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Abstract
A general ordinary quasi-differential expressions 7, , 7;, ..., T, each of order n with complex coefficients
and their formal adjoint are 7, 73, ..., 7}/ can be defined on the interval [a, b) respectively, we give a

characterization of all regularly solvable operators and their adjoints generated by a general ordinary
quasi-differential expressions 7;,in the direct sum of Hilbert spaces LZ (a,,b,),p = 1,...,N. This
characterization is an extension of those obtained in the case of one interval with one and two singular
end-points, and is a generalization of those proved in the symmetric case.

Keywords: Quasi-differential expressions, regular and singular equations, minimal and maximal
operators, regularly solvable operators, j - self-adjoint extension, boundary conditions

1. Introduction
In Jiangang, Zhaowen and H. Sun. Jiong 2011 M considered the problem of Sturm-Liouville
differential equation

—(y') +qy=2Awyon(ab), -0 <<a<b<+ox, (1.1)

where p, g are complex functions, p(x) # 0 and w(x) > 0 a. e. on (a,b), p~1,q,w are all
locally integrable functions on (a, b), A is the so-called spectral parameter. They studied the
classification of equation (1.1) according to the number of square integrable solutions of the
equation (1.1) in suitable weighted integrable spaces. In 21 Amos considered the problem that
all solutions of second-order ordinary differential equation t[y] = Awy (1 € C) are in
L?,(a, ) when T is a second-order symmetric ordinary differential expression of the form
t[y] = —(py' )" + qy on [a, ) under sufficient conditions on the coefficients p and q. The
case that not all solutions are in L2,(a, o) was considered by Atkinson and Evans 1972 B [3,
Theorem 1].
In Everitt and Zettl 1986 ™ considered the problem of characterizing all self-adjoint
differential operators which can be generated by a formally symmetric Sturm-Liouville
differential expression z,, defined on two intervals I,,, (p = 1,2) with boundary conditions at
the end points. An interesting feature of their work is the possibility of generating self-adjoint
operators in this way which are not expressible as the direct sum of self-adjoint differential
operators defined in the separate intervals.
In Jiong Sun 1986 B! gives a characterization of the self-adjoint extensions of the minimal
operator T, generated in L2, (0,b) by a formally-symmetric differential expression t of
arbitrary order n. If the minimal operator T, has deficiency indices (¢, ¢), the domain of any
self-adjoint extension of T, is described in terms of £ boundary conditions involving the
square-integrable solutions of the differential equation z[u] = AuforA € ¢\R. In & 71 ],
Knowles and Zai-Jiu-Shang 1988 [l gave a characterization of the boundary conditions which
determine the domain of any J -self-adjoint extension of the minimal operator T, with maximal
deficiency index in the case when the field of regularity, I1(T,), of T, was non-empty. This is
achieved by using Sun Jiong' s results (see ) with only one singular end-point. Evans and
Sobhy El-sayed 1990 ! and 131 extended their results for all regularly solvable operators and
their adjoints in the case of one interval with one singular end-point and in the case of two
singular end-points a and b.
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a and b. The domains of these operators are described in terms of boundary conditions featuring L, (a, b)-solutions of the
equations t[u] = Awu and 7*[v] = Awwv at both singular end- points a and b. Their results include those of Jiong Sun 1986 [
concerning self-adjoint realizations of a symmetric expressions 7 when the minimal operator has equal deficiency indices, and
Zai-Jiu Shang 1988 [l concerning the J - self-adjoint operators as special case.

Our objective in this research is to generalize of Evans and Sobhy E. lbrahim, 1990 Sun Jiong and Zai-Jiu-Shang's 1988 results
and Zettl 1986 in [ and [ for the general ordinary quasi-differential expressions t;,1,, ..., T,, each of order n with complex
coefficients generated by a general Shin-Zettl matrices (see [ 617 in direct sum spaces such that the operators defined on each of
the separate intervals I, = (ap,bp),p =1,2,...,N. The left-hand end-point of ,, is assumed to be regular but the right-hand end-
point may be regular or singular.

2. Notation and Preliminaries

We begin with a brief survey of adjoin pairs of operators and their associated regularly solvable operators; a full treatment may be
found in [, (8111 [12.13] [15-17] [18] [Chapter I11] and 19,

The domain and range of a linear operator T acting in a Hilbert space H will be denoted by D(T) and R(T) respectively and N(T)
will denote its null space. The nullity of T, written nul(T), is the dimension of N(T) and the deficiency of T, written def (T), is
the co-dimension of R(T) in H; thus if T is densely defined and R(T) is closed, then def (T) = nul(T* ). The Fredholm domain
of T is (in the notation of [26,24,9]) the open subset A;(T) of € consisting of those values of A € € which are such that (T- AI) is
a Fredholm operator, where | is the identity operator in H. Thus A € A;(T) if and only if (T- AI) has closed range and finite
nullity and deficiency. The index of (T- AI) is the number

ind(T- M) =nul(T — AI) — def(T — Al), (2.1)
This is defined for A € A;(T).

Two closed densely defined operators A and B acting in H are said to form an adjoint pair if A < B* and consequently, B c A%;
equivalently, (Ax,y) = (x,By) forallx € D(A) andy € D(B), where (.,.) denotes the inner-product on H.

