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Abstract
A transition matrix P is said to be embeddable if it has a generator matrix Q such that P =exp (Q) If the
approximated transition matrix 𝑃̂ is embeddable, then the estimator 𝑄̂ can be got for the generator matrix
𝑄. What of cases when 𝑃̂ is not embeddable? This paper will show how to evaluate 𝑃̂ and find
estimatorˆin cases where Pˆ is embeddable (Kingman, 1962). This problem can be solved by using four
methods namely
1. Diagonal and Weighted adjustments Method
2. The Generator Quasi-Optimization method
3. The EM logarithm Method
4. The Gibbs sampler (Markov Chain Monte Carlo Method)
Later after sampling each of the above methods, an L norm will be performed on the results so as to
deduce which method is the best for estimating the Generator Matrix for an 8 × 8 Credit transition
Matrix.
Keywords: Series, converges, generator, credit, transition, matrix, parameter, embeddable

1. Introduction
1.1 The Maximum Likelihood Estimator
Given any observations set, the maximum likelihood estimator is one of the methods for
estimating statistical model parameters. It does this by getting the values of the parameter
which maximize the likelihood function. The estimates are referred to as Maximum Likehoood
function (MLE). The parameter 𝑄 = [𝑞𝑖𝑗 ]𝑖,𝑗 ∈ 𝑆 is the generator matrix. The likelihood
function of Q is given by;
𝑁(𝑖𝑗)(𝑇) 𝑅𝑖 (𝑇)

𝐿𝑐 (𝑄, 𝑌) = ∏𝑙𝑖=1 ∏𝑗𝑛𝑒𝑞1 𝑞𝑖𝑗

(1)

Where
▪ (𝐶) indicates the continuous time observations.
▪ 𝑁(𝑖𝑗) (𝑇) is the translation number from state 𝑖 to state 𝑗 in [0, 𝑇] time interval.
𝑡
▪ 𝑅𝑖 (𝑇) = ∫0 1{𝑌(𝑠) = 𝑖}𝑑𝑠

Corresponding Author:
Fred Nyamitago Monari
Department of Statistics and
Actuarial Science, Jomo
Kenyatta University of
Agriculture and Technology,
Kenya

Taking the logarithm of equation 1 above and then its partial derivative with respect to 𝑞𝑖𝑗 and
equating it to 0 gives the MLE of 𝑄 as;
𝑞̂𝑖𝑗 =

𝑁𝑖𝑗 (𝑇)

(2)

𝑅𝑖 (𝑡)

The MLE of parameter 𝑃 ̂ is given as 𝑃̂ = ( 𝑝̂𝑖𝑗 )𝑖𝑗∈𝑆 Such that;
~1~
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𝐾𝑖𝑗(𝑛)

2.2 Generator Quasi-Optimization method
Using transition matrix P given in ﬁgure 4.2 above,
𝑄 = |𝑞̂𝑖𝑗 |𝑖,𝑗∈𝑆 is set to be solution of 𝑄̂ = log 𝑃̂ . This

(3)

𝐾𝑖 (𝑛)

Where
𝐾𝑖 (𝑛) = ∑𝑙𝑗=1 𝐾𝑖𝑗 (𝑛)

Generator Quasi-Optimization method is used to get the
generator matrix approximation similarly to getting
a maximization problem solution given as;

̂
If the ̂
P shown by equation 3 is embeddable, then the MLE Q
̂
̂
of the generator matrix exists and is obtained by Q = logP. If
̂
P is not embeddable, then there is either existence of Q and
̂ using the transition estimator ̂
other methods of obtaining Q
P
̂.
or else there is no existence of MLE Q

min ||𝑄 − 𝑄̂ ||

such that the set of all generator Matrices is given by Q and it
is also the Euclidean norm ||.||. This problem is solved row by
row since the Q conditions () are closed on each row. Next
solve () which is equal to solving independent minimization
problems of 𝑙 given as;

2. Materials and Methods
2.1 The Diagonal and Weighted adjustment
Assuming 𝑙 × 𝑙 transition matrix estimator 𝑃̂ given by
equation (3) above is not embeddable. The next step is to
obtain a matrix 𝑄̂ such that 𝑃̂ = exp (𝑄̂ ). The first thing to do
is to be sure that the log function exists for 𝑄̂ using the
theorem below.

