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Abstract
In this paper, we have defined and studied the geometric modeling approach to the means of positive
definite symmetric metrices. In our space usual arithmetic mean is related with Euclidean metric and
geometric mean is related with Riemannian metric. Also we have studied properties of Euclidean mean
and invariance properties of Riemannian mean and some tools to present a classification of Riemannian
metric.
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Introduction
Initially arithmetic, geometric and harmonic means defined for two positive numbers and then
defined for a finite set of positive numbers. So for a set of m positive numbers, {𝑥𝑘 }, 1 ≤ 𝑘 ≤
𝑚, the arithmetic mean(always positive) is given as
𝑥̅ =

1
𝑚

∑𝑚
𝑘=1 𝑥𝑘 .

For given points 𝑥𝑘 arithmetic mean has a property that is minimizes the sum of the squared
distances.
𝑥𝑘 =

arg 𝑚𝑖𝑛 𝑚
∑𝑘=1 𝑑𝑒 (𝑥, 𝑥𝑘 )2 ,
𝑥>0

(1.1)

Where 𝑑𝑒 (𝑥, 𝑦) = |𝑥 − 𝑦| is the usual Euclidean distance in real number system R. Geometric
mean of{𝑥𝑘 }, 1 ≤ 𝑘 ≤ 𝑚, given by 𝑥̃ = 𝑚√𝑥1 𝑥2 … 𝑥𝑚 , also it has a property that it minimizes
the sum of the squared hyperbolic distances.
𝑥̃ =

arg 𝑚𝑖𝑛 𝑚
∑
𝑑 (𝑥 , 𝑥)2 ,
𝑥 > 0 𝑘=1 ℎ 𝑘

(1.2)

Where hyperbolic distance between x and y is given by 𝑑ℎ (𝑥, 𝑦) = |𝑙𝑜𝑔𝑥 − 𝑙𝑜𝑔𝑦|. As we
know that harmonic mean is the inverse of the arithmetic mean of their inverses, for{𝑥𝑘 }, 1 ≤
1
−1 −1
𝑘 ≤ 𝑚harmonic mean 𝑥̂ = [ ∑𝑚
] , and it has variational property as well.
𝑘=1(𝑥𝑘 )
𝑚
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Review of Literature
For regular elements of linear Euclidean spaces we generally use arithmetic mean. Arithmetic
mean for application purpose referred to as the center of mass and the average. On the other
hand, the geometric mean has been used only to positive numbers and positive integrable
functions. In Hilbert space the geometric and harmonic means for a pair of positive operators
were introduced by Anderson and Trapp, and Pusz and Woronowicz in 1975 [17]. It has been
previously observed that geometric mean of two positive-definite operators holds many of the
properties of geometric mean of two positive numbers. The geometric mean of positive
operators has been primarily used as a binary operation.
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[17]

[Trapp, G.E. (1984)]
have studied and investigated that, how to define the geometric mean of more than two Hermitian semidefinite matrices and used iterative method for it but it work only when matrices commute with each other. [Alice M. et al.
(1997)] [1], have given a definition for the geometric mean of a finite set of operators however, this definition was not invariant
under recording of the matrices. [Moakher, M. (2002)] [15], have studied about means of a finite number of 3-Dimensional
rotational matrices and conclude that there is a close relation between the geometric mean of two Hermitian definite matrices and
the Riemannian mean of two rotations.
We assemble each the necessary background from applied differential geometry and optimization theory on manifolds that will be
used in the result. Furthermore information on this reduced material as Manifolds, Curves, and Surfaces, Convex Functions,
Matrix groups and Optimization Techniques on Riemannian Manifolds have been established by [Curtis, M.L.(1979); Berger, M.
and Gostiaux, B.(1998); Eblerlein, P.B.(1989); Terras, A.(1988)] [7, 3, 8, 19]. Again, we have studied Riemannian-metric based
concept of mean for two positive-definite matrices. For Riemannian mean, We have studied its invariance properties and proved
that when two matrices are to be averaged, then Riemannian mean coincides with geometric mean.
Geometric modeling approach to Riemannian metric based concept of mean for positive-definite matrices
Now we include circumstances, if we have Riemannian manifold μ with metric 𝑑 (𝑥, 𝑦). then by equations (1.1) and (1.2), we
define mean with respect to 𝑑 (𝑥, 𝑦) for m points in μ as:
ɱ(𝑥1 , … , 𝑥𝑘 ) =

