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Abstract

The aim of this article is mainly to check :

1. if the lacalized complex Sz 1(C) has a flat cover when C does.

2. If the class of complexes of left S~1A4 is flat enveloping when the class of complex of left A-modules
does.

3. If the class of complexes of left S™14 is flat covering when the class of complex of left A-modules
does.

And finally we generalize the fact that "if A is an integral noetherian commutative ring with finite Krull
dimension then the class of complexes of A-modules is covering" to duo-rings.

Keywords: Saturated multiplicative subset, left Ore conditions, localization, category of complexes, flat
envelopes, flat covers

Introduction
In this article Comp(A — Mod) is the category of left A-modules.
A complex of left A-modules (or complex ) C is denoted by

dn—l dn
1€ € n+1
e —C" > ("> (Y —

If M is a A-module, we denote by M the complex with M in the zeroth place and 0 elsewhere.
If C is a complex of left A-modules, we denote by C[i] the complex with C[i]* = C™*! and
dep = (—1D)™*id?. And finally if C and D are complexes of left A-modules, Hom*(C, D) is
the complex of Z-modules such that:

Hom*(C,D)" = 1_[ Hom(C*,D™*)

tEZ

and such that if f € Hom*(C, D)™ then:
(Afiom oy ™ = AT f™ + (=1

We organize this paper as following:

We give in the first section reminders and preliminary results.

In the second one we prove those results for existence of flat envelopes:

1. If Cisacomplex of left A-modules and if f: C — F is a flat pre-envelope of C then
SEY():Sz1(C) — SZL(F) is a flat pre-envelope of SZ1(C);

2. If C is a complex of left S~ A-modules and if f: C — F is a flat envelope of C then
ScY(f): SZ1(C) — SZY(F) is a flat envelope of S;1(C);
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3. Ifall complex of left A-modules has a flat envelope then all complex of left S~ A-modules has a flat envelope;

4. if A is right coherent then each complex of left S~ A-modules admits a flat pre-envelope;

And finally, we show those result for existence of flat cover:

1. If all complex of left A-modules admit a flat precover then all complex of left S~*A-modules admit a flat precover;

2. Let A be an integral and noetherian duo-ring of finite Krull dimension d. Then every complex of left A-modules admit a flat
cover.

1. Définitions et résultats préliminaires

Définition 1.1 Let A be aring. A is said to be duo-ring if every left ideal is two sided and if every right ideal is two sided.

Définition 1.2 Let A aring and S a multiplicative subset of A. It is said that S is a saturated multiplicative subset of A verifying the

left Ore conditions if:

« Sisasaturated multiplicative subset of A if S is multiplicative subset of A and if for all s,s" € A, if ss' € Sthens € Sand s’ €
S.

» Sisasaturated multiplicative subset of A verifying the left Ore conditions if S is a saturated multiplicative subset of A and
then:

(@ Yae A vVseS, A(b,t) € AXS:ta=bs,

(b) VYa€e A Vs €S, ifas = 0thenthereexistt € Ssuchasta = 0.

Remark: Through the paper A is considered to be a ring and S a saturated subset of A with left Ore conditions.
Proposition 1.1 The binary relation defined on S x M by:

xm = ym'
'm") o 3 € :{
(s, m)R(s’,m’) XYES o = ys'
is an equivalence relation.

we denote by S1M the set of classes and (s, m) by % S~1A can be equipped to a ring structure and S~*M can be equipped to a
S~1A-module structure.

Proposition 1.2 Let f: M — M’ a morphism of left A-modules. Then
STH:STIM — STIM’

m_ fm)
S S

is a morphism of left S~ A-modules and we have the following commutative diagram:

M oo

L

in i

S™iM
Where iy(m) = ?
Proof see [
Proposition 1.3 The following relation:

Szr(0): Comp(A — Mod) — Comp(S~1A — Mod) such as

n

8
1ifCi= - — C" =5 ™1 = s an objet of Comp(A — Mod) then :

—1871

ScH(C):i= - —> ST st o
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is an objet of Comp(S™*A — Mod)

2.if f:C — D is a morphism of Comp(A — Mod) then

SZY():Sz1(C) — SZ1(D) is a morphism of Comp(S™*A — Mod)

Then Sz1() is a covariant functor that is exact.

Proof see [, proposition 1

Proposition 1.4 Let f: C — D a chain map of complexes of left A-modules. Then:

1. The following diagram is commutative
Where I, is the chain map of component iqn.

|M |I"u'1’

>
-1 -1 -1
S¢(0) Sc (f)  Sc™(D).
2. If C is a complex of left S~1A-modules then C = SZ1(C).

Proof

1. It follows from proposition 1.2.

2. By corralary 2.2.6 of ¥, for all n, C™ = S~1C™. By considering i.» that isomorphism we see that I is an isomorphism of
complexes of left S~*A-modules. Hence C = Sz1(C).

Proposition 1.5 If P is a projective object of Comp(A — Mod) then Sz*(P) is a projective object of Comp(S~14 — Mod).
Otherwise the functor Sz () keeps projectivity of complexes .

