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Abstract

The P - curvature tensor defined from W3 - curvature tensor has been studied in the spacetime of general
relativity. The Bianchi like differential identity is satisfied by P1 - tensor if and only if the Ricci tensor is
of Codazzi type. It is shown that Einstein like field equations can be expressed with the help of the
contracted part of P1 - tensor, which is conserved if the energy momentum tensor is Codazzi type.
Considering P1 -flat space time satisfying Einstein’s field equations with cosmological term, the
existence of Killing vector field ¢ is shown if and only if the Lie derivative of the energy-momentum
tensor vanishes with respect to &, as well as admitting a conformal Killing vector field is established if
and only if the energy-momentum tensor has the symmetry inheritance property. Finally for a P1 - flat
perfect fluid spacetime satisfying Einstein’s equations with cosmological term, some results are obtained.
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Introduction
Consider an n-dimensional space V. in which the curvature tensorWs; has been defined
(Pokhariyal, 1973) [,

W,(X,Y,2Z,T) = R(X,Y,Z,T)+L1[g(Y,Z)Ric(X,T)—g(Y,T)Ric(X,Z)]
n- (1.1)

It was noticed that

W3(X,Y,Z,T) :7W3(X,Y,T,Z); W3(X,Y,Z,T) ¢7W3(Y, X,Z,T)and W3(X,Y,Z,T) ¢W3(Z,T, X,Y). (123.)

W,(X,Y,Z, T)+W,(Y,Z, X, T)+W,(Z, X,Y,T) =0; W,(X,Y,Z,T)+W,(X,Z,T,Y)+W,(X,T,Y,Z)=0. (1.2b)

This tensor has been studied in the space time of general relativity as well as various manifolds
of differential geometry. For example, the contracted part of W5 has been used to replace Ricci
tensor in the Rainich (1952) ! conditions for the existence of non-null electrovariance and the
scalar invariant W3 was found to be double of Riemann scalar curvature (Pokhariyal 1973) [,
This tensor was studied in almost Tachibana and almost Kahler spaces as well as almost
product and almost decomposable manifolds (Pokhariyal 1975) . Moindi (2007) ! has
investigated its properties in Sasakian and LP— Sasakian manifolds. Pamboet al. (2020) [
have studied Eta-Ricci Soliton on W3 - semi symmetric LP — Sasakian manifold. In this paper,
we study the tensorPy (X, Y, Z, T), defined by breaking W5 - tensor in the skew symmetric parts
in X, Y, in the space time of general relativity.

2. P1- Curvature tensor
The tensor P1(X, Y, Z, T), has been defined (Pokhariyal 1973) '], as
Pl(X,Y,Z,T)=%[\N3(X,Y,Z,T)—Wa(Y,X,Z,T)]

1 ) ) ) )
2(n_l)[g(\(,z)Ruc(x ,T)—g(Y,T)Rlc(X,Z)—g(X,Z)Rlc(Y,T)+g(X,T)Rlc(Y,Z)](an)
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named as Pokhariyal Tensor;, which possesses all symmetric and skew-symmetric as well as the cyclic properties satisfied by
Riemann curvature tensor. Thus, we have
R(X,Y,Z,T)=-R(,X,Z,T); P(X,Y,Z,T)=-R(X,Y,T,Z) and P,(X,Y,Z,T) =R(Z,T, X,Y). 2.2)

B(X\Y,Z,T)+R(X,Z,T,Y)+R(X,T,Y,Z)=0and B(X,Y,Z,T)+PR(Y,Z, X, T)+R(Z,X,Y,T)=0 2.3)
InV4 the tensor P (X,Y,Z,T) becomes

P1(X.Y,Z,T)= R(X,Y,Z,T) + (1/6)[g(Y,Z)Ric(X,T)- g(Y,T)Ric(X,2)- g(X,Z)Ric(Y,T)+ g((X,T)Ric(Y,Z)] (2.4)

The Bianchi differential identity is given by

(VoR)(X,Y,Z,T)+(V,R)(X,Y, T, U)+(V,R)(X,Y,U,Z)=0

In order to check ifP.(X, Y, Z, T)tensor satisfies Bianchi differential identity, we compute:

(VoR)(X,Y,ZT)+ (V2 R)OX,Y,TU)+(V,R)(X,Y .U, 2) -

=(Ti.Rj(X_.}'_.E__I']—%[g:_}'_.Z':('-T____R{'c]:_l’__f':—t.:_}'_.I":("'-__._.R{'c]:_l’_.Z': —g:_X__Z':(Ti_Rf‘c]:_}'__I":—g:_X__}":(Ti.Rf‘c]:_}'__Z':]

(2.5)