arg 𝑚𝑖𝑛 𝑚
∑𝑘=1 𝑑(𝑥𝑘 , 𝑥)2 .
𝑥∈𝜇

(3.1)

As we know for the set of positive real numbers at the same time, a Lie group and an open convex cone, different concept of mean
can be correlated with different matrices. This follows that we will generalize these metric-based means to the cone positivedefinite transformations. The techniques and concepts used in this paper carry over to the complex complement of the space
considered here, i.e., convex cone of Hermitian definite transformations. We here focus on the real space just for simplicity but
not for any elementary reason.
Let μ(n) denotes set of 𝑛 × 𝑛 real matrices and we consider its subset of all non-singular matrices denoted by GL(n). GL(n) is a
group (Lie group), i.e., a group which is a differenatiable manifold and for which the operators (operations) of the group
multiplication and inverse are totally valid. Lie algebra denoted by gl(n) is the tangent space at the identity. This is the space of
all linear transformations in 𝑅𝑛 , 𝑖. 𝑒. , μ(n). In μ(n), we use the Euclidean (Frobenius) inner product defined by 〈𝐴, 𝐵〉𝐹 =
1⁄

𝑡𝑟(𝐴𝑇 𝐵), where 𝑡𝑟 denotes the trace and the superscript 𝑇 stands for the transpose. The connected norm‖𝐴‖𝐹 = 〈𝐴, 𝐴〉𝐹 2 , is used
to describe the Euclidean distance on μ(n).
𝑑𝐹 (𝐴, 𝐵) = ‖𝐴 − 𝐵‖𝐹 .

(3.2)

The exponential of a particular matrix in 𝑔𝑙(𝑛) is given by the convergent series as:
Exp 𝐴 = ∑∞
𝑘=0

1
𝑘!

𝐴𝑘 .

(3.3)

We state that 𝐸𝑥𝑝(𝐴. 𝐵) = Exp(𝐴 + 𝐵), only when 𝐴 𝑎𝑛𝑑 𝐵 commutes with each other. In 𝐺𝐿(𝑛) solutions of the equations
Exp 𝑋 = 𝐴 are Logarithms of 𝐴. When have eigenvalues in the (open) positive real line, there exists a unique principal logarithms,
denoted by 𝐿𝑜𝑔 𝐴, whose range lies in the infinite strip {𝑧 ∈ 𝐶: −𝜋 < 𝐼𝑚(𝑧) < 𝜋} of the Complex plane. Furthermore, for any
given matrix norm‖. ‖,‖𝐴 − 𝐼‖ < 1, where I be the identity transformation in 𝑅𝑛 , then the series − ∑∞
𝑘=1
𝐿𝑜𝑔 𝐴 and consequently we can write
𝐿𝑜𝑔 𝐴 = − ∑∞
𝑘=1

(𝐼−𝐴)𝑘
𝑘

converges to

(𝐼−𝐴)𝑘

(3.4)

𝑘

We denote that in general 𝐿𝑜𝑔(𝐴𝐵) ≠ 𝐿𝑜𝑔𝐴 + 𝐿𝑜𝑔𝐵. We here recollect the important fact by [Curtis, M.L. (1979)] [7].
𝐿𝑜𝑔(𝐴−1 𝐵𝐴) = 𝐴−1 (𝐿𝑜𝑔𝐵)𝐴.

