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Abstract

In this paper, a ratio-product estimator for estimating the population mean of the study variable based on
the population coefficient of skewness of the auxiliary variable is suggested in stratified double sampling.
Asymptotic optimum estimator and its approximate bias and variance expressions are derived. Properties
of the suggested estimator are studied with some known existing estimators identified as special members
of this class of estimators. Analytical and numerical investigations showed that the suggested estimator is
more efficient than the conventional regression estimator of mean in stratified double sampling and
existing estimators of its class in stratified double sampling. Analysis and evaluation are presented.

Keywords: Asymptotic optimum estimator, efficiency, large sample approximation, optimality
conditions, percentage relative efficiency

1. Introduction

The ratio estimation is gaining increased relevance in Statistical Estimation Theory compared
to the regression estimation because of its improved precision in estimating the population or
subpopulation parameters. But the regression estimator, in spite of its lower practicability,
seems to be holding a unique position due to its sound theoretical basis. The classical ratio and
product estimators, even though considered to be more useful in many practical situations in
fields like Agriculture, Forestry, Economics and population studies, have roughly equal
efficiencies with those of the linear regression.

This limitation has prompted most survey Statisticians to carry out research towards the
modification of the existing ratio, product or classes of ratio and product estimators of the
population mean in survey sampling to provide better alternatives and improve efficiency. The
authors who have proposed improved estimators include -0,

In this paper, based on 24, a new ratio-product estimator for estimating the population mean of
the study variable using the population coefficient of skewness of the auxiliary variable is
suggested in stratified double sampling. The choice is obvious; coefficient of skewness and its
functions are unaffected by extreme values or the presence of outliers. Further, it has always
strong correlation with other population parameters like the mean and variance.

2. Basic notations and definitions
Consider a finite population U = (ULUZ,...,UN) of size (N). Let (X) and (Y) denote the
auxiliary and study variables taking values X; and Y; respectively on the i-th unit U;(i =
1,2, ..., N) of the population.
The theory of double sampling for stratification was first given by 2. The population is
stratified into H strata such that the h-th stratum consists of N, units and X/_, N, = N,
YH_ n, = n. From the N, units a preliminary large sample of n}, units is drawn using simple
random sampling without replacement (SRSWOR) and the auxiliary variable x;; is measured
only. A subsample of n, is then selected from the given preliminary large sample of n;, units
by SRSWOR and both the study variable y;,; and the auxiliary variable x;; are measured.
In this study, it is assumed that the second sample is drawn independently of the first, so that
the n;, does not depend on the nj, except for the assumption n,, < nj,.
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= 1 «n 1 ; _ . . . .
Letx;, = EZL’H Xpi» Spe = n;l—_lZ?z’ll(xhi — x,)?, denote the first phase sample mean and variance respectively for the auxiliary

. . 1 _ 1
variable. Similarly, let, Sk, = = S Cou = %) Sy = g Sity Oni = )% B = 1 Bith Xnis I = o Loy Y denote the
second phase sample means and variances for the auxiliary variable and study variable respectlvely.

Let consider the following definitions; E (ex) = E(epny) = E(epp) = E(eng) = 0.E(eZ,) = anCh, E(ef,) = anCh. E(efp) =

ahcfﬁ: E(e,’j;) = ai’lcﬁﬁl E(ehyehx) = pPnyxChyCha: E(ehyehﬁ) = pPnypChyChp E(ehyef’lﬁ) = ApPnypCnyChnp,
’ 12 r 1 1 _ 1 1 _ 1 1Y, _ r_ ’ "
E(ehﬁehﬁ) = apCpp, ap = (E_N_h)' ay = (E_n_ﬁ) and y, = (n_h_N_h)’ Tn = PrypChy/Chp, g’ = (N —n")/(N —1),n' =

YH_ np,n=YH_ n,, where the parameters above are defined as:

¥y, is the second phase sample stratum mean of the study variable

Y, is the second phase population stratum mean of the study variable

xj, is the first phase sample stratum mean of the auxiliary variable

Xy, is the second phase sample stratum mean of the auxiliary variable

X, is the second phase population stratum mean of the auxiliary variable

sy2 is the first phase sample stratum variance of the auxiliary variable

sZ, is the second phase sample stratum variance of the auxiliary variable

SZ, is the second phase population stratum variance of the auxiliary variable

B1n (x) is the first phase sample coefficient of skewness of the auxiliary variable
B1n(x) is the second phase sample coefficient of skewness of the auxiliary variable

B, (x) is the second phase population coefficient of skewness of the auxiliary variable
CZ, is the coefficient of variation of the auxiliary variable

C,fy is the coefficient of variation of the auxiliary variable

Pnxy 18 the correlation coefficient between the auxiliary variable and the study variable.
Pryp 1S the correlation coefficient between the mean of the study variable and coefficient of skewness of the auxiliary variable.

