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Abstract
In this paper, we characterized boundedness and compactness of generalized integration operator from
H>, Bloch and BMOA spaces to Bloch type spaces. Moreover, the operator norm is estimated.
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1. Introduction
Let D be the open unit disk in the complex plane C,H(ID) the space of all functions

holomorphic on D, dA(z) = %dxdy = %rdrde be the normalized area measure on D and H®

the space of all bounded holomorphic functions with the norm || f ll,= sup,ep |f (2)]-
Let « > 0. The a-Bloch space B* on D is the space of all holomorphic functions f on ID such
that sup (1 — |z|2)*|f'(2)| < .

zeD

The little a-Bloch space B§ consists of all f € B* such that |li|m1(1 — 1zI5)*|f'(2)] = 0.=
VARd
Both spaces B* and B§ are Banach spaces with the norm | f llg,= |f(0)| + sup(1 —

z€D
|z|2)*|f'(2)|, and B§ is a closed subspace of B*. If a = 1, they become the classical Bloch
space B and little Bloch space B, respectively. Throughout this paper constants are denoted by
C, they are positive and not necessarily the same at each occurrence. The notation A < B
means that there is a positive constant C such that A < CB. When A < B and B < A, we write
A=B.
It is well known (see Theorem 5.4 of [21]) that for each n € N and f € B, we have

Suur)?(l = 12" fP @) SI f .

Since H* cBand |l f lIz< 2|l f ll, forall f € H* (see Proposition 5.1 of [21]). Then for all
functions f € H®, we have

sup(1 — 1212 fF ™ ()| SI £ Nl (1.1)

For more information about Bloch spaces we refer to [21].
For 0 < p < oo, the Hardy space HP containing all holomorphic functions f: D — C such that

2m o\ P do 1/p
— 4 -
I f N, = sup (fo |f (re®®)| 2n> < oo.

If 0 <p < 1,HP is a complete metric space. For 1 < p < oo, HP is a Banach space under the
above norm (see [6]).

For a € D, let g,(z) = (a — z)/(1 — az) be the automorphism of D that interchanges 0 and
a. Let the Green function in D with logarithmic singularity at a is given by
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1—az 1
g(z,a) =log |

= log i o]

a—
The space BMOA consists of all £ € H? such that

supllf e g = f(@)l,;2 < 0.

aeD

BMOA is a Banach space under following norm (see, for example, [7])

I f llemoa= £ (0)| + iggllf °ag = f(@)l,2

BMOA can be described in terms of Carleson measures. Recall that a positive measure u on ID is a Carleson measure if

1(S)

rean ||

< oo,

Where S(I) = {z: 1 —|I| < |z| < 1,z/|z| € I} is a Carleson box based on the arc I c dD of length |I|. Following is the well
known Carleson measure characterization of BMOA space.

Theorem A. The following statements are equivalent:
1. f € BMOA.

2. duy is a Carleson measure, where du,(z) = |f'(2)|*log 1/|z|dA(2).

3. supaenplf' (@I7g(z,0)dA(2) < oo.

Any g € H(ID) induces integral operators as following

1,f (@) = fo F@Og()dl, Tyf (2) = fo F(O)g'(Qde

Wheref € H(D). Let ¢ be a holomorphic self-mapping of D and h € H(ID). For a non-negative integer n, we define a
generalized integral operator as following

hiof @) = f FPP@RE)S, f € H(D).
0

. n) m)
Itis easy to see that I, , ho

composition operator defined in &, For h(z) = ¢’ (2), then the I,ETZ is related with the products of differentiation and composition
operators C,,D™ defined in (4],

The boundedness and compactness of integral operators I, and T, between spaces of holomorphic functions have been studied in
several papers. For example, Aleman, Cima and Siskakis investigated integral operators T, on Hardy spaces and Bergman spaces
in i2.3; Siskakis and Zhao ™1 studied T, on BMOA,; Yoneda ' *® studied I, and T, on Bloch type spaces. Recently, the second

author and Anshu Sharma studied the generalized integral operator 1}?,2 on Bergman space. In this paper, we study the integral

induces many well know linear operators, like I, T,. If n = 1, the integral operator I, ~ is the generalized

operator 1,5’2 between some classical holomorphic function spaces.