Proof Consider P to be a projective object of Comp(4 — Mod) and let be the diagram:

Sc(P)
1
c”f D >0
f is an epimorphism of Comp(S™*A — Mod) and g a morphism of

Comp(S™*A — Moad).
Then f and g are morphism of Comp(A — Mod) too and by the projectivity of P we get:

Sc(P)
P That implies the following
vle Sc(h) l Sc*(1P)
h /Sc1(P) commutative diagram Sc(Sci(P)
g l S¢*(9)
&0 6 SN0 SN SH(D) 0

Besides, C =~ Sz1(C) and D =~ Sz1(D). Let then be ®.:C — Sz1(C) and
®,:D — S;1(D) the corresponding isomorphisms.
And since the following diagram is commutaive
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ScH(0)__ SN SHD) 0 Sc'(P)
i e
ot ot and then we have XSEl(IP)
ScH(f) ScH(SgH(P))
. e
C f D 0 Sz (g)

ScH(€) SM() Sei(d) 0

Hence D5t o SH(g) o SgiIp) = fo @zt oS (R) (1)

On the other hand, we have:
Sc'(P)  Sc'(p)  Sc'(ScH(P))

g ()
()
D c

Thatis Sz1(g) o Sc(Ip) = @p © g and then
g =5 05c1(g) e S Up) (2)
Hence (1) and (2) imply:
g=fedctoSct(h)
Thus Sz1(P) is projective .

2. Localization and flat envelopes

Définition 2.1 Let A be a ring and C be a complex of left A-modules. A flat pre-envelope of C is a morphism f: C — F where F is
a flat object of Comp(A — Mod) such as for all morphism g: C — F’ where F' is a flat object of Comp(A — Mod), there exists a
morphism h: F — F’ such as the diagram below is commutative:

C F

thatis g=hef. F
If in addition, we can only complete the diagram below by automorphism h: F — F then we say that f is a flat enveloppe of C.

C f F
1
F

Théoréme 2.1 The functor S;1() keeps flat pre-envelope. Otherwise, if f:C — F is a flat pre-envelope of C then
SZY():Sz1(C) — SZ(F) is a flat pre-envelope of S;1(C).

Proof

SZL(F) is flat because F is flat (see [, theorem 2)

Let g: S;1(C) — F' be a map of complexes of left A-modules. Then consider

gelo:C— SZ1(C) — F', there exists a map of complexes h: F — F' such as the following diagram is commutative:
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C_ I $(O)__ e ,F ScH(C)___Se, (ScH(Q) SgH(F")
f h and then we have SZ(f) ~1(h)
F Sc (F)
" . . -1 ’
That gives us the following: c I ScH(C) =8 N F

commutative diagram
f ;L‘I’F’
ScH(Cw S () Sg(scH(0) _Sscia) (F')

S (f) c (h)
Sc*(F)

So, we have:

Dprogel zsc_l(h)"SEl(f)“Ic
= Qo g =Sz (h) 0 SZH(f)
Thus g = @7 0 Sz (h) o SZ*(f)

Théoréme 2.2 Let C be a complex of left S~*A-modules. If f: C — F is a flat envelope of C then S™1(f):S™1(C) — S™1(F)isa
flat envelope of S~1(C).

Proof
By the previous theorem S™1(f): S™1(C) — S~(F) is a flat preenvelope. Consider now the following diagram:

ScHC) S SEHF)

S () 1/

S0

Show now that h is an automorphism. Consider the f commutative diagram below which is composed with three commutative
diagrams.

Since f is flat envelope then ®~1 o h o @ is an automorphism and so is h.
Hence S71(f):S71(C) — S~I(F) is a flat envelope of S~1(C).

C S7HC) _S7Hf) STHF) d1 F
S7H(f) h
f S(F) dlohod
F

Théoréme 2.3 If all complex of left A-modules has a flat envelope then all complex of left S~ A-modules has a flat envelope.

Proof

Let C be a complex of left S~*A-modules. Since C is also a complex of left A-modules then C has a flat pre-envelope f:C — F
and then we have:

SEY(f):SZ1(C) — SZY(F). Since C = Sz1(C) looked as complexes of left S~*A-modules, let be &®:C — S;1(C) that
isomorphism.

Let us Show now that Sc1(f) o ®: € — Sz1(C) — SZ1(F) is a flat pre-envelope of C looked as a complex of left S~ A-modules.
Since F is flat then Sz (F) is flat.
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Let g: C — F’ be a map of complexes of left S~1A-modules. Then since g is also a map of complexes of left A-modules, there
exists a morphism h: F — F' such as

g =hof thenSc'(g) =S () o Sc* ().