(3.5)

This result is also correct when 𝐿𝑜𝑔 in the above equation (3.5) is replaced by an analytic matrix function. So, we give the
following essential theorem in the progress of our study.
Theorem 3.1: Let 𝑋(𝑡) denotes a real matrix-valued function of real variable t. We suppose that, for each t in its domain, 𝑋(𝑡) Is
an invertible matrix which have eigenvalues on the open positive real line. Then
𝑑
𝑑
𝑡𝑟 [𝐿𝑜𝑔2 𝑋(𝑡)] = 2𝑡𝑟 [𝐿𝑜𝑔𝑋(𝑡) 𝑋 −1 (𝑡)
𝑋(𝑡)].
𝑑𝑡
𝑑𝑡
Proof: We recollect the following fats:
(1) 𝑡𝑟(𝐴𝐵) = 𝑡𝑟(𝐵𝐴).
𝑏
𝑏
(2) 𝑡𝑟 (∫𝑎 𝑀(𝑠)𝑑𝑠) = ∫𝑎 𝑡𝑟(𝑀(𝑠))𝑑𝑠.
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International Journal of Statistics and Applied Mathematics

http://www.mathsjournal.com

−1

(3) 𝐿𝑜𝑔 𝐴 𝑐𝑜𝑚𝑚𝑢𝑡𝑒 𝑤𝑖𝑡ℎ [(𝐴 − 𝐼) + 𝐼] .
1
(4) ∫0 [(𝐴 − 𝐼)𝑠 + 𝐼]−2 𝑑𝑠 = (𝐴 − 𝐼)−1 |[(𝐴 − 𝐼)𝑠 + 𝐼]−1 |10 = 𝐴−1 .
(5)

𝑑

𝑑𝑡

1

𝐿𝑜𝑔 𝑋(𝑡) = ∫0 [(𝐴 − 𝐼)𝑠 + 𝐼]−1

𝑑

𝑑𝑡

𝑋(𝑡)[(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−1 𝑑𝑠.

The facts (1), (2), (3), (4), (5) are easily verified.
Using the above we have
𝑑
𝑑
𝑡𝑟 ([𝐿𝑜𝑔 𝑋(𝑡)]2 ) = 2 𝑡𝑟(𝐿𝑜𝑔 𝑋(𝑡)) 𝐿𝑜𝑔 𝑋(𝑡)
𝑑𝑡
𝑑𝑡
1

= 2𝑡𝑟 (𝐿𝑜𝑔 𝑋(𝑡) ∫0 [(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−1
1

𝑑

= 2𝑡𝑟 (∫ 𝐿𝑜𝑔 𝑋(𝑡)[(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−1
0
1

= 2 ∫0 𝑡𝑟(𝐿𝑜𝑔 𝑋(𝑡)[(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−1

𝑋(𝑡) [(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−1 𝑑𝑠), from (v)

𝑑𝑡

𝑑
𝑋(𝑡) [(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−1 𝑑𝑠)
𝑑𝑡

𝑑
𝑑𝑡

𝑋(𝑡) [(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−1 )𝑑𝑠, from (ii)

1

= 2∫0 𝑡𝑟([(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−1 𝐿𝑜𝑔 𝑋(𝑡) [(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−1
1

= 2 ∫0 𝑡𝑟(𝐿𝑜𝑔 𝑋(𝑡) [(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−2

𝑑
𝑑𝑡

1

= 2𝑡𝑟(𝐿𝑜𝑔 𝑋(𝑡) ∫ [(𝑋(𝑡) − 𝐼)𝑠 + 𝐼]−2 𝑑𝑠
0

= 2𝑡𝑟 (𝐿𝑜𝑔𝑋(𝑡)𝑋 −1 (𝑡)

𝑑
𝑑𝑡

𝑋(𝑡))𝑑𝑠, from (i)