The field of regularity I1(A) of A is the set of all A € € for which there exists a positive constant K (A) such that
[[(A —ADx|| = K)I|x|| for all x € D(A) (2.2)

or, equivalently, on using the Closed Graph Theorem, and nul(A — AI) = 0 and R(A — Al) is closed.

The joint field of regularity I1(A, B) of A and B is the set of A e ¢ which are such that A € I1(4),A1 € II(B) and both def (A — AI)
and def (B — AI) may be finite. An adjoin pair of A and B is said to be compatible if I1(4, B) # @.

We now turn to the quasi-differential expressions defined in terms of a Shin-Zettl matrix A on an interval 1.

Definition 2.1: The set Z,,(I) of Shin-Zettl matrices on I consists of n x n-matrices A = {a,s}, 1 < r,s < n, whose entries are
complex-valued functions on I which satisfy the following conditions:

() a €L, (DA <7r,s <nn =2)

(i) apr4; #0a.eonl(1<r<n-1) (2.3
(iii) a,s = 0,a.e.onl(2<r+1<s<n).

For A € Z, (1), the quasi-derivatives associated with A are defined by:

ylol =y,
y[r] = (ar,r+1)_1{(y[r_1])’ — Xs=1 arsy[s_l]}r 1<sr<sn-1) (2.4)
y[n] = (y[n—l])/ - Z?:l ansy[s_l]};

The quasi-differential expression t associated with the matrix A is given by:

tfyl = "y, (n = 2), (2.5)
this being defined on the set:

V() = {y:y1 € AC\,. (D, 7 = 1,2,...,n}. (2.6)
The formal adjoint =+ of = defined by the matrix A* € Z,,(I) is given by:

tt[z] = i"zE_n], forallz e V(z™h); (2.7
this being defined on the set:

ViEt) ={zz,I1 eAC, (), r=12,..,n}, (2.8)

~5G~


http://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics http://www.mathsjournal.com

[r

+ ~H the quasi-derivatives associated with the matrix A* € Z,,(I),

where z
At ={a}}=(-1)"**G,_s41nrsq fOreachr,s,1 <r,s <n, (2.9)

are therefore:

A0,
+ T4
= - =1]N/ - -1
L oy o U UR) y SCE D asarl MINUINIO L) (210)
ZJ[rn] = (ZErn_l])’ =X (D)™ a, g ZLS_l]' (Isrsn-1)

Note that: (A*)* = A and so (z1)* = 7. We refer to [-4 6 8 [3-131 gnd 14201 for a full account of the above and subsequent results
on quasi-differential expressions.

Definition 2.2: For e V(t),v € V(z*) and a, B € I, we have the Green's formula:
[Fotlul - ut* o} dx = [u, v1(B) — [u,v](a), (2.11)
where,

[w, v](x) = i"(EPE (=)™ ol () 5 ()

v

= (0™ e, ™) Juxn (x); (2.12)

174[71—1]
See [581 [3-131 1351 [Corollary 1] and 6. 81,
Let the interval I have end-points a,b ( - < a < b < ), and let w:I - R be a non-negative weight function with w € L},.(I)

and w(x) > 0 (for almost all x € I). Then H = L2,(I) denotes the Hilbert function space of equivalence classes of Lebesgue
measurable functions such that [ w||f||? < oo; the inner-product is defined by:

(f,9) = [w)f()g(x) dx (f, g €L5,D). (2.13)
The equation,

Tyl — Awy =0(Ae@)onl, (2.14)

is said to be regular at the left end-point a € R, if forall X € (a, b),

a €ER; w, a,s €LY(a,X),(r,s=12,..,n). (2.15)
Otherwise (2.14) is said to be singular at a. If (2.14) is regular at both end-points, then it is said to be regular; in this case we have,
ab€eER; w, a,s €LY (a,b),(,s=12,..,mn). (2.16)

We shall be concerned with the case when a is a regular end-point of (2.14), the end-point b being allowed to be either regular or
singular. Note that, in view of (2.9) an end-point of I is regular for the equation (2.14), if and only if it is regular for the equation,

t+z]— Awz=0(1 € ¢) on I; (2.17)
see [4, 9], [10 -20] and [?4,

Note that, at a regular end-point a, say, y[™~1(a) (zJ[f‘” (a)),r =1,..,nisdefined forally € V(z) (z € V(z+)). Set,

D(1) ={y:y €V(r),yandwlt[y] € 12 (a,b) }

D(*):={z:z €V(r*),zand w™it*[z] € L% (a,b) (2.18)

The subspaces D(z) and D(z*) of L2 (a, b) are the domains of the so-called maximal operators T(z) and T(z*) respectively,
defined by:

T(@)y=wlt[y]l(ye D(x)) and T(z %)z := w™lz[z] (z € D(z™1)).

