n,
+ [ —_—
;Zm m. qz_;‘qz_‘i nononf(nf=1)(n/(n/=1) n n
non
1 n- nI i ) Niog Nioy
= NIZ L mrz z Irq ( ) ;Z Irq Irq nl,( - ;Z m mr ; qz_l Irq Irq (26)
Similarly
. . n(n-1) ) . n(n-1)
1 2t 1 N ! Ny log ( 1op Ny ( )
E E, V = 41 _- ,
7| 2| i, 20 2 1 Ezmmr 2.5
n n n on
1 2t 1 I Nig, Nmr Niy, Nip
:W Z Z Oyrq T n_ Zzaquq ZZ ZZ% Q'
I =t m N o=t ( I qtq r*f MM 4= g=1 (27)

5. A numerical example
Considering an example with four centers. This implies that there are 2--1=15 possible profiles
with multiplicities as shown in Table 1.

Table 1: Profiles and multiplicities of the 4 centers

Centers 1/2|13|4|5|6|7|8|9|10[11]12|13|14|15

1 1/0/0j0|1j1j1j0]jO0]J]O]21T |1 |1]0]1

2 o0{1j0j0j1j0jo0j1rj2jo0oj1j1j]0117]|1

3 oj{ojrjo0joj1jojrjoj1j1j0]1]11|1

4 o0{ojoj1jojoj1jojy1j1j0j1]1]11|1
Multiplicities | 1 |11 |1]2|2|2|2]|2|2 |3 ]3|]3[3]4

A normal population of size N=200 was randomly simulated with mean=60 and variance=10. The population values were then
assigned to the profiles randomly. The results are as shown below,

Estimate 4 =99-9700 ong Egtimate Var (4) =9.4061
A sample of size n=60 is then randomly selected from the N=200 simulated values to obtain Hi 1=12,. A populat|on with
measurement and response errors is then generated as Yin 1=1,2,...n ., Wwhere Yi=p+8&,1=12...n and

e ~ N(kes, pasy)

, where K and P are positive constants. The population with measurement and response errors is randomly

assigned to the profiles for different K and p. The sample sizes for the centres are, n = 32, n, = 34, Ny = 35 and n, = 32.

The results are obtained as shown in Table 2.
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Table 2: Mean and variance when there are measurement and response errors

P K o Estimate (0 Var () Estimate Var(0)
0 0 60.0500 9.4600
0.05 60.2250 9.4850
001 0.1 61.8800 10.0846
' 0.2 63.6800 10.8073
05 69.1000 13.3584
0.05 60.9850 9.7543
0.05 0.1 61.9050 10.0950
' 0.2 63.7250 10.8231
05 69.1250 13.3794

In Table 2 the mean and variance increase as the value of k and p increases. This implies that the more the measurement and
response errors the more the mean and variance are overestimated. We deduce that for an increasing error (k) on the mean level,
the measurement and response errors consequently increase.

5.1. Two phase Centre Sampling
A sample of size n=60 is then randomly selected from the N=200 simulated values as the first phase units to obtain
i 1=1, 2""'n. A population with measurement and response errors is then generated as Yi 1=12,...,n

Yi=#+e, 1=12....n and®i ~ Nk, ps) , where K and P are positive constants. A sub sample of size n=30 is then
selected from the sample of 60 to obtain second phase units. The second phase units with measurement and response errors is

randomly assigned to the profiles for different K and P. The sample sizes for the centres are,
n, =16, n, =16, n, =17 and n, =16

, Where

, The results are obtained as shown in Table 3.

Table 3: Mean and variance when there are measurement and response errors

P k H Estimate (‘9) var(4) Estimate Var(0)
0 64.3396 - 15.6731

0.05 60.6629 12.7545
0.01 01 65.2555 15.4595
' 0.2 70.2731 18.7168
05 85.4404 30.2640
0.05 63.0509 14.1860
0.05 01 65.6978 15.8042
' 0.2 70.6936 19.0541
05 85.7666 30.6431

In Table 3 as the values of p and k increases, the mean and variance are overestimated. Compared to the results in Table 2, both
the means and variance estimates are higher in Table 3, that represents the second phase sampling. Although two phase sampling
is a strategy to reduce cost, when measurement and response errors are present the estimates are compromised. The presence of
measurement and response errors cannot be ruled out in any survey.

6. Conclusion

Carrying out of any survey involves enormous amounts of finances, a lot of time and meticulous planning and coordination of the
process. The data obtained is used for important issues such as preparation of budgets, development of strategic plans as well as
designing intervention measures for certain undesirable trends in the society. It is therefore imperative that the sources of errors in
surveys are identified so as to reduce their effects on the survey data obtained. This paper has shown that the presence of
measurement and response errors in elusive surveys greatly affects the results by overestimating and underestimating the
estimates. This will seek to improve efficiency on planning, forecasting as well policy formulation processes.
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