2. Some lemmas
It is well known that H® € BMOA < B. From the definition of the norm, we know

Il f lgmoasSI f lleo, f € H”.
Indeed, Girela proved that
flz=Il f llgmoa, (2.1)

in Corollary 5.2 of [7]. The ll-llgmoa, is an equivalent norm of [I-ligmoa (See [7]). we will prove that (2.1) also holds for the norm
[I-lgpr04- The following lemma is from Lemma 6 in [15].

Lemma 2.1. If f € H(DD), then
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If (O] < Zf |f(z)|210g dA(2).

The proof of Lemma 2.1 is similar with Lemma 4.12 of 2,
Lemma 2.2. Let f € H(ID). Then

I f lle<Il f lzmoa-

Proof. Applying Littlewood-Paley identity

I F 12.= |f(0)|2+zf If (Z)lzlog dA(Z)

and Lemma 2.1, We have

1

i‘;g”f oo, —f@l,. = sup (2]1;) |ff(ga(z))a,;(z)|2 log%d/l(z)>2

2 sup(1 ~ |a]?)|f" (@)
= sup(1 - zP)If @)1

It follows from the definitions of Bloch space and BMOA space that

Il f Iz<Il f llzmoa-

By Theorem 6.2 of [7] and the proof of Theorem 1 of [4], we have following lemma 2.3.

Lemma 2.3. Let n be a fixed positive integer and f € B with (0) = f'(0) = -

sup [ @@ (1= 272 - o)A@ 5 1,
aebh Jp

Then Il f llpmoas 1.

http://www.mathsjournal.com

=f=D0) =0.If

2.2)

The following criterion for compactness is a useful tool to us and it follows from standard arguments, for example, Proposition

3.11 of Bl and Lemma 2.10 of (2],

Lemma 2.4. Let @« > 0 and n € N U {0}. Suppose that h and ¢ are in H(D) such that ¢ (D) c D. Then I,E’_Z:X — B%, where X =

B,BMOA or By, is compact if and only if for any sequence {fm} In X with sup lif,.ll,

locally uniformly on D, we have lim,,_,, ||1(")fm||

3. Main results

= M < oo and which converges to zero

In this section, we characterize boundedness and compactness of I(") from the Bloch space, H*, BMOA and B, space to weighted

Bloch spaces.

Theorem 3.1. Leta > 0,h € H(D),n € N and ¢ be a holomorphic self-map of D.Then following statements are equivalent:

1. 1) BMOA - B® is bounded,
2. I(") B, — B“ is bounded.

3. I{"):B - B is bounded.

1-|z|
4 sup,en I h2)] < oo

Moreover, the following asymptotic relation holds
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1]
||1(n)|| ~ sup (1(1|<Pf2)|)2)n| @ G

Proof. Suppose (4) holds. Since

epfle = sup(1 — 12)*|f ™ (@ (2))|Ir(2)]

sup(l—ltp(Z)IZ)"If(")(rp( ))I(1 i |h(2)|

lp(2)]*)"
sSIF -supﬂM(zN
T e A= le@)D" '

Note that Il f lg<Il f llsmoa- Thus, we have (4) = (3), (4) = (2) and (4) = (1). Moreover, we have

) = sup Y o
= lp@)|H)"
On the other hands, set
1-— 2\a
A= supﬁlh(zﬂ.

zen (1= [p(2)[2)"

Assume that 1 < co. For any € > 0, then we can find b € D such that

(1 —1b1»)*
(1= le®H"

If @(b) = 0, then choose the text function g(z) = z". It is clearly that g € B, and || g llz= 1. In the meantime || g llzpoa= 1.
So,

[h(b)| > A —¢

Il 2 g @, > 2 -«

If @(b) # 0, consider the function

Where
a=@(b).LetF(z) = Zj-‘;nc]-zf. Then F(0) = F'(0) = --- = F®Y(0) = 0 and

1-Ja*\"
My =
@ ((1—dz)2>
It is easy to see that
(1= 1zP)"|[F™] = (1 = log ()" < 1.