~G 7~
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For the regular problem the minimal operators T, () and T, (z ™), are the restrictions of w=z[y] and w™17[z] to subspaces:

Do(0) ={y:y €D(@), y" (@) =y () =0,r =1,..,n} } (2.19)

Do(t%) ={z:z €D("), z,""W(a) = 2, U () =0,7r=1,...,n}

respectively. The subspaces D, (7) and Do (z ™) are dense in L2,(a, b), T () and T,(z*) are closed operators (see [+ 4 9, [10-141 [15,
Corollary 3] and [16-211,

In the singular problem we first introduce the operators T,'(z) and T, (t*); T,'(z) being the restriction of w=z[.] to the
subspace:

Dy'(x) ={y:yeD(x),suppy < (a,b)} (2.20)

and with T,'(z*) defined similarly. These operators are densely-defined and closable in L2, (a, b); and we defined the minimal
operators T, () and T,'(z*) to be their respective closures (see [* 5 9 [15.16. 181 and [211), We denote the domains of T,(z) and
To(z1) by Dy(t) and Dy (t*) respectively. It can be shown that:

y €Dy(1) = yrU@=0,0=1.,n) 2.21)
z €D,(t*) = z," U a)=0,0r=1,..,n) ) '
because we are assuming that a is a regular end-point. Moreover, in both regular and singular problems, we have
T,"(t) =T ) and T* (1) =Ty (), (2.22)

see [13, Section 5] in the case when T = ¢+ and compare with treatment in > 8, [>-13] '[14] and [18, Section 111.10.3] in general case.
Note that T, (7) and T'(7) are closed and densely-defined operators on H.

3. The Operators in Direct Sum Spaces
The operators here are no longer symmetric but direct sums

To (1) =@®N_; To(t,) and Ty () =BN_; To(7,"), (3.1)

on any finite number of intervals I, = (a,, b,),p = 1,2, ..., N, where T,(z,) is the minimal operator generated by 7, in I, and
7,* denotes the formal adjoint of z,,, which form an adjoint pair of closed operators in @5, L%Vp( Ip). Let H be the direct sum,

H = ®p-1 Hy =®p1 L3, (1) (3.2)

The elements of H will be denoted by f = {f;, ..., fy} with f; € Hy, ..., fy € Hy. When [; n [ =@,i+#j,i,j=1,..,N,the
direct sum space @, L3, ( 1,,), can be naturally identified with the space L3, ( Up-y I,) wherew = w;, on Ip,p = 1,..., N. This
is of particular significance when U}_; I,, may be taken as a single interval; see [*4, 114 and 201,

We now establish by [, 1 and ' some further notation.

Dy(1) = Bp-y Do(rp),D(r) = @p-y D(Tp) } (33)
DO(T+) = g=1 DO(Tp+)'D(T+) = @gzl D(Tp+) , .

To(Df = {To(@)fis s To(tn)fwd fi € Do(T1), oo, fiv € Do(Ty) } (3.4)
To(tH)g ={To(t17)g1, -, To(tn)gn}, 91 € Do(11*), .., gn € Do(Tn™) .
Also,

T@f ={T@)fr, . Tay)fv} fi € D(11), ..., fy € D(Ty) } (3.5)
TG ={T@"g1,...T@n )gn} 91 € D(t1*), ..., gy € D(zy™) .
U?t g] = Zgzl{[fp fgp](bp) - [fp' gp](ap)}'f € D(T)'g € D(T+) (36)
(f: g) = gzl(fp'gp)p ) (3.7

where f = {f,, ..., fv}, G = {91, .., gn} and (-,-)p the inner-product defined in (2.13). Note that T, (7) is a closed densely-defined
operator in H.

We summarize a few additional properties of T, () in the form of a Lemma.
~gge
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Lemma 3.1: We have
(@) [To(]" = Bp=1 [To(1p)]" = Dp=s T(7,7),
[To(t 91" = @Yy [To(Tp*)]" = Dpoy T(1).

In particular,
D[To(M]" = D[T(z*) = @)=, D[T (7)),
D[To(z)]" = D[T(D)] = @y~ D[T (7)),

(b) nul[To(t) — Al = ¥N_ nul[T,(z,) — A,
nul|To(z%) — | = ¥h_nul[T,(z,") — A].

(¢) The deficiency indices of T, () are given by

def [Ty(r) — Al = ¥N_,def[T,(z,) — 1], for all 2 € M[T, (0],
def [To(x*) — | = IN_, def [T,(z,*) — 1] forall 2 € [T, (z )]

Proof: Part (a) follows immediately from the definition of T,(z) and from the general definition of an adjoint operator. The other
parts are either direct consequences of part (a) or follows immediately from the definitions.

Lemma 3.3: If S,,p = 1, ..., N are regularly solvable with respect to To(z,) and Ty(z,*), then S =@35_; S, is regularly solvable
with respect to:

To(1) = BN, To(t,) and To(xF) = BN, To(z,).

Proof: The proof follows from Lemmas 3.1 and 3.2.
Lemma 3.4: For € II[T, (1), To(t™)], def[T,(7) - AI] + def[ T,(z+) — AI] is constant and
0 < def[Ty(7) - AI] + def[ Ty(z*) — AI] < 2nN.

In the case with one singular end-point
nN < def[To(t) - AI] + def[ To(z+) — AI] < 2nN.

In the regular problem
def[To () - A[] + def[ To(z+) — AI] = 2nN, forall A € [T, (7), To(z1)].