𝑋(𝑡))𝑑𝑠, from (iii)
𝑑
𝑋(𝑡))
𝑑𝑡

𝑑
𝑋(𝑡)).
𝑑𝑡

For any real valued function f(x) (defined on a Riemannian manifold μ), the gradient ∇𝑓 is the unique tangent vector u at x such
that
〈𝑢, ∇𝑓〉 =

𝑑
𝑑𝑡

𝑓(𝛾(𝑡))]

,

𝑡=0

(3.6)

Where 〈𝑢, ∇𝑓〉, is the Riemannian inner product(R.I.P.) on the tangent space and 𝛾(𝑡) is a geodesic emanating from 𝑥 in direction
of u.
A subset Ȃ of 𝜇(a Riemannian manifold) is convex if the shortest curve (geodesic) between any two points x and y is unique in μ
and lies in Ȃ. A function (real valued) defined on a convex subset Ȃ of μ is convex of its limitations to any geodesic path is
convex, i.e., 𝑖𝑓 𝑡 → 𝑓(𝑡) ≡ 𝑓(𝑒𝑥𝑝𝑥 (𝑡𝑢)) is convex over its domain for all𝑥 ∈ 𝜇, is the exponential map at 𝑥.
We prepared the space of all 𝑛 × 𝑛 symmetric matrices denoted by 𝑆(𝑛) = {𝐴 ∈ 𝜇(𝑛), 𝐴𝑇 = 𝐴}, and The set of all 𝑛 × 𝑛
positive-definite matrices by ᴘ(𝑛) = {𝐴 ∈ 𝑆(𝑛), 𝐴 > 0}. Here 𝐴 > 0 means that matrix A is positive definite or the quadratic form
𝑥 𝑇 𝐴𝑥 > 0 for every 𝑥 ∈ 𝑅𝑛 ̸ 0. It is well-known that ᴘ(𝑛) is an open convex cone or if 𝑃 𝑎𝑛𝑑 𝑄 are in ᴘ(𝑛), so is 𝑃 + 𝑡𝑄 for any
𝑡 > 0.
We remind that the exponential map from 𝑆(𝑛) to ᴘ(𝑛) is bijective (one-to-one and onto). In other words, positive-definite
symmetric matrix is the exponential of symmetric matrix and the inverse of the exponential (i.e., the principal logarithms) for any
positive-definite symmetric matrix is a symmetric matrix. ᴘ(𝑛) is an open subset of 𝑆(𝑛), for every 𝑃 ∈ ᴘ(𝑛), I classify the set 𝑇𝑝
of tangent vectors to ᴘ(𝑛) at P with 𝑆(𝑛), on the Tangent Space at P, we define the positive-definite inner product and its
corresponding norm as
1⁄

〈𝐴, 𝐵〉𝑃 = 𝑡𝑟(𝑃−1 𝐴𝑃−1 𝐵), ‖𝐴‖𝑃 = 〈𝐴, 𝐴〉𝑃 2 ,

(3.7)

which depends on the points P. The positive definiteness is a outcome of the positive definiteness of the Euclidean inner product
for:
1⁄
2

〈𝐴, 𝐴〉𝑃 = 𝑡𝑟 (𝑃−

1⁄
2

𝐴𝑃−

1⁄
2

𝑃−

1⁄
2)

𝐴𝑃−

1⁄
2

= 〈𝑃−

1⁄
2,

𝐴𝑃−

1⁄
2

𝑃−

1⁄
2 〉.