So, by Theorem 5.4 of [21], we have || F llz= 1. Simultaneously, F € B,. By Lemma 1 of [19] and Lemma 2.3, we get ||
F ligmoa= 1. Therefore we have

||1(">|| = ||I(n)F(z)|| >1—e

Thus, we get

) - |z|»)*
2l = —| ()lz)nm(zn.

This completes the proof.
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If ¢(z) = z in Theorem 3.1, then we can obtain a result for I,(l") quickly, where

K@ = [ FO@n@ar, £ < HD),

Corollary 3.2. Leta > 0, h € H(ID) and n € N. Then following statements are equivalent:

(1) I%: BMOA — B* is bounded.

(2) I B, — B is bounded.

(3) I¥: B — B* is bounded.

(4) supzep (1 — [2[)*"|h(2)| < oo.

Moreover, the following asymptotic relation holds

1) = sup(1 = |22 h(2)]. (3.2)
zeD

In the formulation of our next result, we write A% for the space of holomorphic functions f on D for which

sup(1 ~ [2]2)°|f (2)] <

Corollary 3.3. Let @ > 0,h € H(D) and n € N. Then I,E”):X — B% is bounded, where X = B, BMOA or B, if and only if h € Y,
where

AL ifn<a
Y={H® ifn=a
{0} ifn>a

Proof. First suppose that I,E"):X — B% is bounded. Then by Corollary 3.2, we have

sup(1 — |z|)*7"|h(2)| < .

zeD

Thusforn < a,h € AL ™ and forn = a,h € H®. If n > «, the condition

sup(1 — |z|*)* " |h(2)| <
zeD

Implies that there is a positive constant C such that
|h(2)| < C(A — |z|)"*

For all z € D. It follows that |h(z)| - 0 as |z] = 17. So by the Maximum modulus Theorem, we have h = 0. Converse is
obvious. We omit the details.

Corollary 3.4. Let « > 0,h € H(D),n € N and ¢ be a holomorphic self-map of D such that [¢(z)| < K < 1. Then following
statements are equivalent:

1. I BMOA - B® is bounded,
2. I{":By - B is bounded.
3. I{"):B - B is bounded.

4. sup(1—|z|»)%|h(z)| < co.
z€D

Moreover, the following asymptotic relation holds
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ol = sup (@ = 121" 1A(2)] (33)
z

Proof. It suffices to prove that if |p(z)| < K < 1, then

sup(1 — |z]*)¥|h(2)| < o (34)
zeD
if and only if
sup ") < oo (3.5)
i SRS
Since
u (1 —|z|»)*
(1 —|zI»)*|r(2)| < Wlh(z)l.

50 (3.5) implies (3.4). Again if |@(2)| < K, then

(1-1z12)" (1-1z12)" .
e M@ < w12, 50 (3.4) implies (3.5).

Now, we will give an example of ¢ and h such that (3.4) and (3.5) holds, but | ¢ ll,= 1

Example 3.5. Let ¢« > 0,8 >0 and n € N be such that « =n+ . Let ¢(z) = T and h(z) =
computation, we have

sup(1 — [z|)*|h(2)| < o
zeD

And

Supﬂlh(z)l < o
zed (1 = |@(2)|»)"

Theorem 3.6. Let ¢ be a holomorphic self-map of D and h € H(ID). Then following statements are equivalent:
1. 1£2:B - B* is bounded
N Pyt .
2. I{9:BMOA - B* is bounded,
(0), a;
3. Iy, By » B* is bounded.

4. supgep (1 —|z]|*)" log |h(2)] < co.

