International Journal of Statistics and Applied Mathematics 2022; 7(2): 41-43

International Journal of

Statistics and Applied Mathematics

ISSN: 2456-1452

Maths 2022; 7(2): 41-43
© 2022 Stats & Maths
V\'VVVV.IIlﬂt}lSiOllrIlal.COIII
Received: 10-12-2021
Accepted: 03-02-2022

FZ Chagpar

Department of Mathematics,
University of Nairobi, Kenya.
*69 Palm City, Patheri Bag,
Dehradun, Uttarakhand, India

GP Pokhariyal

Department of Mathematics,
University of Nairobi, Kenya.
*69 Palm City, Patheri Bag,
Dehradun, Uttarakhand, India

SK Moindi

Department of Mathematics,
University of Nairobi, Kenya.
*69 Palm City, Patheri Bag,
Dehradun, Uttarakhand, India

Corresponding Author:

GP Pokhariyal

Department of Mathematics,
University of Nairobi, Kenya.
*69 Palm City, Patheri Bag,
Dehradun, Uttarakhand, India

Study of W,- curvature tensor in the space-time of
general relativity

FZ Chagpar, GP Pokhariyal and SK Moindi

DOI: https://doi.org/10.22271/maths.2022.v7.i2a.793

Abstract

In this paper, we study the physical properties of W,- Curvature tensor and found that it does not satisfy
the Bianchi differential identity even with Ricci tensor being of Codazzi type. It is further shown that
Einstein field equations with Cosmological constant can be expressed with the help of W,z,, and Rainich
conditions for the existence of the non-null electrovariance can also be written with the help of W,;;.
Finally, it is shown that W,-flat space time signifies empty field.
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Introduction

On the line Wyel's of projective curvature tensor Pokhariyal (1973) [ defined
W5 andW,curvature tensors, to study geometric and physical properties of these tensors in the
4-dimensional space time of general relativity.

Ws(X,Y,Z,T) = RX,Y,Z,T) + —[g(Y, Z)Ric(X,T) — g (Y, T)Ric(X,2)] (1.1)
Wo(X,Y,Z,T) = R(X,Y, Z,T) + —[g(X, Z)Ric(Y,T) — g(X,Y)Ric(T, Z)] (1.2)

Moindi (2007) @ have studied the geometric properties of W; tensor in Lorentzian Para-
Sasakian and other complex manifolds. The W,-curvature tensor, has been studied in Sasakian
and LP-Sasakian manifolds (Katende, 2011) 1. Additional physical properties of W,-curvature
tensor in the space time of general relativity are studied in this paper.

Properties of W4-curvature tensor

The W,-curvature tensor has been defined by (1.2) where R(X,Y,Z,T)=g(R(X,Y,Z),T) and
R(X,Y,Z)=DxDvyZ- DyDxZ-DixviZ is the Riemann curvature tensor, R(X,Y)=g(R(X),Y) is the
(0,2)-type Ricci tensor, R is the scalar curvature and D denotes the Riemannian connection. It
is seen Pokhariyal, 1973 [ that W,(X,Y,Z,T) # —-W,(Y,X,Z,T), W,(X,Y,Z,T) #
~W,(X,Y,T,Z), W,(X,Y,Z,T) # +W,(Z,T,X,Y).

Therefore, none of symmetric or skew-symmetric properties are satisfied by W,-curvature
tensor.

From (1.2), it is seen that

W,(X,Y,Z,T) + W,(X,Z,T,Y) + W,(X,T,Y,Z) = 0. (2.1)a
Wo(X,Y,Z,T) + W,(Y,Z,X,T) + Wo(Z,X,Y,T)0 (2.1)b

That is, both the cyclic properties are satisfied by W,-curvature tensor.
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Bianchi Differential Identity
It is shown that the Bianchi differential identity is given by

(VuR)(X,Y, Z, T)+(VzR)(X,Y, T, U)+(ViR)(X, Y, U, Z)=0 (3.2
For the four-dimensional space time of general relativity, from (1.2), we have

W,(X,Y,Z,T) = R(X,Y,Z,T) + § [g(X, Z)Ric(Y,T) — g(X,Y)Ric(Z,T)] (3.2)
In order to check for Bianchi differential identity for W,-curvature tensor, we compute

