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Abstract 

Present investigation deals with the problem of optimum stratification on the auxiliary variable for equal 

allocation when method of selection of units in individual strata is done by ranked set sampling (RSS). A 

)(4 xKcum  rule of obtaining approximate optimum strata boundaries has been developed by 

minimizing the variance and solution of minimal equations thereof. A numerical analysis on the basis of 

percent relative efficiency has also been made, which indicated remarkable gain in efficiency. 
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Introduction 

In sample survey, the precision of an estimator depends on the homogeneity of the units of the 

population besides the sample size and sampling fraction, the role of stratified sampling 

technique comes into play as one of the possible ways to enhance the precision of the 

estimator. The optimum stratum boundaries (OSB) are the ones that resemble to the least 

amount of variance for any given allocation method. Dalenius (1950) [1] was the first to 

explore the objective of optimum stratification on the response variable for proportional and 

Neyman allocation methods, followed by Hayashi and Maruyama (1948) [7]. Singh and 

Sukhatme (1969) [11] considered the problem of obtaining approximate optimum strata 

boundaries (AOSB) using auxiliary information. Further problem of optimum stratification for 

equal allocation under simple random sampling (SRS) has been done by Singh and Parkash 

(1973) [12]. Rizvi, et al. (2000) [9] developed the theoretical frame work for determination of 

AOSB on a auxiliary variable. Rizvi, et al. (2002) [10] developed a methodology for obtaining 

AOSB using auxiliary information under compromise method of allocation. Danish, et al. 

(2017) [3] studied the problem of obtaining OSB in proportional allocation by changing cost of 

each unit.  Danish and Rizvi (2018) [4] proposed a technique under Neyman allocation and 

recently, Gupt et al. (2022) [6] considered problem of optimum stratification of heteroscedastic 

populations in stratified sampling for a known allocation under SRS strategy. 

McIntyre (1952) [8] introduced the concept of ranked set sample (RSS). Samawi (1996) [13] 

defined stratified ranked set sample (SRSS) as a sampling scheme in which a population is 

partitioned into L mutually exclusive and exhaustive strata, with each stratum containing a 

ranked set RSS of n items. The strata are sampled independently of one another. As a result, an 

SRSS scheme may be thought of as a collection of L independent ranked set samples. 

If the population under consideration be alienated into L strata and a sample 𝑛0ℎ = (𝑅ℎ × 𝑛ℎ) 

units is selected from ℎ𝑡ℎ stratum by using RSS, where 𝑅ℎ be the number of cycles and 𝑛ℎ be 

the sample size of each cycle and each sample element is assessed in relation to a variable Y, 

then estimate of population mean under stratified ranked set sampling estimate is given by 
 

𝑦
𝑆𝑅𝑆𝑆

= ∑
𝑊ℎ

𝑛0ℎ

𝐿
ℎ=1 [∑ ∑ 𝑦

𝑖𝑗(𝑟)

𝑛ℎ
𝑟=1

𝑅ℎ
𝑗=1 ]  (1.1) 

 

where Wh is the weight of units in the hth stratum and y
ij(r)

 is the sample mean based on n0h 

units drawn from the hth stratum.
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If finite population correction is overlooked, then the minimization of the variance expression 

 
1

n
[∑ wh

2σh(r)
2 + μ

hη
L
h=1 ] is corresponding to the minimization of [∑ Wh

2σh(r)
2L

h=1 ]         (1.2) 

 

where σh(r)
2 represents the variance of 𝑟𝑡ℎ order statistics in ℎ𝑡ℎ stratum of the random sample size 𝑛ℎ. 

The variance in (1.2) is a function of the stratum boundaries for given L, n, and the variable y. Dalenius and Gurney (1951) [2] 

developed one of the several approaches for determining AOSB on the study variable y. In the present investigation we deal with 

the problem of determining AOSB for equal allocation using ranked set sampling in individual stratum as a method of selection. 

 

Minimal equations under equal allocation 

Let the regression of the estimation variable ′Y′ on the stratification variable′X′, in the infinite super population is specified by 

 

y = φ(x) + e                         (2.1) 

 

where φ(x) is a function of auxiliary variable, e is the error term such that E(e|x) = 0 and V(e|x) = η(x) > 0∀x ∈ (a, b) 

with(b − a) < ∞. Assume f(x, y) be the joint density function of (x, y) and f(x) be the marginal density function ofx. Then, we 

have the following relations:  

 

Wh = ∫ fi(x)
xh

xh−1
, 

 

μ
hc

=
1

wh
∫ φ(x)fi(x)

xh

xh−1

 

 

and σ2
hy = σ2

hc + μhη (h = 1,2,3. . . , L) (2.2) 

 
where (xh−1, xh) are lower and upper boundaries of the hth stratum with x0 = a and xL = b, μ

hη
 is the expected value of η(x) and 

σhc
2  is the variance of φ(x) in the hth stratum.  