2
(1-[o(2))

Moreover, the following asymptotic relation holds

@ ~ _ 2\a 2
[l = sup(1 = 121)log g5 1)1 (36)

.Then f!(z) = (a) so that

Proof. (1) = (4). Suppose that (1) holds. For a € D, let f,(z) = log To@”

1<p()

| | ___LE___
@ < T

Thus f, € B. Moreover, lIf,ll, < 1. Thus we have
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Inal = Ml e
> (1~ [a)*If (p(@)h(@)|

2
= (1 — |a|®)%*log ——————= |h(a)|.
(1 - |af)log g5 (@)
Since a € D is arbitrary, we have
sup(1 — IZIZ)“log;Ih(Z)I < oo.
€D A -le@I»

The proof of (2) = (4) and (3) = (4) is similarly with (1) = (4). Since the text function f,(z) belongs to B, and BMOA, and
by Lemma 1 of [16],

2
< || <1
Ifa(@)llgpoa || 812 BMOA

(4) = (1). Suppose (2) holds. Let f € B, then for z € D, we have

[R(| I f Nl

2
=121 (DI < (1 = |2 log 7 s

hence 1,(12: B — B% is bounded. Since B, € B, BMOA c B and Lemma 2.2. Similarly with the proof of (4) = (1), we get (4) =
(2) and (4) = (3).

Remark 3.7. For a holomorphic self-mapping ¢ of D and n € N U {0}, we define
My(¢,X,¥) = {h € HD): I{D}: X - Y i bounded.

If X = BMOA,B or Byand Y = B% and n; = n,, then we have

{0} c My, (90, X,Y) € My, (9, X,Y) © AL,

If |p(2)| < K <1, then

M, (p,X,Y) = A for arbitrary n.

Theorem 3.8. Let « > 0, h € H(ID) and ¢ be a holomorphic self-map of D. Then following statements are equivalent:
(1) I{): H* — B% is bounded.

(2) sup(1 — |z|)*|h(2)] < 0.
zeD
Moreover, the following asymptotic relation holds
Il ~ sup (@ = 1z1)°1h(2)I. (37)
zeD
Proof. (1) = (2). Suppose that (1) holds. Consider the text function f(z) = 1. Then we have
Il = I f @1, = sup ~ |21 A2)].
B zeD
(2) = (). Since
It f @I, = sup@ = [21)°f (@@DIR@] <1 f Nl sup (1 — |21 |R(2)].
zeD zeD

Theorem 3.9. Leta > 0,h € H(D),n € N and ¢ be a holomorphic self-map of D.
Then following statements are equivalent:

1. I{"):BMOA - B® is compact.

2. I{":B - B is compact.
~154~
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3. 1,52:750 - B% is compact.

2 , (1-1211)* _
4. sup,ep(1—|z]%) Ih(Z)I<ooandlliarg)slgrf(l_w(z)lz)nlh(Z)l 0.

Remark 3.10. Noted that

1 _ 2\a 1 _ 2\Na
lim sup ( lzI") |h(z)| = lim sup ( lzI)

a-le@ " o | (2)].
-1 (L= le@)2)" SR T TPy )

It is understood that if {z: |@(z)| > s} is an empty set for some 0 < s < 1 the supremum equals 0. This happens when ¢ (D) is a
relatively compact subset of D. So, if | ¢ ll,< 1, then I3} ,: B — B is compact if and only if sup,¢p (1 — |z|2)¥|h(2)| < .
Proof. It is clear that (2) = (1) and (2) = (3). Thus to complete the proof, we only need to prove that (4) = (2),(2) =
(4), (1) = (4) and (3) = (4).

(4) = (2). Let {f,,} be a norm bounded sequence in B that converges to zero uniformly on compact subsets of D. Let M =
supm llfmlly < co.Lete > 0. Then there exists an r such that for | (z)| > r, we have

(1 -z
1 =le@1»"

Thus for z € D, we have

|h(2)| < e.

lipfully, = sup@ =12 (0@ IA@)]
(1 = 121 h@) | fnll

s sup (12| (p@)|Ir()| + sup

lp(2)|sr o@)|>r A -=le@H"
< Ksup £V (2)| + eM,
|z|sr

where K = sup(1 — |z|2)*|h(z)|. Since £ > 0 is arbitrary and {f;,,} — 0 uniformly on compact subsets of D. Thus, we have
z€D

||I,($fm||ga - 0 as m — oo, It follows from Lemma 2.4 that 1,(12:3 — B* is compact. (2) = (4). By taking f(z) = i—rll € B, we

have that

sup(1 — |z[*)*|h(2)| < oo.
zeD

Suppose that the second term in (4) does not hold. Then there is a sequence {z,,} in D and § > 0 such that |¢(z,,)| » 1 asm —
oo and

(1 = lzm|®*

Wlh(zmﬂ > §, asm — oo.