Proof: The proof is similar to that in [3, lemma 3.1] and [9-11], and therefore omitted.
For € [Ty (7)], To(z )], we define r, s and m as follows:

r=71(A) = def [To(v) - U] = XN_; def [T, () — Al] ]
= p=1nul[T(Tp+) - ’Tl] =2p-1"%
s =s(A) =def[ To(r*) — U] = IN_,def[To(z,*) — ] - (3.8)
= Samul[r(z,) - 4] = Sas,
m:=r+s=Y1_11+Yp-15 = Tp=1(tp +5,) = Xp=1my,
Then 0 < r,s < nN and by Lemma 3.4, m is constant on T[T, (), To(z*)], and

nN <m < 2nN. (3.9)

For M[T, (1), To(z+)] # @, the operators which are regularly solvable with respect to Ty(z) and T,(z*) are characterized by the
following theorem:

Theorem 3.5: For € M[T,(7), To(z*)], let rand mbe defined by (3.8), and let ¥ (j = 1,2, ...,7), (k=7 +1,..,m) be
arbitrary functions satisfying:
W {# (G =12..,mn}c D() is linearly independent modulo Dy(r) and {Py(k =r+1,..,m)} < D(z*) is linearly
independent modulo Dy (77);

N
i) |7, &, ] = Z 1([qvj,g,c1>k,,](b,,) ~ ¥, Ppl(2)) = 0,G = L, mk =7+ 1,..,m),

p=
Then the set

{wa e @), 18] = Zy-1 ([t Pup (bp) = [t Pup) () = 0, (k =7+ 1,..., m)} (3.10)
is the domain of an operator S = @, _, S,, which is regularly solvable with respect to T, (z) and T, (z*) and
{7:0€ D@ [®, 7] = Bt ([¥p v (B) — [¥ v)(2)) = 0,G = 1.2, ..., 1)} (3.12)

is the domain of an operator S* = [B}_, Sp]*, moreover 1 € A,(S).

~5g~
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Conversely, if S is regularly solvable with respect to T (t) and Ty(z%) and A € [Ty (7), To(z1)] N AL(S), then with r and m
defined by (3.8) there exist functions #; (j = 1,2, ...,7) and &, (k =r + 1, ...,m) which satisfied (i) and (ii) and are such that
(3.10) and (3.11) are the domains of the operators S and S* respectively.

S is self-adjoint (J-self-adjoint) if, and only if, t* =7, r =s and &, = F,_,. (k =r + 1,...,m); S is J-self-adjoint if t* =, (J
complex conjugate), 7 = sand &, = P, (k=7 +1,...,m).

Proof: The proof is similar to that in %I, [-101, [18, Theorem 111.3.6] and [2%.22],

For A € T[T, (tp), To(75)], define 7, s, and m,, be defined by (3.8). Let { Wi, (j = 1,2, ..., 5,)}, {®sp (k = s, + 1,...,m;)} be
bases for N[T,(t,) - AI] and N[To(t;) - AI] respectively; thus Wi, @, € L2,(ay,b,) (j =1,2,..,5p k=s,+1,..,m,,p =
1,2,..,N) and

Tp[ lp1'p] = wY,

o T | Pip| = WDy, 0n [ay, by), (P = 1,2, ..., N). (3.12)

Since [To(z;) - A1] has closed range, so does its adjoint [T'() - AI] and moreover
R[T(z,) - M| = N[To(z) -21] = {0},p = 1,2,..., N.

Hence

R[To(ty) - 1] = 13, (ay, b,) and [T(x) -] = 13 (ap by).

We can therefore define the following:

Xjp = lIJ]p (j =1,2, '"'Sp) }’ (313)
"mp)

[T(tp) - U] xjp = Ppp =5, + 1,

[T(z3) -] yjp =¥p (1 = 1, .. 5p) } (3.14)
Vip = ¥p (j =5, +1, ...,mp) ' .

Next, we state the following results, the proofs are similar to those in [4l, [>-121 14151 and [18, Section 4].

Lemma3.6: ([15, Lemma3.3]). Thesets {x;,: j = 1,2, ..., m, }and{y;,: j = 1,2, ..,m, }arebasesof N([T(z;) - AI][T(z,,) - AI])
and N([T(z,) - AMT][T(z7) - AI]) respectively, p = 1,2, ..., N.

On applying [18, Theorem I11.3.1], we obtain:

Corollary 3.7: Any z,, € D(t,,) and z, € D(t,) have the unique representations

m
Z, = Zgp + ijpl ajp Xjp (Zop € Do (1), ajp € ¢, p = 1,2,...,N), (3.15)
73 =28, + %, b Vjp (28 € Do (1), byp € €,p = 1,2, V). (3.16)

A central role in the argument is played by the matrices; see also [°-12,

Lemma 3.8: Let,

Empxmp: = ([xjp' ykp](bp))lsj,ksmpv (3.17)
And

Eslz;zxrp = ([xjp ykp] (bp))lsjssp,sp+1s ksmp» (3-18)
Then,

Rank E;,[,2><rp = rank Em,xm, =mp —n,p =12,..,N. (3.19)

In view of Lemma 3.6 and since 7,,, s, = m, —n,p = 1,2, ..., N we may suppose, without loss of generality, that the matrices,

E(Irﬁp—n)x(mp—n) = ([xjp' ykp](bp))lsjsmp—nJHls ks(mp)» (3-20)
satisfy

~60~
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Rank E > =m,—np=12..,N. (3.21)

(mp—n)x(mp-n)

If we partition Enm,xm,, @S

1,1 1,2
E(mp—n) xn E(mp—n)x (mp—n)
Ermpxm, = : ' s : (3.22)
2,1 2,2
Enin Enx(mp—n)
and let
1,1 1,2
E(lmp—n)xn = E(mp—n)xn @ E(mp—n)x(mp—n) } (3 23)
2,1 2,2 ’ .
Er%xmp = Epin © Enx(mp—n)
1,1 2,1
F‘r}lpxn = E(mp—n)xn GBT En><n
2 1,2 T 22 , (3.24)
me(m—n)=El GBE’ -
p p (mp—n)x(mp-n) nx(mp—n)
Then (3.21) yields the result
Rank Ef, nyxm, = 1ank Fp xm, m =mp —n,p =12,..,N. (3.25)