By these relations, variance expression are reduced to  

 

V(y
SRSS

)
Eq

= [∑ Wh
2σh(r)

2L
h=1 ]  (2.3) 

 

  









222

)(

1
 ihcrh

n
 

 

Let [xh] represent the set of optimum stratification points on the range (a, b) for which the V(y
SRSS

) is the smallest. These points 

[xh] are the solutions of minimal equations', which are derived by equating to zero, the partial derivatives of V(y
SRSS

) with 

respect to [xh]. We will now get this equal allocation minimal equation. 

To get the minimal equations for this allocation method, we differentiate the variance expression given in (2.3) w.r.to′xh′, and get 

minimal equations as 

 

Wh {(φ(xh) − μ
hc(r))

2
− σhc(r)

2 + ξ(xh) − μ
hη

} 

 

= Wi {(φ(xh) − μ
ic(r)

)
2

− σic(r)
2 + ξ(xh) − μ

iη
}    (2.5) 

 

where i = h + 1, h = 1,2, . . . , L − 1 

 

These equations are also complicated to solve and therefore could be used to find stratification points. Further, better 

approximation can be obtained by using some approximate iterative procedures. 

 

Solutions of the minimal equations 

In this section, we intend to find the series expansions of the system of equations given in (2.5) about the point [𝑥ℎ], the common 

boundary of ℎ𝑡ℎ and (ℎ + 1)𝑡ℎ strata and obtain their approximated solutions. To find the expressions on left hand side of (2.5) 

we shall use the relations obtained in different lemmas by replacing (𝑦, 𝑥) by (𝑥ℎ−1, 𝑥ℎ), and for the right side corresponding 

relations after replacing (𝑦, 𝑥) by (𝑥ℎ−1, 𝑥ℎ) will be used Singh et, al. (1969) [11]. 

The corresponding expansion for the left hand side of the equation can be obtained from the expansion of right side by merely 

varying the symbols of the coefficients of odd powers of ki whereki = (xh+1, xh), although the same result will be obtained, we 

have 
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𝜇𝜂(𝑦, 𝑥) = 𝜉 [1 +
𝜉′

2𝜉
𝑘 +

(𝜉′𝑓′+2𝑓𝜉′′)

12𝑓𝜉
𝑘2 +

(𝑓𝑓′′𝜉′+𝑓𝑓′𝜉′′+𝑓2𝜉′′′−𝜉′𝑓′2)

24𝑓2𝜉
𝑘3 + 𝑂(𝑘4)]  

 

O(ki) is the higher order terms with power ≥ i 
After simplification, we get 

 

[𝜇ℎ𝑐 − 𝜑(𝑥ℎ)]2 + 𝜎ℎ𝑐(𝑟)
2 + 𝜉(𝑥ℎ) + 𝜇𝑖𝜂

= 2𝜂 [1 +
𝜉′

4𝜉
𝑘𝑖 + 𝐴𝑘𝑖

2 + 𝐵𝑘𝑖
3 + 𝑂(𝑘𝑖

4)]  

 

Where, 𝐴 =
(4𝑓𝑐 ′2+𝜉′𝑓′+2𝑓𝜉′′)

24𝑓𝜉
 

 

𝐵 =
(2𝑓𝑓′𝑐′2+6𝑓2𝑐′𝑐′′+𝑓𝑓′′𝜉′+𝑓𝑓′𝜉′′+𝑓2𝜉′′′−𝜉′𝑓′2)

48𝑓2𝜉
  

 

When we evaluate all of the functions and derivatives in the preceding equations with regard to xh, we get 

 

𝑊𝑖[𝜇𝑖𝑐 − 𝜑(𝑥ℎ)]2 + 𝜎𝑖𝑐(𝑟)
2 + 𝜉(𝑥ℎ) + 𝜇𝑖𝜂

= 2√𝜉 [𝑓√𝜉𝑘𝑖 +
(𝜉′𝑓+2𝑓′𝜉)

4√𝜉
𝑘𝑖

2 + 𝑂(𝑘𝑖
3)]                           (3.1)  

 