H{V_R)X.T, L’__E]—%[g:_}'__i": (V Ric)( X.Z)—-g(¥Y.Z)(V Ric) X.U)-g({ X.U)V Ric)(¥.Z) + g( X .Z) [f‘?__Rf'c]:_I'__L":]

cmrm I . . I . — — e - o ime
H{V RNX.F.I.U ]—El_g:_} TNV R X U) - g( YUYV R X.T)—g(X.T)(V Rie) F.U )+ g XUNV Rie)( ¥.T) |

By
virtue of (2.5), this reduces to
(VyP)(X,Y,Z,T)+(V,R)(X,Y,T,U)+(V,P)(X,Y,U,Z) o
=é[g (T.Z){(VRic)( X.T)~(V,Ric)( XU} +g(¥.T){(V,Ric)( X.U)~(V Ric)( X.Z)}
+g(X. Z)(VoRic)(Y.U) = (VpRic)(Y.T)}+ g( X.T ){(VyRic) X.U)~ (VRic)(Y.U)}
~g(X UN(V Ric)(X.T)~(VRic)(Y.Z )} = (V.U ){(VRic)(X.Z )~ (V Ric) X.T )}]
If Ricci tensor is of Codazzi type (Derdzinski and Shen, 1983), then
(Vo Ric)(X.T)=(VRic)(X.Z)=(VRic)(X.Z). 28)
Using (2.8) in equation (2.7), we get
(VoR)CXY,Z,T)+(V,B)(X,Y, T,U)+(V,P)(X,Y,U,Z)=0 2.9)
This is Bianchi like differential (second) identity forPicurvature tensor.
Conversely, if P1-curvature tensor satisfies Bianchi second identity then (2.7) reduces to
g(¥.Z){(VyRic)( X.T)~(V Ric)( X.U )}~ g(¥.T ){(V Ric)( X.U )~ (VyRic) (X, Z )} 2.10)
~g(X UV Ric)(Y.T)~(VRic)(Y.Z )} = g (V.U )(V Ric)( X.Z )~ (V ;Ric)( X.T )} = 0
For (2.10) to hold, on simplification, we get
(Vo Ric)(X.T)=(V Ric)(X.Z) and (V Ric)( X.U) = (V,Ric)( X.Z) (2.11)

This shows that Ricci tensor is Codazzi type. Thus, we have

Theorem (2.1): For aV4, P1-curvature tensor satisfies Bianchi type differential identity if and only if the Ricci tensor is of Codazzi

type.
We consider the Picurvature tensor in the index notation as:
1

Plaﬁycs = Raﬁ;/é + 2(n—1) |:gﬁy R — gﬁéRa}/ — 0. Rﬁ6 + ga5Rﬁy]'
(2.12)

This can be written as

1
(24 _ pDa a a _ ~a a

Poas =Ry + 2(n—1) [gﬂ7R5 95R) =0, Rys + 95 Rﬁy]'

(2.13)

By contracting aand &, we get on simplification
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3n-4 sn—-4n, R
W " on_2 7 T on_2

For, n=4 inVawe have

gﬂ;f

Hence,P1y not vanish in an Einstein space.
The scalar invariant Pais obtained on simplification as (Pokhariyal 1973) [

P = 2R
2.1. Divergence of P1gy
4
P, g
. RSV 3 ﬁJ’ o . L
The Bianchi dlfferentlal identity for P1agu from (2.9) on index notation is:
\Y% Paﬁw +V Paﬂaﬂ +V Paﬂm =0

Multiplying through by gre g gfv, we have by using the symmetric and skew symmetric properties
ro 70§ BV YO N O —

Vag Pl_vvg g Plaﬂ_v,ug g Plon _0

By further simplification we get
yo rv TH_

va g Pl - vV I:)ZI. - V,u Pl =0

After renaming the indices and simplification, we have

Vo (P1v9-(1/2) P1gv) =0

We define

so that the divergence of GY° IS Zero.

Einstein field equations, with cosmological term is given by

EW + Agﬂv = K‘TW

http://www.mathsjournal.com

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

whereT,y is stress-energy tensor and contains all forms of energy and momentum, « is coupling constant with value
87G/c* nis the cosmological constant. These equations describe gravity as a consequence of space time being curved
by means of mass and energy. The tensor E,, is determined by the curvature of space time at a specific point in space
time, which is equated with the energy-momentum at that point. The Einstein field equations (2.22) can be
expressed using the tensor Gy, defined by (2.21). Since G, is defined using P1,, and P; such that Py, contains R,y
and extra term having R and g, (as compared to R, used in the Einstein tensor). FurtherP;is twice the Riemann
scalar curvature R and Py, does not vanish in the Einstein space. Therefore G, is likely to provide different as well

as additional physical and geometrical interpretations.

2.2. Conservation ofPzuy

Replacing Einstein tensor E,, by Gy, and R by P;the Einstein field equations in the presence of matter can be expressed as:

1

R Pg

luv - ,uv !