Lemma 3.9: Let D;(t,) be the linear span { z;, : i = 1,2,...,n}, where z;, € D(rp) satisfy the following conditions for k =
1,2,..,nandsome c, € (ayb,),p =12,...,N;

zip[k‘l](ap) = Sit, zip[k‘l]( cp) =0,2z,(t) =0fort > ¢, (3.26)
and let D, (t,) be the linear span of { x;,,: i = 1,2, ..., m,, — n} with (3.21) satisfied. Then,

D(t,) = Dy (t,) + Dy(7p) + D2(7,), p = 1,2, .., N. (3.27)
If Dy (z,) and D, () be the linear spans of {z7,: i = 1,2,...,n}and {y;, : i = n + 1,...,m,} respectively, then

D(t}) = Do (z) + Di(t3) + D,(z3), p = 1,2, ..., N. (3.28)

4. The Boundary Conditions Featuring L2 -solutions
We shall now characterize all the operators which are regularly solvable with respect to T,(t) = EBgzl To(rp) and Ty(z%) =
@©p-1 To(z,") in terms of boundary conditions featuring L, (I) = @3-, L3, ( I,) —solutions of the equations [z — AI]y = 0 and

[tt — Allz =0,(1 € ¢) on any finite number of the intervals with one regular end-point and the other may be regular or singular.
The results in this section are extension of those in 145781 [5-141 gng [19-22],

Theorem 4.1: Let A € IN[Ty(x), To(tH)], let v, s and m be defined by (3.8), and let x; (i = 1,2,...,m,),y; (j = 1,2, ...,m,) be
defined in (3.13) and (3.14) respectively, and arranged to satisfy (3.21). Let Kr‘;m, P M?P . and NP

TpX(mp-n)’ T spXn spx(mp=n) P =
1,2, ..., N be numerical matrices which satisfy the following conditions:

(i) Rank (I3, {K? ., ® Lf,,x(m,,_n)}) =N .7, =rand
Rank (Zi_(M? ., @ N7 }) =3his, =s.

spx(mp—n)

.. p 1,2 p : p p
(”) Zg=1 (Lrpx(mp—n) E(mp—n)x(mp—n) (Nspx(mp—n))T)Tp + (_l)n 5:1 (Krpxn ]nxn (Mspxn)T)

XSp TpXSp
= Zg:l Orpxsp = Oyxs,
Jaxn = ()78 n11-5), 1 < 7,5 < n, & being the Kronecker delta.
The set of all u € D[T(t)] such that,

/ ( u(ay,) \| ([u, y(n+1).p](bp)\\
S| Ml N |
' \u[n—lll (ap)/ e \[u, y(mp)'p] (bp)}

~g1~

= Ogx1, (4.2)
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is the domain of an operator S = 692’:1 S,, which is regularly solvable with respect to T, (z) and To(z*) and D(S*) is the set of all
v € D[T(z*)] which are such that

( 7(a,) beap 1)\

Zg=1 Kg;xn . - szx(mp—n) = 07‘)(1' (42)
_ 1
[n (ap) [x(mp—n)p' v] (by)
Proof: Let,
Mp xn]an =—i ( k) rp+lsismy Ng;x(mp_n) = (,B}Jk)rp+1sismp (4-3)
n+1<k<mp n+1sk5mp

and set,

Zk 1 Jk ykp (j =n+1..,m,p=12 ...,N). (4.4)

Then gj, € D[T(z)], by ¥, [ and ') we may choose ®,(j = 7, + 1,....,m,) € D[T(77)] such that for k = 1,2, ...,n and
some ¢, € (a,, by)

{(%)”‘ Yap) =T (03), () = (930), " (c) } “5)

= gjpon [cp, p), (j =nt+ 1, e, My, P = 1,2, N)

This gives

) \ [ )

. . — §[k-1] :
g=1 prxn =" $=1 [(d)jp)+ ! (ap)]rp+1sismp Jnxn .
u[n_l](ap) 1<ksn u["_l] (ap)

.
= Zg:l ([[u' Cb(rp+1)p] (a)' [u’ cI)(rp+2)p] (a) sy [u' q)(mp)p] (ap) ] );
by (2.11). Also, since @, = g;, on [cp, b, ), (j = 1, + 1,....,m, ). Then,

/ [w, y(n-l:l)p](b)\

p=1| Ngxmy-m)
\ k[u Yory | (b)) /

S ([N [ O B e S [COY |

= 5 ([ 90 5 0] 03 0, ] 0] )

The boundary condition (4.1) therefore coincides with that in (3.10). Similarly (4.2) coincides with (3.11) on making the
following choices:

Kg,xn r:in = (_i)n(rﬁ()lSjgp ) Lz;px(mp—n) = (5};{) 1sjsry (46)
1<ksn 1sksmp—-n
my-n ,
hip:= 2,2 eﬁc Xiep (=1 v Ty = 1,2, v N) 4.7)

and by [, © and 9 we may choose ¥, (j = 1, ....,1,) € D[T(t,)] such that for k = 1,2, ...,n and some c,, € [a,, b,),