Choose the subsequence of {z,,} if necessary, suppose that inf,, |¢(z,,)| > 1/2. Let

1 A-leGE)H" ;
9" (1= 92"’

fm(@) = € D.

Then f, € B and lIf,,ll, < 1. Moreover,

(1= lp)IH"

n(2) = .
,_0(Z,)Z
Thus
() (1 = |z |»)®
1ol 2 T 70y 1@ > &

as m — oo. This contradict with Lemma 2.4. Since the test function used in (2) = (4) is in BMOA and B,, so the proof of (1) =
(4) and (3) = (4) on the same lines as the proof of (2) = (4). We omit the details.
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Corollary 3.11. Let @ > 0,h € H(DD) and n € N. Then following statements are equivalent:

1. 1%:BMOA - B® is compact.

2. 1,(1"): B — B“ is compact.
3. 1%:B, - B® is compact.
4. limp,, (1= [z|)*™|h(2)| = 0.

Theorem 3.12. Let ¢ be a holomorphic self-map of D and h € H(ID). Then following statements are equivalent:
1. 1(0) B — B is compact.

2. I,Ef)(z: BMOA — B% is compact.
3. I\9:By > B® is compact.

4. supyep (1 — |z|)|h(2)| < o and

2
lim sup (1 — |z|?)%log—————<|h(2)| =0
el (= o8 g oy 111

Proof. It is clear that (1) = (2) and (1) = (3). Thus to complete the proof, we only need to prove that (4) = (1),(1) =
(4),(2) = (4) and (3) = (4).

(4) = (). Let {f,,,} be a norm bounded sequence in B that converges to zero uniformly on compact subsets of D. Let M =
supsm I fmllz < 0. Let & > 0. Then there exists an r such that for | (z)| > r, we have

2
_ 2\«a
(1= 2 log oy IR <&
So,
Inafull,, = sup(1 = |21 fm (0 @) 1A
< .¢i2‘>‘.’<r(1 — 121 fin (@ (2D h(2)] + Sup (1= 122)% | (@ (@) |R(2)]
< KSplfn (] +flly sup (1= |z|2>“log(1_|jw|h(z)|
< Ksup|fin(2)| + Me,
|z|sr

where K = sup,ep (1 — |2]|?)%|h(2)]. Since € > 0 is arbitrary and {f,,} = 0 uniformly on compact subsets of D. Thus,
o fonll e
asm — oo. Hence, I,E?(/)):B — B is compact. (1) = (4). Choose f(z) = 1 € B, we have
Ira £l = sup@ = 12| h(2)] < co.
zeD

Assume that the second term in (4) does not hold. Then there exist a sequence {a,} € D and § > 0 such that |¢(a,)| » 17asn -
oo and

2
1—|a,|?)%log—|h(a,)| > &, asn — oo.

Choose the subsequence of {a,,} if necessary, suppose that inf,, |@(a, )| > 1/2. Let

2

fu(2) = log

2
/log .
. q)(an)z 1—|p(ay)l|?
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Then f, € Band lIf,ll; < 1. So, we have

2
(0) > _ 2\a
||Ih,(pfn||Ba ~ (1 |an| ) lOg (1 _ |(p(an)|2) |h(an)| > 5

as n — oo. This contradict with Lemma 2.4. Since the test function used in (1) = (4) is also in BMOA and B,. So the proof of
(2) = (4) and (3) = (4) is similarly with (1) = (4). We omit them for details.
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