𝐴𝑃−

Suppose [a, b] is a closed interval in R & 𝛤: [𝑎, 𝑏] → ᴘ(𝑛) be a sufficiently continuous curve in ᴘ(𝑛). we describe the lengths of Γ
by
𝑏
̇ , 𝛤(𝑡)
̇ 〉𝛤(𝑡) 𝑑𝑡 = ∫𝑏 √𝑡𝑟𝛤(𝑡)−1 𝛤(𝑡)2 𝑑𝑡.
ℒ(𝛤) = ∫𝑎 √〈𝛤(𝑡)
𝑎

(3.8)
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We indicate that the length ℒ(𝛤) is invariant under congruent transformation, 𝛤 ⟼ 𝐶𝛤𝐶 𝑇 ,, for some fixed element C of 𝜖𝐺𝐿(𝑛).
𝑑
As 𝛤 −1 = −𝛤 −1 𝛤̇𝛤 −1 , which implies that this length is also invariant under inversion.
𝑑𝑡
In ᴘ(𝑛), the distance between two matrices A and B (considered as a differentiable manifold) is the infimum of lengths of curves
joining them
𝑑ᴘ(𝑛) (𝐴, 𝐵) = inf {ℒ(𝛤)ǀ𝛤: [ 𝑎, 𝑏] → ᴘ(𝑛) 𝑤𝑖𝑡ℎ 𝛤(𝑎) = 𝐴, 𝛤(𝑏) = 𝐵}.

(3.9)

1

This metric implies that ᴘ(𝑛) a Riemannian manifold of dimension 𝑛(𝑛 + 1) and the geodesic emanating from I to S, given
2
explicitly by 𝑒 𝑡𝑆 [Maab, H. (1971)] [14], is a (symmetric) matrix in the Tangent Space. Using invariance under congruent
transformations, ᴘ(0) = 𝑃 and 𝑃̇(0) = 𝑆, the geodesic ᴘ(𝑛) is given by
ᴘ(𝑡) = 𝑃

1⁄
2

𝑒 𝑡𝑃

−1⁄2

1⁄
2

𝑆 𝑃−

𝑃

1⁄
2.

It implies that the Riemannian metric of 𝑃1 and 𝑃2 in ᴘ(𝑛) is given by
1⁄
2,

𝑑ᴘ(𝑛) (𝑃1 , 𝑃2 ) = ‖𝐿𝑜𝑔(𝑃1−1 𝑃2 )‖𝐹 = [∑𝑛𝑖=1 𝑙 𝑛2 𝜆𝑖 ]

(3.10)

Where𝜆𝑖 , 1 ≤ 𝑖 ≤ 𝑛, are real and positive n eigenvalues of 𝑃1−1 𝑃2 . whereas in general 𝑃1−1 𝑃2 is not symmetric. This shows that
1⁄

1⁄

𝑃1−1 𝑃2 is similar to the positive-definite symmetric matrix 𝑃2 2 𝑃1−1 𝑃2 2 . It is essential to note that any real-valued function
defined on ᴘ(𝑛)by 𝑃 ⟼ 𝑑ᴘ(𝑛) (𝑃, 𝑆), where 𝑆 ∈ ᴘ(𝑛) is fixed, is (geodesically) convex [Mostow, G.D. (1973)] [16].
We know that ᴘ(𝑛) is a homogeneous space of the Lie group 𝐺𝐿(𝑛) (where ᴘ(𝑛) given by the quotient

𝐺𝐿(𝑛)
𝑂(𝑛)

. It is also a non

[19]

compact type symmetric space. [Terras, A. (1988)] . We will also take the symmetric space of some special positive matrices:
𝑆𝑃(𝑛) = {𝐴 ∈ ᴘ(𝑛), 𝑑𝑒𝑡𝐴 = 1}.
𝑆𝐿(𝑛)
This submanifold of ᴘ(𝑛)can also be written with the quotient
. Here 𝑆𝐿(𝑛) is the special linear group of all matrices
𝑂(𝑛)

from𝐺𝐿(𝑛), whose determinant is one. We conclude that 𝑆𝑃(𝑛) is a completely geodesic submanifold of 𝑃(𝑛) [Maab, H. (1971)]
[14]
. Now since 𝑃(𝑛) = 𝑆𝑃(𝑛) × 𝐼𝑅+ , 𝑃(𝑛) can be considered as a foliated manifold whose dimension minus (-) one leaves are
1
isomorphic to 𝐻 𝑝 (the hyperbolic space), where𝑝 = 𝑛(𝑛 + 1) − 1.
2