min ∑𝑙𝑖 (𝑝𝑖 − 𝑞𝑖 )2
q∈(l)

(8)
such that 𝑄̂ has row vector 𝑝 = (𝑝1 , … … . . , 𝑝𝑙 ) also permuted
as 𝑞𝑖 𝑞𝑖+1 meaning that the diagonal element in this row is 𝑞𝑖 .
Also;

2.1.1 Theorem
Let 𝑃 be 𝑙 × 𝑙 TM and let 𝐹 = 𝑚𝑎𝑥 { (𝑎 − 1)2 + 𝑏 2 , 𝑎 +
𝑏} is an Eigen value of 𝑃, 𝑎, 𝑏 ∈ 𝑅 . Assuming that 𝐹 < 1,
then series;
2

̂

2

𝑝(𝑙) = {𝑞 ∈ ℝ|∑𝑞𝑖 = 0, 𝑞𝑖 ≤ 0, 𝑞𝑖 ≥ 0, 𝑓𝑜𝑟 𝑖 ≥ 2}

3

̂

(𝑃−1)
(𝑃−1)
𝑄̂ = log 𝑃 = (𝑃̂ − 1) −
−
−⋯
3

(9)

2.3 The EM logarithm
Let a data set which is complete be denoted by 𝑌 = (𝑋, 𝑍).
Expectation Maximization also known as EM is a method of
obtaining the MLE when only X observation exists (Pfeuﬀer,
Reis, et al., 2018). It comprises of two steps;

(4)

will converge geometrically giving matrix 𝑄̂ having row sums
equal to 0 and exp(𝑄̂ ) = 𝑃̂. The condition 𝐹 < 1 will not be
needed if the series absolutely converges. Due to embedding
problem, it is not definite that the condition of
generator 𝑚𝑎𝑡𝑟𝑖𝑥 𝑄̂ to have positive off-diagonal entries
though it satisfies exp(𝑄̂ ) = 𝑃̂ .

Step 1: The E-step
Involves evaluating the conditional expectation of
log (𝐿(𝜃, 𝑌)) when given 𝑋 and MLE 𝜃0 i.e computation of
𝔼[log 𝐿 (𝜃, 𝑌)|𝑋, 𝜃0 ].

2.1.2 The Diagonal Adjustment
𝑊𝐴
Let generator matrix 𝑄𝐷𝐴 elements given as 𝑞𝑖𝑗
which will
be obtained using the Diagonal Adjustment (DA). The
negative value of 𝑄̂ will be replaced by 0 since they are
usually very small and then the diﬀerence added to the
diagonal entries so as to preserve the property of row sums
totalling to 0. The DA method is given by;

Step 2: The M-step
Involves obtaining the new MLE θ by getting the
maximization of 𝐸[log 𝐿 (𝜃, 𝑌)|𝑋, 𝜃0 ]. Then setting 𝜃0 = 𝜃
and repeating the two steps till the sequence converges. The
maximum likelihood function of the data set Y which is
continuous is given by equation 1.
The E-step: From equation 1 and given the initial generator
matrix 𝑄0 ;

𝐷𝐴
𝑞𝑖𝑗
= max(𝑞̂
𝑖𝑗 , 0) , 𝑖 ≠ 𝑗

(5)

𝐷𝐴
𝑞𝑖𝑖𝐷𝐴 = − ∑ 𝑞𝑖𝑗

(7)

𝑄∈𝑄

𝔼𝑄0 [𝐿𝑜𝑔𝐿(𝐶) (𝑄, 𝑌)|𝑋, 𝑄0 ]

𝑗

𝑙

= ∑ ∑ log(𝑞𝑖𝑗 ) 𝔼𝑄0 [𝑁𝑖𝑗 (𝑇)|𝑋]

2.1.3 The Weighted Adjustment
𝑊𝐴
Let the generator matrix 𝑄𝑊𝐴 elements be given as 𝑞𝑖𝑗
which will be obtained using the Weighted Adjustment
method. Let;

− ∑ ∑ 𝑞𝑖𝑗 𝔼𝑄0 [𝑅𝑖 (𝑇)|𝑋]
𝑖=1 𝑗≠𝑖

Hence there is need to evaluate 𝐸𝑄0 [𝑁𝑖𝑗 (𝑇)|𝑋] and
𝐸𝑄0 [𝑅𝑖 (𝑇)|𝑋] and since there is;