(@) =ty o) =) ) @8)
¥, = hjp on [cp, p), (] =1+1..,m,p=12 ...,N)

~g2~
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It remains to show that the above functions {®,:k = 71, +1,....,m,} € D[T(zy)] and {¥}, (j = 1,....,7,)} € D[T(z,)] are
linearly independent modulo D,[T(z;)] and Do[T ()] respectively and satisfy conditions (i) and (ii) in Theorem 3.5. First,
suppose that {#; } = {¥j,:j = 1,....,7,} is not linearly modulo D, (t,) that is, there exist constants c,, wes Cr,, MOt all zero, such

thatu = 37, ¢;¥;, €Dy (7). Then, from (2.24), (4.6) and (4.8),

/ u(ap) \ &1 €1

Opx1 = ' = (T k) 1sksn . =i" Jnxn (K, xn)T .
. 1<]<rp . .
u[n—l] (ap) CT CT

j2
On noting that

an - ( 1)n+1]n><n (]TLXTI.)T'

But J,,«, has rank n and so we infer that

(C1; - Crp) TpXn = len' (49)
Since u = {u,} € Dy(1;), we have that [w, v](b,) = 0 for all v = {v,} € Dy(z;).

Hence,

Ouem = Zes (([u, Vip) (o) - [t Yo (5) ))

=Xp- 1([2 el gjz;c xkp'yw] (bp), - [Z ko1 eﬁ( xkp'y(mp)p] (bp))
= Zp=1 ((C1' LA Crp) Lrpx(mp—n) E(lmp—n)xmp)l

on using the notation in (3.23). In view of (3.25), we conclude that
Tt (0 s €0, I omymy) = Zi=1 Orxomp—ry = Ox(ammry (4.10)

We obtain from (4.9) and (4.10) that
Egzl ((Clr oy Crp) (Krl;xn ® Lipx(mp—n))) = Zgzl (lemp) = O015m»

Which contradicts the assumption that Y.5_, ( rpxn D Lr x(mp n)) has rank .
It follows similarly that, {®} = {®4,:k = 71, + 1, ....,m,} € D[T(z;)] is linearly independent modulo Dy (z;}).

Finally, we prove (ii) in Theorem 3.5,

= (=) g=1( o 1](ap)]1<1<rp Jnxn [(q)kp)i 1](“10)] e )

1<k<n Tpt+lsksmy

= (=" Zp 1(( k)1<1<rp]nxn( k)rp 1<]<mp>’

1<ks=n n+1sksmy

By (4.5) and (4.8),

= _(_i)n ({ X7 Tnxn ( xn)T}rpxsp) (4'11)
Next, we see that
([lpi'q)j](b)) = ([Z u lp' i= n+1 kykl] (bp)) 1sisry, ’

rptlsjsmy

~g3~
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Whence

([q—’],q)k](b)) 1<isr = Z:—l (Eﬁ) 1sjsrp ([xlp:yip](bp))lslSmp—n (ﬁ;fi)-;pﬂsksmp

rptlsjsm = 1slsmy-n n+isismy n+isismy

1,2
= Zg:l (prx(mp—n) E(mp—n)x(mp—n) (Nsl;x(mp—n))-r)' (4-12)
From (ii), (4.11) and (4.12) it follows that condition (ii) in Theorem 3.5 is satisfied. The proof is therefore complete.

The converse of Theorem 4.1 is

Theorem 4.2: Let S = g=1 S,, be regularly solvable with respect to To(7) and Ty (z*), let € M[Ty(7), To(r™)] N A4(S), let
r,sand mbe defined by (3.8), and suppose that (3.21) is satisfied. Then there exist numerical matrices Kr’; .
prx(mp_n), prxn and Nsl;x(mp—n) such that conditions (i) and (ii) in Theorem 4.1 are satisfied and D(S) is the set of u € D[T(1)]

satisfying (4.1) while D(S™) is the set of v € D[T(t*)] satisfying (4.2).

Proof: Let {¥;,(j = 1,...,1,)} € D[T(7,)] and {®y,:k = 1, + 1,....,m,} © D[T(z;)] satisfy the second part of Theorem
3.5. From (3.27) and (3.28), we have

m .
®jp = Yjo + Tieca M Zitp + Dtnan Bk Vi U = 15 + 1, ymy,p = 12,0, N), (4.13)

for some y;, € D[T,(z; )] and complex constants nf, and BJ,. Let

. - k-1
M s = =" [(@5) ¥ (@)l +15imy Jnscns (4.14)
1<ksn
st;x(mp—n) = (ﬁjpk)rp‘*‘lsjsmp D= 1!2; ey N (415)
n+1sksmp
Then,

[u, cb(rp+1),p] (ap)
' = (=0" [u(ap), -, " (@p)] Jusen[ @) M (a)]  15j2n

rptlsksmy

[u, cb(mp.).n] (ap)
u(ap)

:Mp

SpXTl

u["‘l.](ap)
Moreover, for all u = {u,} € D[T(r, )],
[w,y50](by) = [w,z1(by) =0,(j =7, + 1,....,mp ; k = 1,2,...,n,p = 1,2,...,N), and hence, from (4.13),

[ @010 B\ ([ B By Vo (Bp)

[u' q)(mp.),p] (bp) [u' z:Zﬁl=pn+1 '[;Tlnp:k ykl’] (bp)

[u, Y(n+1)p] (bp)
= Nst;x(mp—n)