Geometric modeling approach to the Means of Positive-Definite Symmetric Matrices.
Taking the definition (3.1) with the two metric function (3.2) and (3.10) we establish the two different concept of mean in 𝑃(𝑛).
Definition 4.1: The Euclidean mean, i.e., associated with the distance function (3.2), of 𝑚 given positive-definite Symmetric
Matrices 𝑃1 , 𝑃2 , … , 𝑃𝑚 is defined as
𝔘(𝑃1 , 𝑃2 , … , 𝑃𝑚 ) =

arg 𝑚𝑖𝑛 𝑛
∑
‖𝑃 − 𝑃‖2𝐹 .
𝑃 ∈ 𝑃(𝑛) 𝑘=1 𝑘

(4.1)

Definition 4.2: The Riemannian mean, i.e., associated with the distance function (3.10), of m given Positive-Definite Symmetric
Matrices 𝑃1 , 𝑃2 , … , 𝑃𝑚 is defined as
𝔖 (𝑃1 , 𝑃2 , … , 𝑃𝑚 ) =

arg 𝑚𝑖𝑛 𝑛
∑
‖𝐿𝑜𝑔𝑃𝑘−1 𝑃‖2𝐹 .
𝑃 ∈ 𝑃(𝑛) 𝑘=1

(4.2)

After this, we can say that these two means satisfy the following properties:
1. For any permutation 𝜎 of a numbers 1,…, m, re-ordering is invariant, i.e., we have 𝑚(𝑃1 , 𝑃2 , … , 𝑃𝑚 ) =
𝑚(𝑃𝜎(1) , 𝑃𝜎(2) , … , 𝑃𝜎(𝑚) ).
2. Congruent transformations is also invariant: If P is Positive-Definite Symmetric mean of 𝑃𝑘 ,1≤ 𝑘 ≤ 𝑚, then 𝐶𝑃𝐶 𝑇 is the
Positive-Definite Symmetric mean of { 𝐶𝑃𝑘 𝐶 𝑇 }, 1≤ 𝑘 ≤ 𝑚, for each 𝐶 ∈ 𝐺𝐿(𝑛). Special case, when C belongs to the full
orthogonal group𝑂(𝑛), we conclude the invariance under Orthogonal transformations.
3. Inversion is also invariant, i.e., If P is the Mean of 𝑃𝑘 ,1≤ 𝑘 ≤ 𝑚, then 𝑃−1 is the Mean of {𝑃𝑘−1 }, 1≤ 𝑘 ≤m.
The Euclidean mean satisfy many other properties but they are not relevant for the space of Positive-definite Symmetric matrices.
1
In addition, the solution of the problem (4.1) is simply usual arithmetic mean given by𝑃 = ∑𝑚
𝑘=1 𝑃𝑘 , which is minimized.
𝑚
Therefore, the Euclidean mean will not be considered any more.
The Riemannian mean of 𝑃1 , 𝑃2 , … , 𝑃𝑚 may be called as the Riemannian barycenter of matrices𝑃1 , 𝑃2 , … , 𝑃𝑚 , which concept was
introduced by [Grove, Karcher and Ruh (1974)]. [Karcher, H. (1977)] [10, 12] proved that for manifolds with Non-Positive sectional
curvature, the Riemannian mean (barycenter) is unique. We will give a property of the Riemannian barycenter in the following
theorem.
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Theorem 4.1: The Riemannian barycenter of a given m symmetric Positive- Definite matrices 𝑃1 , 𝑃2 , … , 𝑃𝑚 is the unique
symmetric Positive-Definite solution of the nonlinear matrix equation
−1
∑𝑚
𝑘=1 𝐿𝑜𝑔(𝑃𝑘 𝑃) = 0.