𝐺𝑖 = |𝑞̂|
̂,
̂,
𝑖𝑖 + ∑ max (𝑞
𝑖𝑗 0) , 𝐵𝑖 = ∑ max (𝑞
𝑖𝑗 0)
𝑗≠𝑖

𝑊𝐴
𝑞𝑖𝑗

𝑗≠𝑖

0, 𝑖𝑓 𝑖 ≠ 𝑗 𝑎𝑛𝑑 𝑞̂
𝑖𝑗 ≤ 0
𝑞̂
̂|/𝐺
={
𝑖𝑗 − 𝐵𝑖 |𝑞
𝑖𝑗
𝑖
𝑞̂,
𝑖𝑗 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 𝑖𝑓 𝐺𝑖 = 0

(10)

𝑖=1 𝑗≠𝑖
𝑙

𝑖𝑗

̃
𝔼𝑄0 [𝑁𝑖𝑗 (𝑇)|𝑋] = ∑𝑛−1
𝑘=0 𝐹𝑥𝑘 𝑋𝑘+1 (𝑡𝑘+1 − 𝑡𝑘 )

(6)

(11)

Such that

Since ∑𝑙𝑗=1 𝑞_𝑖𝑗
̂ = 0 , 𝑡ℎ𝑒𝑛 𝐺𝑖 ≥ 𝐵𝑖 , ℎ𝑒𝑛𝑐𝑒 𝑡ℎ𝑎𝑡 𝑞𝑖𝑊𝐴 ≥
0 ∀𝑖 ≠ 𝑗

𝑖𝑗
𝐹̃𝑘𝑙 (𝑡) = 𝔼[𝑁𝑖𝑗 (𝑡)|𝑌(𝑡) = 𝑙, 𝑌(0) = 𝑘]

~2~
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And
(𝑖+1)

𝑝(𝑥𝑗

𝑛−1

̃𝑋 𝑋 (𝑡𝐾+1 − 𝑡𝑘 ) (13)
𝔼𝑄0 [𝑅𝑖 (𝑇)|𝑋] = ∑ 𝑀
𝑘 𝑘+1
Such that

𝑝(𝜙|𝑌) =

Letting 𝑒𝑗 , 𝑒𝑗𝐼 to denote the unit vector with 𝑗𝑡ℎ coordinate
equalling to 1 and getting its transpose, it is given that,
𝑖 (𝑡)
̃𝑘𝑙
𝑀

Such that;

𝑖𝑗

{𝑄 (𝑘) , 𝐽(𝑘) }𝑘=1 will be obtained where 𝑄𝑠 denote the generator
matrices and 𝐽𝑠 denote the simulated Markov Chain samples.
Given the prior distribution of 𝑄, the gamma distribution
proposed is;

(16)

(17)

𝐹𝑘𝑙 (𝑡)

𝛼𝑖𝑗−1 𝑞 −𝛽
𝑒 𝑖𝑗 𝑖

𝑝(𝑄) = ∏𝑙𝑖=1 ∏𝑗≠𝑖 𝑞𝑖𝑗

𝑒𝑘𝑙 𝑒 𝑄0 𝑡 𝑒𝑙

Such that;
𝑖𝑗

𝐹 𝑖𝑗 (𝑡) = [𝐹𝑘𝑙 (𝑡)]𝑘,𝑙∈𝑆 𝑞0 𝑖𝑗𝑒 −𝜆𝑡 𝜆−1 ∑∞
𝑛=1

(𝜆𝑡)𝑛+1
(𝑛+1)!