Since F' = SZ(F') then let be W: F' — Sz *(F') that isomorphism.
We then have this commutative diagram:

S¢, (€)

()
'LP

We get :Sc1(g)o® =Wog and then S;1(g) = Wo go ® 1. By replacing Sz1(g) by its expression in Sz1(g) = Sc1(h) o
SE(f) we get:

Wogod™ =S1(h) S (f)
=g=YTleSg (WS ()o@

And then SZ1(f) o @: € — Sz1(C) — SZ1(F) is a flat pre-envelope of C looked as a complex of left S~*A-modules. For now,
show that SZ1(f) o ®: € — S;1(C) — S;1(F) is a flat envelope of C.Consider the following commutative diagram

C_ SO SPP) SEHE)

Let prove that h is an automorphism. The following diagram is commutative:

C
Ic
()l

ScH(C)__ Sci(f)  ScT(F)_@™t F

Indeed, it is composed with the previous commutative diagram and the other square diagram is commutative by construction.
Remark also that @1 o S;1(f) o I, = f.

So since f is a flat envelope then @1 o h o @ is an automorphism and so is h. Hence Sz1(f) o ®:C — S;1(C) — SF(F) is a
flat envelope of C.

Corollaire 2.1 Let A be a right coherent ring. Then all complex of left S~ A-modules has a flat preenvelope.

Proof
All complex of left A-modules has a flat preenvelope by [?, theorem 5.2.2] and by the last proposition we get the result.

3. Localization and flat covers
Cover is the dual notion of envelope.

Théoréme 3.1 If each complex of left A-modules admits a flat precover then each complex of S~ A-modules admits a flat
precover.
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Proof

Let C be a complex of S~1A4-modules. Since C is also a complex of left A-modules then it has a flat precover f: F — € and then
we have: S;1(f):Sz1(F) — SZ1(C). Since € = SZ1(C) looked as complexes of left S~*A-modules, let ®:S;1(C) — C that
isomorphism.

So, let us show that @ o Sz 1(f): S 1(F) — Sz1(C) — C is a flat precover of C looked as a complex of left S~ A-modules.

Since F is flat then S;1(F) is flat too.

Let g: F' — C be a map of complexes of left S~*A-modules. Then since g is also a map of complexes of left A-modules then
there exists a morphism h: F' — F such as g = f o h. Thatimply Sz (g) = Sz (f) o Sc* (h).

Since F’ = SZ1(F") then let W: F' — Sz1(F") be that isomorphism.

We have the following cummutative diagram:

Hence :Sc1(g) oW =@ 1og and we have S;1(g) = @ 1o goW™1 By replacing Sz*(g) by its expression in Sz1(g) =
SZY(f) o Sz(h) we obtain:

®7logoW =Sc1(f) oS (h)
=g=®oS: (f)oSci(h)o ¥
And then @ o SZ1(f): S 1(F) — C is a flat pre-cover of C looked as a complex of left S~1A-modules.

Définition 3.1 A is considered to be a ring.

1. An A-module M is cotorsion if Ext(F, M) = 0 for all flat A-module F.

2. Acomplex C is DG-cotorsion if EXTclomp(A_Mod) (F,C) = 0 for all flat complex F. EXT¢omp(a-moay IS the n — th derived
functor of Homcomp(a)-

3. A complex C is cotorsion if it is exact and Ker(d}) is cotorsion.

Proposition 3.1 Let A be a ring and C be a complex of left A-modules.
1. Cis DG-cotorsion if and only if C™ is cotorsion and Hom*(F, C) is exact for all complex of left A-modules F.
2. If C is bounded then C is DG-cotorsion if and only if C™ is cotorsion for all n € Z.

Théoréme 3.2 Let A be an integral noetherian duo-ring of finite Krull dimension d. dim(A) = d. Then all complex of left A-
modules admit a flat cover.

Proof

By lemma 4.4.2 in 2, it is enough to show only the result for exact complexes of left A-modules .

Consider C to be an exact complex of left A-modules and

0—>C—Iy—>)——>1;—D—0

be an injective partial resolution of C. Show that D is DG- cotorsion. We know that D is exact since C is exact. we have also for
all complex of left A-modules E, Hom(R[—i],E) = Ker(dk). Then by applying the Hom(R[—i],—) functor to the injective
partial resolution we get:

0 — Hom(R[~i],C) — Hom(R[~i], 1) — - Hom(R[~i], 1) — Hom(R[—i],D) — 0

And then we have:

0 — Ker(dj)) — Ker(d}) — -+ — Ker(d},) — Ker(d}) — 0

that is exact and such as Ker(d,"].) is injective. By [[8], theorem 4.4.13] we have:

0 = Ext®*?(F,Ker(d.)) = Ext'(F,Ker(d}))
~189~


http://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics http://www.mathsjournal.com

Hence Ker(d}) is cotorsion for all i € Z. And then D is DG-cotorsion. Elsewhere, since Iy, I, ..., I, are injectives then they are
DG-cotorsion.
By splitting:

0—lh——>—I1;—>D—>0

into two sequences:

0—-C—-ly—1—>—I1;_1—>N—0

and

0—>N—>I[;—D—0

And by applying lemma 4.4.5 in [? to the exact sequence

0—>N—>I;—D—0

we get that D admit a flat pre-cover of DG-cotorsion kernel. By repeating the same thing we get that C admit a flat pre-cover of
DG-cotorsion kernel.
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