(4.3)

Proof: First of all, we will find the derivative of the real-valued function
1
1
1
𝐻(𝑆(𝑡)) = ‖log(𝑊 −1 𝑆(𝑡))‖2𝐹 w. r. t. t, where 𝑆(𝑡) = 𝑃 ⁄2 exp(𝑡𝐴)𝑃 ⁄2 is the Geodesic emanating from P towards ∆= 𝑆̇(0) =
1

1

2

𝑃 ⁄2 A𝑃 ⁄2 , and 𝑊 ∈ 𝑃(𝑛), is a constant matrix.
Using equation (3.5) and few properties of the trace of a matrix, we have:
2
1⁄
1
2 𝑆(𝑡)𝑊 − ⁄2 )‖ ,
𝐹

1

𝐻(𝑆(𝑡)) = ‖𝐿𝑜𝑔(𝑊 −
2

1⁄
2

because 𝐿𝑜𝑔(𝑊 −
We have
𝑑
𝑑𝑡

𝐻(𝑆(𝑡))]

𝑡=0

=

1⁄
2

𝑆(𝑡) 𝑊 −

1 𝑑
2 𝑑𝑡

is symmetric.
1⁄
2

𝑡𝑟 |𝐿𝑜𝑔(𝑊 −

1⁄ 2
2 |
.
𝑡=0

𝑆(𝑡) 𝑊 −

So, the result of Theorem 4.1, applied to the above gives
𝑑
𝐻(𝑆(𝑡))]
= 𝑡𝑟[𝐿𝑜𝑔(𝑊 −1 𝑃)𝑃−1 ∆] = 𝑡𝑟[∆𝐿𝑜𝑔(𝑊 −1 𝑃)𝑃−1 ],
𝑑𝑡
𝑡 =0
Hence, ∇𝐻 (the gradient of H) is given by
∇𝐻 = 𝐿𝑜𝑔(𝑊 −1 𝑃)𝑃−1 = 𝑃−1 𝐿𝑜𝑔(𝑃𝑊 −1 ),

(4.4)

This is certainly in the tangent space, i.e. in 𝑆(𝑛).
Let G be the objective function for the minimization problem (4.2), i.e.,
−1
2
𝐺(𝑃) = ∑𝑚
𝑘=1‖𝐿𝑜𝑔(𝑃𝑘 𝑃‖𝐹 .

(4.5)

Using equation (4.5), the gradient of G becomes
−1
∇ 𝐺 = 𝑃 ∑𝑚
𝑘=1 𝐿𝑜𝑔(𝑃𝑘 𝑃).

(4.6)

𝐺(𝑃) in equation (4.5) is the sum of convex functions implies that the necessary and sufficient condition for P to be the least
amount of (4.5) is the vanishing of the gradient ∇ 𝐺 given in equation (4.6), or,
𝑚

∑

𝐿𝑜𝑔(𝑃𝑘−1 𝑃) = 0.

𝑘=1

This value noting that, the classification for the mean in Riemannian sense given in equation (4.3) is like to the classification
−1
∑𝑚
𝑘=1 𝑙𝑛(𝑥𝑘 𝑥) = 0.

(4.7)

of the geometric mean of positive numbers given in equation (1.2). Furthermore, unlike the case of positive numbers where
equation (4.7) gives to an explicit expression of the above geometric mean, in general, due to the asymmetric nature of 𝑝(𝑛), (4.3)
can’t be solved in closed from.
Conclusion
Above all properties are related to the geodesic reversing isometry in the symmetric space here taken by us. Hence, the concept of
geometric mean, which is completely based on the Riemannian metric, can be used to describe the geometric mean on other
symmetric spaces. Also various other properties of arithmetic mean, geometric mean, harmonic mean can be obtained for future
work.
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