⇒ 𝑊𝑖[𝜇𝑖𝑐 − 𝜑(𝑥ℎ)]2 + 𝜎𝑖𝑐(𝑟)
2 + 𝜂(𝑥ℎ) + 𝜇𝑖𝜂

= ∫ √𝑔(𝑡)𝑓𝑖(𝑡)𝑑𝑡
𝑥ℎ

𝑥ℎ−1
[1 + 𝑂(𝑘𝑖

2)]  

 

Similarly from (2.5), we have 

 

𝑊ℎ[𝜇ℎ𝑐 − 𝑐(𝑥ℎ)]2 + 𝜎ℎ𝑐(𝑟)
2 + 𝜂(𝑥ℎ) + 𝜇𝑖𝜂

 

 

= 2√𝜂 [𝑓√𝜂𝑘ℎ +
(𝜂′𝑓 + 2𝑓 ′𝜂)

4√𝜂
𝑘ℎ

2 + 𝑂(𝑘ℎ
3)] 

 

= ∫ √𝑔(𝑡)𝑓𝑖(𝑡)𝑑𝑡
𝑥ℎ

𝑥ℎ−1
[1 + 𝑂(𝑘ℎ

2)]                 (3.2)  

 

where 𝑖 = ℎ + 1, ℎ = 1,2, . . . , 𝐿 − 1 

 

Theorem 

Let the regression of the estimation variable ′𝑌′ on the stratification variable ′𝑋′, in the infinite super population is given by 

 

𝑦 = 𝜑(𝑥) + 𝑒 
 

where 𝜑(𝑥) is a function of auxiliary variable, 𝑒 is the error term such that 𝐸(𝑒|𝑥) = 0 and 𝑉(𝑒|𝑥) = 𝜂(𝑥) > 0∀𝑥 ∈ (𝑎, 𝑏) 

with(𝑏 − 𝑎) < ∞, and further if the function )(1 xg 𝑓𝑖(𝑥) ∈ 𝛺: then the system of equations (2.4) give strata boundaries (𝑥ℎ) which 

resemble to the minimum of 𝑉(𝑌̅𝑠𝑡)eq can be written as 

 

[∫ √𝑔(𝑡)𝑓𝑖(𝑡)𝑑𝑡. [1 + 𝑂(𝑘ℎ
2)]

𝑥ℎ

𝑥ℎ−1
] = [∫ √𝑔(𝑡)𝑓𝑖(𝑡)𝑑𝑡. [1 + 𝑂(𝑘𝑖

2)]
𝑥ℎ+1

𝑥ℎ
]  (3.3) 

 

Hence, if we have adequately large number of strata, the 𝑘ℎ′𝑠 (strata widths) are small and their higher powers in the expansion 

can be ignored, then the set of equations (3.3) can be approximated by  

 

∫ √𝑔(𝑡)𝑓𝑖(𝑡)𝑑𝑡
𝑥ℎ

𝑥ℎ−1
=constant, ℎ = 1,2, . . . , 𝐿  (3.4) 

 

where terms of order 𝑂 (𝑆𝑢𝑝(𝑎,𝑏)(𝑘ℎ)) have been ignored on both sides of the equation (3.2) 

and 𝑄3(𝑥ℎ−1, 𝑥ℎ) is of order 𝑂 (𝑆𝑢𝑝(𝑎,𝑏)(𝑘ℎ)), then the minimal equations (2.4), can to the similar degree of approximation as 

involved in (3.4), be put as 

 

𝑄3(𝑥ℎ−1, 𝑥ℎ)= constant, ℎ = 1,2, . . . , 𝐿 (3.5) 

 

Or equivalently bys 

http://www.mathsjournal.com/


 

~66~ 

International Journal of Statistics and Applied Mathematics http://www.mathsjournal.com 
 

𝑄3(𝑥ℎ−1, 𝑥ℎ)[1 + 𝑂(𝑘𝑖
2)] = ∫ √𝑔(𝑡)𝑓𝑖(𝑡)𝑑𝑡

𝑥ℎ

𝑥ℎ−1

  

 

𝑖 = ℎ + 1, ℎ = 1,2, . . . , 𝐿  
 

Since ∫ √𝑔(𝑡)𝑓𝑖(𝑡)𝑑𝑡
𝑥ℎ

𝑥ℎ−1
= 𝑂(𝑚) when the function √𝑔(𝑡)𝑓𝑖(𝑡) is bounded∀𝑥 ∈ (𝑎, 𝑏). Thus we get the following 𝑐𝑢𝑚√𝐾4(𝑥) 

rule for finding AOSB for equal allocation method.  