3. The suggested estimator
Proposed a separate ratio-product estimator of mean using known values of the population mean of the auxiliary variable in
stratified random sampling as given by the following [24:

/g‘vszzli.{:lwh}_}h [Eh;f_:'i'(l_fh);_: (1)

Where &, is a real constant to be determined in such away that minimizes #,. Motivated by 2%, a new separate ratio-product
estimator of mean using known values of the population coefficient of skewness of the auxiliary variable is suggested in stratified
double sampling as follows:

Bin() Bin()
Ypr = Zh=1 WnIn [Eh b T A=) ﬁlhm] . (2)

3.1 Variance estimation for the suggested estimator
This section derives the estimator of variance for the suggested estimator using the large sample approximation (LASAP) method.

Let ey, = ( ho Yh) so that y, = ¥,(1 + epy) .. (3)
Bin(x)—B1p(x) h _
Let epp B Ge) s0 that Sy, (x) = By, (x)(1 + ehﬁ) )]
)-B ' ’
Letej, = (Blh(gl : 1)“(")) 50 that B}, (x) = B, () (1 + ef ) .. (5)
Let ey, = ( ) so that X, = X, (1 + ep,) ... (6)

Expressing (2) in terms of the e’s [that is substituting (3-5) in (2)] gives:

Gor = Tl 1wth(1+ehy)[fh ehe) -8 s

(1+ep

For = T waTa(1 + eny) &0 (1 + eh,;)(1 +eng) 1= &)1+ eng)(1+epp) | (D

Taking Taylor's series expansion of (1 + ehﬁ)_1 and (1 + 9;15)_1 gives
-1
(L+ens) =(1—enpteip—epg+) 8
! -1 I ! !
(1+eg) = —etg+ez—erp+-) .. (9)
Substituting (8) and (9) in (7) and retaining terms to the first order of approximation gives:

Gor = =1 W Vn (1 + eny)[(1 — enp + et + eng — enpeng) +
¢nleig — enp + 2ens — 2enp)]
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So that

(Gor = V) = ZhoswiVu[(eny + eng — eng + er — enpeng — enyenp + enyengp)
+ Eh(eﬁﬁ - e;l% + Ze;lB - ZehB + Zehye,'w - Zehyehﬁ)] (10)

Taking expectation of both sides of (10) gives the biased of @jpr as:
Biased(/g'pr) = 25:1 wy, Yy (ay — a}’l)leﬂ[l — (28, — D1y

Squaring both sides of (10) and retaining terms to the first order of approximation gives:
(’g’pr - Y)z = 221:1 W}%Yhz [(eﬁy + ei%ﬁ + 6;1?3 - Zeillﬁehﬂ - Zehyerllﬁ + Zehyehﬁ) +
48, (enyehp — enyenp + 2engeng — efp — eny) + 4k (ehp + ers — 2enpens)| . (11)

Taking expectation of both sides of (11) gives the variance of »yfpr as:
I7(”5?*;:”) = 25:1 WI% Yhz [thﬁy + (ap —ap)(2&, — D[R2E — 1) — 2Th]Cf%ﬁ] .. (12)

The V (4,,)in (12) is minimized when
&= = g o (say) - (13)

Substituting the value of &, . in (13) for &, in (2) gives the asymptotically optimum estimator (AOE) of mean (Y) in stratified
double sampling as:

= _VH _ [(1+1h) Bia®) | (QA-TR) Bin(x)
y’pr,opt_z:hzlwhyh [( 2 )ﬁlh(x)+( 2 )ﬁ{h(x) ...(14)

Similarly, substituting the value of &, ;.. in (13) for &, in (12) gives the variance of an asymptotically optimum estimator
(AOE) 4y, ope (O minimum variance of 4,,) as:

l’/\(’é”a)pr,opt) = lez=1 Wi% 7h2 Ci%y [ah(1 - pizly/?) + a;lphy[s’] (15)
3.2 Properties of the suggested estimator

This section studies the properties of the suggested estimator and identifies some special members of its family and derives their
biased and variance expressions under certain prescribed conditions.

i) Property 1: When &, = 1; then the suggested estimator in (2) reduces to a separate ratio estimator defined by:

Ypr1 = Zhi=1 Wn RufBiy () ... (16)
Bias (Gpr1) = Y=t Wa Ya(an — ap)Cigll — 73] .. (17)
V(/:‘j'prl) = Zg=1 Wf% Yhz [ahcf%y + (ah - a;l)[l - ZTh]C}iB] (18)

Where Ry, = 7, /Bin(%); Bin(x) # 0 is the estimate of the ratio R, = V,/B;,(x); By,(x) # 0 of the hth stratum in the
population. This estimator is only efficient if the variables are strongly positively correlated 24,

ii) Property 2: When &, = 0; then the suggested estimator in (2) reduces to a separate product estimator defined by:

a P

Gora =A25=1wh Kﬁx) ) ... (19)
Bias (§pra) = Y=g Wy Yy (ay — “ﬁ)cffﬁ[l + 5] ... (20)
V(@pra) = Zhia Wit VilanCiy + (an — apdl1 + 27,1C] .. 21)