[u, y(mp')p ] ()

Therefore, we have shown that the boundary conditions (4.1) coincide with those in (3.10). Similarly (4.2) and the conditions in
(3.11) can be shown to coincide if we choose,

Krz;,xn: = (_i)n[lpj[;:_l[(ap)]lstTp Jaxns (4.16)

1<ksn

~g4~
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And

Lf.px(mp_n) (8 k) 1<] <rp y (4.17)
1sksmp-n

where the e}}c are the constants uniquely determined by the decomposition

m .
W, = Xjo + Yoy E?k Zip + Tty sﬁc Xkp, =1, .., 1, p = 1,2, .., N), (4.18)
derived from Lemma 3.9. Next, we prove that (i) and (ii) in Theorem 4.7 are consequences of the fact that {¥}, (j =1,.. .,rp)} c

D[T(r,)] and {®y,:k = 1, +1,....,m,} < D[T(z;)] are linearly independent modulo Dy[T(r,)] and Dy |T(z; )]|respectively.
Suppose that

Rank( p=1 ( pxn @ L7 (- n))) <.

Then there exist constants ¢,, c; ..., ¢y, NO all zero, such that

Zgﬂ <(C1,C2 ---:Crp)( Tpxn S Lp TpX(mp— n))) = 01xm- (4.19)

This implies that,

O13n = Zgzl ((Cl’ C2 ---:Crp) (Kg,xn))

=(-)" X0, (cl,cz ...,crp) [‘P[k U (ap)]r<,<rp Jnscn

1<ksn
. . _ _ Tp . .
and as J,x, non-singular, it follows that u = {u,} = ijl ¢; ¥jp , satisfies

(u(ap), ., u"(a,) ) = 0yxp. (4.20)

We also, infer from (4.19) that
le(m—n) = Zg=1 <(Cl' C2 oy Crp) (Lzr)px(mp_n)) )

— yN p &P ™ P
= 4p=1 (ZJ 19 &1 Zij=1 G Ejmy-n) )
Consequently, on substituting (4.18), we obtain
7 T
u= Zjil ¢ Xjo + Zjil he1 G E;’k Ziep- (4.21)

For arbitrary v € D(z*) it follows that [u, v](b) = 0. This fact and (4.20) together imply that u € D, () and hence that {¥,, -j =
1,..,7,} is linearly independent modulo D,(z,) contrary to assumption. We have therefore proved that Z 1({ rp><n

2 om, _ny}) has Rank 7. The proof of Rank (ZA_,(M? ., @ N;x(mp_n)}) = s is similar. From (4.14) and (4.16),
([qj] ’ (’ﬁk](a)) 1SjST, = (_l)n Zg=1 ( (ap) 1<]<Tp]n><n (q)k)[] 1 (ap) 15]‘511 )
r+1<ksm 1<k<n rptlsksmyp

= (_i)n Zgzl (( nKp xnjnxn)]nxn( ( l)n xn]nxn) )

=—(=)" ({ xn]nxn (Mg Xn)T}TpXSP)

On using (4.13), (4.18) and the fact that z;, =z}, = 0 on [c,, by), G = 1,..,n,p = 1,2,...,N) and [u,v](b) = 0 if either u €
D(t) and v € Dy(t%) or u € Dy(7) and v € D(z 1), we obtain

~g5~
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([(pi'&)j](b)) 1sisr T g=1<([ g_nfﬁva;nanﬁﬁcyp](bp)) 1sisry )

r+isjsm rptlsjsmy

— VN p 1,2 p T
- ZZJ:l (Lrpx(mp—n) E(mp—n))x(mp—n) (Nspx(mp—n)) )
The proof is therefore complete.

Remark 4.3: Assume that 7 = ’,}’:1 T, is formally J-symmetric, that is 7+ = Jz/, where J is the complex conjugation. Then the
operator Ty(t) is the J-symmetric and Ty (t) and To(z*)] = J[T,(7)]J form an adjoint pair with T[Ty (), To(t)] = [Ty (T)].
(4.22)

Since t[u] = Awu if and only if t¥[i] = Awi (A € ¢), it follows from Lemma 3.1 that for all 1 € T[Ty (7)], def[To(z) - AI] =
def[ To(z+) — AI] is constant £, say, so in (3.8) and (3.9), r = s = £ with % <f{<n

5. Discussion

In Everitt and Zettl 1986 B discussed the possibility of generating self-adjoint operators which are not expressible as the direct
sums of self-adjoint operators defined in the separate intervals. In this section we extend this case to the case of general ordinary
differential operators, i.e., we discuss the possibility of the regularly solvable operators which are not expressible as the direct
sums of regularly solvable operators defined in the separate intervals I,, = (a,,, bp),p =1, 2,3, 4. We will refer to these operators
as “New regularly solvable operators™ if a, is a regular end point and b,, is singular, then by [18, Theorem 111.10.13] the sum
def[To(z) - Al| + def[ To(x*) — AI] = 4nfor all 2 € N[T,(7), To(zH)], If and only if the term in (3.11) at the end point b, is
zero, p =1, 2, 3, 4. By Lemma 3.4, for 2 € I[T,(7), To(z")], we get in all cases:

0 < def[Ty () - AI] + def[ Ty(z*) — AI] < 8n. (5.1)
When each interval has at most one singular end-point,