∑𝑛𝑠=0 𝐵 𝑠 (𝑒𝑖 , 𝑒𝑖𝐼 )𝐵 𝑛−𝑠

𝔼𝑄0 [𝑁𝑖𝑗 (𝑇)|𝑋 ]
𝔼𝑄0 [𝑅𝑖 (𝑇)|𝑋 ]

(22)

Where 𝛼𝑖𝑗 > 0, 𝑖, 𝑗 ∈ 𝑆 and 𝛽𝑖 > 0, 𝑖 ∈ 𝑆. Using the likelihood
function, given the complete data in equation 1, the posterior
of 𝑄 is given as;

(18)

𝑝(𝑄|𝐽, 𝑋) = 𝑝(𝑄|𝐽) ∝ 𝑝(𝑄)𝐿(𝑐) (𝑄, 𝑌 )

The M-Step
It is seen that 𝑄̃ = [𝑞̃𝑖𝑗 ]𝑖,𝑗∈𝑆 where,
𝑞̃𝑖𝑗 =

(21)

𝑘

∑𝑛𝑠=0 𝐵 𝑠 (𝑒𝑖 , 𝑒𝑖𝐼 )𝐵 𝑛−𝑠

and that,
𝑖𝑗
𝐹̃𝑘𝑙 (𝑡) =

(20)

𝑝(𝑌)

Where 𝛼 denotes the proportion, 𝑝(𝜙) the prior distribution
and 𝑝(𝜙|𝑌) the posterior distribution which is the conditional
distribution of parameter 𝜙 when given data Y. Consider
taking a complete data as having discreet time observations
𝑋 = {𝑌(𝑡1 ), … , 𝑌(𝑡𝑛 )} observed at time (𝑡1 = 0, … , 𝑡𝑛 = 𝑇.
An application of 𝑄 and 𝐽 Gibbs sample will be done by
drawing 𝐽 from (𝑄, 𝑋) and Q from (𝐽, 𝑋) hence

(15)

𝑒𝑘𝑡 𝑒 𝑄0 𝑡 𝑒𝑙

(𝑛+1)!

𝑝(𝑌 |𝜙 )𝑝(𝜙)

𝑝(𝜙|𝑌)𝛼𝑝(𝑌|𝜙)𝑝(𝜙)

𝑖∈𝑆

(𝜆𝑡)𝑛+1

(𝑖)

ignoring the constant p(Y) and utilizing (Israel et al., 2001);

𝑖𝑗

𝑖 (𝑙)]
𝑀𝑖 (𝑡) = [𝑀𝑘𝑙
= 𝑒 −𝜆𝑡 𝜆−1 ∑∞
𝑛=1
𝑘,𝑙∈𝑆

(𝑖+1)

(14)

𝑖
̃𝑘𝑙
is suﬃcient to evaluate 𝑀
and 𝐹𝑘𝑙 (𝑡).
𝜆 = max(−𝑞𝑖𝑖 , 0) is chosen and 𝐵 = 𝐼 + 𝜆−1 𝑄0 defined.

𝑖
̃𝑘𝑙
(𝑡) =
𝑀

(𝑖+1)

, … , 𝑥𝑗−1 , 𝑥𝑗+1 , … , 𝑥𝑛

2.4.1 Bayes Theorem
Given equation;

𝑘=0

𝑖
̃𝑘𝑙
𝑀
= 𝔼[|𝑅𝑖 (𝑡)|𝑌(𝑡) = 𝑙, 𝑌(0) = 𝑘]

(𝑖+1)

|𝑥1

𝑙
𝑁𝑖𝑗(𝑇)+𝛼𝑖𝑗 −1 −𝑞 (𝑅 (𝑇)+𝛽 )
𝑖𝑗 𝑖
𝑖

= ∏ ∏ 𝑞𝑖𝑗

𝑒

(23)

𝑖=1 𝑗≠𝑖

(19)
The Gibbs sampler algorithm is summarized as below
1. Begin by constructing the initial generator matrix 𝑄0 by
getting 𝑞𝑗𝑖,0 from the prior distribution having 𝑗 ≠ 𝑖
(Hanks, 2016).
2. Perform the steps below K times;
a. Perform a simulation of continuous Markov Chain
sample 𝐽 having generator matrix 𝑄 so that a
realization of all observations is achieved.
b. Evaluate 𝑁𝑖𝑗 (𝑇) and 𝑅𝑖 (𝑇) from the Markov chain
simulated.
c. Evaluate a new 𝑄 by getting 𝑞𝑖𝑗 from the posterior
distribution 𝛤(+𝛼𝑖𝑗 , 1/(+𝛽𝑖 )).
d. This new 𝑄 is saved and is used in the next
simulation.