Where P, = 7,8, (x) is the estimate of the product P, = ¥, B;, (x) of the hth stratum in the population. This estimator will often
be used if the two variables are supposed to be strongly negatively correlated 24,

iii) Property 3: When &, = —1; then the suggested estimator in (2) reduces to an estimator of the form:

Fora = Thos g [2 2220 Pt )
Bias (’Q_:pm) = Zlf{=1 Wh Yh(ah - a;l)Cifﬁ[l + 374] ... (23)
V(Gprs) = Ziiza Wit Vi [anCy + 3(an — a;)[3 + 214]Cig] .. (24)
Remarks

Following from properties (1-3); it is observed that at the same optimum condition (that is &, o, = {(1 + 74)/2}), every
identified member of the suggested class of estimators (ﬁprl - ﬁpr3) has equal optimal efficiency with variance estimator as
given by:

v(’g’pr*) = Zg=1 Wr% Yhz Ci%y[ah — (ap — a;l)pizlyﬁ] ... (25)
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4. Analytical study

4.1 Efficiency comparisons

This section compares the efficiency of the suggested estimator with the regression estimator of mean in stratified double
sampling designated as the global estimator in this paper. The variance of the conventional regression estimator of mean in
stratified double sampling (#x¢) is defined by 21 as:

V(ZjREa) = lef=1 WI% Sﬁy[ah(l - pl%xy) + 0‘}’1] ... (26)

The suggested estimator (ﬁpr) would be more efficient than the regression estimator (¢gg¢) if and only if:
V(/g'pr) < V(%res) - (27)

So that the optimality condition is:
' ah(pfztxy_plziyb’)

: s ... (28)

When the optimality condition is satisfied, the suggested estimator is more efficient than the regression estimator.

4.2 The percent relative efficiency (PRE)
The percent relative efficiency (PRE) of an estimator ¢ with respect to the conventional unbiased estimator of mean in stratified
double sampling (#4s) is defined by:

- V(@as
PRE($, Gas) = %)) x 100 .. (29)

The variance of the conventional unbiased estimator of mean in stratified double sampling (4,) is defined by % as:
~ w2s?2 ! — —_
V(§as) = This (%) + 5B wn(Fr = 1)? .. (30)

5. Empirical study

To judge the relative performances of the suggested estimator over the regression estimator, data set from 24l given in table 1 was
considered.

Numerical results for the efficiency comparisons, shows that:

2 .2
i) «f =0.0474 > walotrive) _ 3713
(1_Ply,8)

2 .2
i) al = 0.0368 > «2(Phophve) 103,
(1_923/,8)
a3(p§xy_p32'y5) _

|||) az; = 0.0235 > W = —0.0211

Therefore since the optimality condition is satisfied in accordance with section 4.1, it is concluded that the new estimator is more
efficient than the regression estimator in stratified double sampling.

Numerical results for the percent relative efficiency (PREs) in table 2 reveals that the suggested estimator 4, has 135 percent
gains in efficiency while the conventional regression estimator in stratified double sampling 4zz; has 95 percent gains in
efficiency; this shows that the suggested estimator 4z, is 40 percent more efficient than the regression estimator in stratified
double sampling 4rz¢. This means that in using the suggested estimator ﬁpr one will have 40 percent efficiency gain over the
regression estimator in stratified double sampling % .

Table 1: Data set adapted from [24]

Parameter Stratum 1 Stratum 2 Stratum 3
Ny, 52 76 82
ny, 15 20 28
ny 4 5 I
X, 6.813 10.12 7.967
¥, 417.33 503.375 340.00
S2. 15.9712 132.66 38.438
Siy 74775.467 259113.70 65885.6

Shxy 1007.6547 5709.1629 1404.71
ay 0.0474 0.0368 0.0235
Yh 0.2308 0.1868 0.1307

Phyx 0.703 0.738 0.805

Pnyg 0.86 0.764 0.826

Phxp 0.82 0.803 0.782
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Table 2: Performance of estimators

Estimator Variance PRE[}, %4s]
Gas 9425.2024 100
/ijr 4015.8967 234.6973

Baro 4823.9761 195.3844

6. Conclusion

This study introduces a new ratio-product estimator for estimating the population mean of the study variable based on the
population coefficient of skewness of the auxiliary variable in stratified double sampling. The bias and variance expressions for
the suggested estimator have been derived under large sample approximation. Asymptotic optimum estimator and its approximate
bias and variance expressions are equally derived. Properties of the suggested estimator are studied with some known existing
estimators identified as special members of this class of estimators. Analytical and numerical results showed that the suggested
estimator@jpr, is more efficient than the regression estimator 4zz; and by extension than the traditional ratio estimator in
stratified double sampling (since the regression estimator 4 is always more efficient than the ratio estimator [23 2%),

It is observed that the new estimator 4,,,, is very attractive and should be preferred in practice as it provides consistent and more
precise parameter estimates than existing estimators in stratified double sampling.
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