4n < def[Ty(t) - M| + def[ Ty(z+) — AI] < 8n. (5.2)
In the case when all end-points are regular,

def[To(T) - AI] + def[ To(z*) — AI] = 8n,forall A € [T, (1), To(z)]. (5.3)
Let,

def[To(z) - Al + def[ To(z4) — 2] =4,

And

def[To(t,) - AU + def] To(z3) — U] =dpp =1,2,34.
Then by part (c) in Lemma 3.1, we have thatd = ¥;_; d,,.
We now consider some of the possibilities:

Example 1. d = 0. This is the minimal case in (5.1) and can only occur when all four end-points are singular. In this case T, () is
itself regularly solvable and has no proper regularly solvable extensions, see Edmunds and Evans [18, Chapter I11] and [* %2,

Example 2. d = n with one of d,,d,,d; and d, is equal to nand all the others are equal to zero. We assume that d, = n and
d, = d; = d, = 0.The other possibilities are entirely similar. In this case we must have seven singular end-points and one
regular. There are no new regularly solvable extensions and we have that, S = S, €B§=z To(tp), where S; is regularly solvable
extension of T,(t,),i.e., all regularly solvable extensions of T,(t) can be obtained by forming sums of regularly solvable
extensions of Ty (), p = 1,2, 3, 4. These are obtained as in the “one interval” case.

Example 3. Six singular end-points and d = 2n. We consider two cases:
(i) One interval has two regular end-points, say, I;, and each one of the others has two singular end-points. Then, S =
Sy @y, To(ty,), Where S, is regularly solvable extension of T, (z,), generates all regularly solvable extensions of T, (7).

(ii) There are two intervals, say, I; rand I, each one has one regular and one singular end-point and each one of the others has two
singular end-points. In this case S = S; @ S, @53 To(1p), and S; @ S, generates all regularly solvable extensions of T,(r). The
other possibilities in the cases (i) and (ii) are entirely similar.

Example 4: Five singular end-points and d = 3n. We consider two cases:
~E6™
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(i) There are two intervals, say, I; and I,, such that I; has two regular end-points and I, has one regular and one singular end-
points, and each one of the others has two singular end-points. In this case d; =2n and d, =n, then, S=S5, @
S, @p=3 To(7,), which is similar to (ii) in Example 3.

(ii) There are three intervals, say, I, I, and I; each one has one regular and one singular end-point, and the fourth has two
singular end-points. In this case d,=d, =d; =nandd, =0,then S =5, & S, D S; ® T,(t,), and hence 69;:1 S, generates
all regularly solvable extensions of T, (7). The possibilities are entirely similar.

Example 5: Four singular end-points and d = 4n. We consider three cases:

i) There are two intervals, say, I; and I,, such that each one has two regular end-points and each one of the others has two
singular end-points. In this case d,= d, = 2n and d3=d,=0, then, S = $; @ S, Bj3 To (7).

ii) There are two intervals, say, I; and I,, such that each has one regular and one singular end-point, and the others I; and I, has
two regular and two singular end-points respectively. In this case d;= d, =n,d; = 2nand d, = 0,then S=5, § S, P
Ss @ Ty(t,4) as in Example 4 (ii).

iii) Each interval has one regular and one singular end-points. In this case d,, = n,p = 1, 2, 3, 4. Then “mixing *“can occur and we
get new regularly solvable extensions of T, (7). For the sake of definiteness assume that the end-points a,, b,, a; and b, are
singular end-points and b,, a,, b; and a, are regular end-points. The other possibilities are entirely similar.

For u€D[T()]= @p-1D[T(r,)] and & €D[T(EN)] = @y D[T(r)]  with  u={uu,,uz,uz}, =
{ D1, Pra, Pra, Pra}s condition (3.11)) reads

0 = [u, ;] = Xga{[Up Pplp (bp) — [up ] (@p)}j =1, .,m. (4.22)

Also, for veD[T(x")] = @p-y D[T(z})] and W €D[T(1)] = @poy D[T(7p)] With v ={vy,v,,v35v,}, Y
{W1, W2, ¥j3, ;4 }, condition (3.12)) reads

0 = [¥), v] = Zp-1{[Wjps vplp(bp) — [Pip) vp]p(ap)}, j=1,..,m, (4.23)
and condition (ii) in Theorem 3.5 reads

0=[¥, P =
= Y {[Wpr Prplp(bp) — [tpjp,qakp]p(ap)}, jk=1,..,n (4.24)

By [18, Theorem 111.10.13], the terms involving the singular end-points a,, b,, a; and b, are zero so that (4.22), (4.23) and (4.24)
reduces to:

[ug, @pq1l1(b1) — [ug, @yzlz(az)+[uz, Pysls(bs) — [ug, Prals(as) =0,

[%’1'771]1(171) - [‘sz,vz]z(az) + [1}11.3,1;3]3([)3) - [‘ij V4]4(a4) =0,
and
[lpjp q)kl]l(bl) - [‘sz' ‘bkz]z(az) + [1}1},3, CI’k3]3(bs) - [l'pj4' ¢k4]4(a4) =0,

j,k =1,..,n. Thus, the boundary conditions are not separated for the four intervals and hence, the regularly solvable operators
cannot be expressed as a direct sum of regularly solvable operators defined in the separate intervals L,,p = 1, 2, 3, 4. We refer to
Everitt and Zettls 1986 I papers, I 4 and % for more examples and more details.
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