Multiplymg this equation by g**, on simplification we get
P=—x«T
Putting (2.24) in (2.23), we get
1
Plyv = K(Tyv o ETgyv)

The energy-momentum tensor for the electromagnetic field is given by (Stephani, 1982):

T, =—F, F’ +%gWF&F&

uv uvy

where F,, represents the skew-symmetric field tensor, satisfying Maxwell’s equations.

~150~
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From (2.23) it is clear that T,’= T =0.

Einstein field equations (2.23) for purely electromagnetic distribution take the form

P =&T,, 2.27)
From(2.23), we get
1
V;/Pl,uv = KV}/T;W +- g,uvv;/Pl
2 (2.28)
Thus, we can write
P P, =x(V.T T )+l P, P
VP =Vihy, = K<v7 w Vo W) "‘E(ngy Al A 1)' (2.29)
If T, is Codazzi type, then (2.29) becomes '
1
Vypl/w _vv uy = _(gyvvypl - gyyvvpl)
2 (2.30)
Multiplying (2.30) by g**, on simplification we get
1
VB =-2V,R
2 2.31)
Multiplying (2.31) by g#, we get on simplification
valﬂv =0 (2.32)

Thus, we have the following theorem
Theorem (2.2): For V4 satisfying Einstein (like) field equations, the tensor P1#” is conserved, if the energy-momentum tensor is
Codazzi type.

2.3 P1- flat space time
Consider the equation (2.13) for Pz - curvature tensor.
Definition (2.3)- The space time is said to be P1 -flat, if the tensor P14, vanishes in it.

a 1 a o a o
Ry = o(n—1 [gﬁéRy —09,R5 —95R,, +0; Rﬂ5:|'
(n-1) (2.33)
By contracting @and &, on simplification, we get
R
Br 8 gﬂ’y (2.34)

This shows that P - flat space time is not an Einstein space.

The geometrical symmetries of space time are expressed through the equation (Ahsan and Ali, 2017) £:A-2Q24=0, where A
represents a geometrical/ physical quantity, 2 is a scalar and £: denotes Lie derivative with respect to a vector field &.

Consider Einstein field equations with cosmological term:

1
R,z ~3 RY,, +AQ,,; =kT,,.

(2.35)

Using (2.34) in (2.35), we get

5
(A—=R)g_, =«T .

g v (2.36)
Since for a P - flat space time R is constant, by taking the Lie derivative of both sides of (2.36) gives

5
(A—gR)£§ gaﬂ :K£§Taﬂ' 23

Thus we have the following theorem.
Theorem (2.3): For a P1- flat space time satisfying Einstein field equations with a cosmological term, there exists a Killing vector
field&, if and only if the Lie derivative of the energy-momentum tensor vanishes with respect to&.

Definition: A vector field & satisfying the equation,
£:9.5 =200, (2.38)

is called a conformal vector field, where Q is a scalar. The space time satisfying (2.38) is said to admit a conformal motion.
From (2.37) and (2.38), we have
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5
(A-=R)2Qg,, =x£.T,,
8 (2.39)
Using (2.36) as a consequence of P - flat space time, we get

£.T,,=2QT,, (2.40)
The energy-momentum tensor T 4g satisfying (2.40) is said to possess the symmetry inheritance property (Ahsan, 2005).

Thus, we have the following theorem:

Theorem (2.4): A P1 -flat space time satisfying the Einstein field equations with a cosmological term admits a conformal Killing
vector field if and only if the energy-momentum tensor has the symmetry inheritance property.

2.4. Perfect Fluid space time
The energy-momentum tensor for a perfect fluid is given by:

T,= (#+ IO)UaU + P9, (2.41)

where p is the isotropic pressure, u is the energy density, ueis the velocity of fluid, such that gspue=ugand pu® =-1. We now
consider a perfect fluid space time with vanishing Pz - curvature tensor.
From (2.36) and (2.41), we get

5
(A-gR-PK)g,, = x(p+p)u,u,

(2.42)
Multiplying (2.42) by gas, on simplification we get
R:§A—2K(p—ﬁ}
o o (2.43)
Further, contracting (2.42) with p.u# gives
Rzg(A+yK)
S5 (2.44)

Comparing (2.43) and (2.44) yields

( P+ §,uj =0.
5 (2.45)

This means that either p=0, x=0(the empty space time) or the perfect fluid space time that satisfies the vacuum like equation of
state (Kallingaset al, 1992) or alternatively pressure and density related by p=(-3/5) .

Thus we have the following theorem.

Theorem (2.5): For a P; - flat perfect fluid space time satisfying Einstein field equations with cosmological term, the matter
contents of the space time obey the vacuum like equation of the state or alternatively the isotropic pressurep=(-3/5)u (energy
density).

Discussion

The P -curvature tensor satisfies symmetric, skew symmetric as well as cyclic properties that are satisfied by Riemann curvature
tensor. Therefore this tensor can be used to study geometric properties of various manifolds as well as physical properties of
different space times of general relativity. Expressing Einstein like field equations with the help of the contracted part of Py -
curvature tensor may open new avenues for its applications.
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