Maximizes 𝔼𝑄0 [log 𝐿(𝐶) (𝑄, 𝑌)|𝑋, 𝑄0 ] hence the new MLE is
𝑄̃ . Putting 𝑄̃ = 𝑄̃0 and repeating this till there is convergence
of sequence. The series of generator matrices {𝑄𝑘 }𝐾
𝑘=1 ,
obtained will depend on the initial matrix generator 𝑄0 choice
hence it is prudent to select it in a way that the det (𝑒 𝑄𝑘 ) is
greater than 0.
2.4 The Gibbs sampler (Markov Chain Monte Carlo
Method)
This section will demonstrate how to make use of Monte
Carlo Chain estimation methods. There are various Monte
Carlo Markov Chain methods and the Gibbs Sampler is one of
them which will be employed here. The Gibbs Sampler
method avoids the non-existence problem of MLE and also
makes it very easy to compute. The Gibbs sampler is a
method that makes use of samples from joint distribution of
some conditional distribution. To understand how this
algorithm works its steps are outlined as; Suppose K samples
are obtained of 𝑋 = (𝑥1 , … , 𝑥𝑛 ) from the joint distribution
𝑝(𝑥1 , … , 𝑥𝑛 ). Let the ith sample be given as 𝑋 𝑖 =
(0)
(0)
(𝑥1 , … , 𝑥𝑛 ), then the algorithm is:
(0)
(0)
1. Initialize 𝑋 0 = (𝑥1 , … , 𝑥𝑛 ) for 𝑡 = 0.
2. For 𝑖 = 0, … , 𝑘 sample 𝑥 (𝑖+1) by sampling each
(𝑖+1)
component of 𝑥𝑗
, 𝑗 = 1, … , 𝑛 and evaluating it using
the probability distribution,

3.

𝑄̃ =

Let 𝑄1 , … , 𝑄𝑘 be generator matrices got using Gibbs
sampler algorithm and take the mean of 𝑁 proportions.
Hence the estimator 𝑄̃ of the generator matrix 𝑄 will be
given by;
1
𝐾−𝑁

∑𝐾
𝑖=𝑁+1 𝑄𝑖

(24)

3. Results
Given the data below got from Standard and Poors website
https://cerep.esma.europa.eu/cerepweb/statistics/transitionMatrice.xhtml.
~3~
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Fig 1: Data from Standard and poors website

The transition matrix P for data from figure 1 is given as;

Fig 2: Transition matrix P plot

Using equation 5, the generator matrix qDA using Diagonal Adjusment method (DA) wil be given as;

Fig 3: Generator Matrix obtained using Diagonal Adjustment Method

Running equation 6 for Weighted Adjustment (WA) method using data from figure 1 yields;
~4~
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Fig 4: Generator Matrix obtained using Weighted Adjustment Method

Evaluating equation 8 using R programming yield the data below;

Fig 5: Generator Matrix obtained using Quasi Optimization Method

Using data from figure 1 above and running equation 19 using R yields the generator matrix below;

Fig 6: Generator Matrix obtained using Expectation-Maximization Algorithm Method
~5~
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Using using data from figure 1 above and running equation 23 using R yields the generator matrix using Gibbs Sampler method is
given below;

Fig 7: Generator Matrix obtained using Gibbs Sampler Method

4. Discussion
L Norm comparison between Diagonal Adjustment, Weighted
Adjustment, Quasi Optimization and Gibbs Sampler Monte
Carlo Methods
In order for one to know which Generator approximation is
more suitable or accurate for an 8 × 8 Credit Generator
Matrix, the L norm is computed for each Generator matrix
obtained by the four methods above.
Using R software, it is computed as follows;
𝑛𝑜𝑟𝑚[𝑃 – exp(𝑄𝑊𝐴 )] = 24.40658
𝑛𝑜𝑟𝑚[𝑃 − exp(𝑄𝐷𝐴 )] = 82.1496
𝑛𝑜𝑟𝑚[𝑃 − exp(𝑄𝑄𝑂 )] = 51.21381
𝑛𝑜𝑟𝑚[𝑃 − 𝑒𝑥𝑝(𝑄𝐺𝑆 )] = 8.207688

(26)

Hence from norm results 26 above, the norm of Gibbs
Sampler method given by 8.207688 is the least hence the
most suitable for computing the generator for embeddable 8 ×
8 Credit transition Matrix and this paper proposes the Gibbs
sampler method as the most accurate for generator matrix
approximation for a Credit Transition Matrix.
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