(VW)X Y, Z, T)+(V W) (X, Y, T, U)+ (VW) (X, Y, U, Z)=

(VuR)(X,Y, Z, T)+‘§ [g(X,Z)(Vy Ric)(Y,T) — g(X,Y)(Vy Ric)(Z,T)]+

(Vz:R)(X,Y,T, U)+§ [g(X, T)(Vz Ric)(Y,U) — g(X,Y)(Vz Ric)(T,U)]+

(ViR)(X,Y, U, Z)+§ [gX, U)(VyRic)(Y,Z) — g(X,Y)(Vy Ric)(U, 2)] (3.3
By virtue of (3.1) and (3.2) we have.

(VW)X Y, Z, T)+(V W) (X, Y, T, U)+ (VW) (X, Y, U, Z)=

é[g(X,Z)(VU Ric)(Y,T) + g(X,T)(Vz Ric)(Y,U) + g(X,U)(VRic)(Y,Z) —

aX,Y){(VyRic)(Z, T) + (Vz Ric)(U,T) + (VRic)(U, Z)} (3.4)

The condition for Ricci tensor to be of Codazzi type, Derdzinski and Shen, 1983 ! is given by
(Vx Ric)(Y,Z) = (Vy Ric)(X,Z) = (Vz Ric)(X.Y) (3.5

It is noticed that using (3.5), the equation (3.4) does not vanish. Hence,W,(X,Y,Z,T) does not satisfy the Bianchi differential
identity, even with Ricci tensor being Codazzi type.

Einstein Field Equations
The Einstein field equations with cosmological term is given by

Ry - %Rgﬁy + Agpy = KTj, (3:6)

where A is the cosmological constant, K is the non-zero gravitational constant and Tgy is the energy momentum tensor.
Writing W, tensor in the local coordinates, we have from (3.2)

1
W4-aﬁy6 = Raﬁy& + 3 [gayRBE - ga,BRyS]- (37)
1
Wikys = Rigys + 519y Rgs — 95 Rys] (3.8)
Contracting for a and &, we get
1
Waigy = Rgy +3 [Rgy — Rgy] = Rgy (3.9)
Further contraction gives
W, =R (3.10)

Hence, the Einstein tensor and the Einstein field equations with cosmological constant can alternatively be expressed using (3.9)
and (3.10) with the help of W,z, and W, as follows:

1
Eﬂ)/ = W4—ﬁ}/ - EW4gﬁy (311)
and
1
Wigy =5 Wagpy +A gpy = kTpy, (3.12)

W, —Flat Space Time
We now study W, flat Space Time and some other physical properties.
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Definition: A space time is said to be W, — flat if tensor W, vanishes in it.
Thus, for a W, flat Space Time we have from (3.8)

1
Rgys =5 [95Rys — 9y Rgsl (3.13)

On contractinga and &, we get
1
Rgy =3 [RBV - RBY] =0 (3.14)

Thus, a W, flat space time signifies empty field, which may contain isolated masses as singularities. It can also be said that empty
space can still be curved and gravity can still be felt.

The vector
jil p
g, = JuS_"RiRpim (3.15)
t V—gRabRab ’

known as complexion vector of a non-null electromagnetic field with no matter (Misner and Wheeler, 1954 B! and its vanishing
implies that the field is purely electrical. It was shown [ that the vanishing of the divergence of W{}ik in an electromagnetic field

implies purely electric field.
Rainich (1952) [ has shown that the necessary and sufficient condition for the existence of the non-null electro variance are

R=0 (3.16)
RIR; = ~6LRq R (3.17)
ei;j = 9}';1' (318)

From (3.9) and (3.10), it is noticed that R;; can very well be replaced by W,;; and R be replaced by W, in expressing the Rainich
conditions.

Discussion

One of the advantages of W,-Curvature tensor is that its contracted part is equal to Ricci tensor and the scalar W, is equal to R, the
scalar curvature. Therefore, these results can be alternatively used for getting various geometrical and physical results. Further, the
W, —flat space time signifies empty field. W,-Curvature tensor has additional terms as compared to Riemann curvature tensor and
is likely to provide additional interpretations of geometrical and physical phenomena.
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