 

𝑐𝑢𝑚√𝐾4(𝑥)  

 

Rule 

Let the function √𝐾4(𝑥) = 𝑔(𝑡)𝑓𝑖(𝑡) is restricted and its first two derivative exists∀𝑥 ∈ (𝑎, 𝑏), then for specified value of L 

taking identical intervals on the 𝑐𝑢𝑚√𝐾4(𝑥) rule will give us AOSB. 

 

Empirical Study 

We will study the following density functions for ‘x’ to demonstrate the utility of approximate solutions to the minimal equations 

yielding optimum points of stratification. 

 

i. Rectangular 𝑓(𝑥) =
1

𝑏−𝑎
 , 𝑎 ≤ 𝑥 ≤ 𝑏 

 

ii. Standard normal 𝑓(𝑥) =
1

√2𝜋
𝑒−

𝑥2

2 − ∞ ≤ 𝑥 ≤ ∞ 

 

For clarity, the simple regression line of ′𝑌′on ′𝑋′ of the form 𝑦 = 𝛼 + 𝛽𝑥 + 𝑒, assuming the value of 𝛽 = 0.65. For the 

conditional variance function, it is assumed to have two different forms like the first form could be a constant and the second 

could be function of auxiliary variable. i,e. 𝜂(𝑥) = 𝜅 and 𝜂(𝑥) = 𝜆𝑥, where 𝜅 and 𝜆 are constants. 

For the empirical studies under equal allocation let us assume small values of = 0.022, 𝜆 = 0.004, such that there may be very 

small effect of these constants over the estimation. 

If the stratification variable follows the uniform distribution with pdf (𝑥) =
1

𝑏−𝑎
 ,𝑥 ∈ [1,2], utilizing the 𝑐𝑢𝑚√𝐾4(𝑥) rule, we get 

the stratification points as given in Table I. 

 
Table 1: AOSB and % R.E. for uniformly distributed variable 𝜂(𝑥) = 𝜅 

 

L AOSB 
Total variance 

 {𝒏𝑽(𝒚
𝑺𝑹𝑺𝑺

)
𝑬𝒒

} 
%R.E 

2 1.4854 0.75522 102.067 

3 1.3385, 1.6479 0.75233 102.459 

4 1.2565, 1.4934, 1.7593 0.75132 102.597 

5 1.1951, 1.3866, 1.5803, 1.7931 0.75083 102.664 

6 1.1632, 1.3333, 1.5056, 1.7183,1.8283 0.75063 102.691 

 

If the stratification variable follows the standard normal distribution with pdf f(x) =
1

√2π
e−

x2

2  truncated at x ∈ [0,1], utilizing the 

cum√K4(x) rule, we get the stratification points as given in Table II. 

 

Table 2: AOSB and % R.E. for standard normal distributed variable 𝜂(𝑥) = 𝜅 
 

L AOSB 
Total Variance 

{𝒏𝑽(𝒚
𝑺𝑹𝑺𝑺

)
𝑬𝒒

} 
%R.E 

2 0.4901 0.08576 113.307 

3 0.3086, 0.6313 0.07920 122.688 

4 0.2296, 0.4689, 0.7326 0.07893 123.114 

5 0.1857, 0.3706, 0.5768, 0.7812 0.07877 123.360 

6 0.1560, 0.3058, 0.4671, 0.6381, 0.8083 0.07868 123.496 

 

If the stratification variable follows the uniform distribution with pdf (𝑥) =
1

𝑏−𝑎
 ,𝑥 ∈ [1,2], utilizing the 𝑐𝑢𝑚√𝐾4(𝑥) rule, we get 

the stratification points as given in Table III. Table III: AOSB and Percent relative efficiency when the auxiliary variable is 

uniformly distributed. 
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Table 3: AOSB and % R.E. for uniformly distributed variable 𝜼(𝒙) = 𝝀𝒙 
 

L AOSB 

Total Variance 

  
eqSRSS

ynV  
%R.E 

2 1.5069 0.75521 102.069 

3 1.3601, 1.6833 0.75221 102.476 

4 1.2673, 1.9914, 1.7621 0.75289 102.384 

5 1.2618, 1.4585, 1.6247, 1.7959 0.75091 102.654 

6 1.1785, 1.3848, 1.5199, 1.6805, 1.8476 0.75061 102.695 

 

If the stratification variable follows the standard normal distribution with pdf (𝑥) =
1

√2𝜋
𝑒−

𝑥2

2  𝑥 ∈ [0,1], utilizing 𝑐𝑢𝑚√𝐾4(𝑥) 

rule, we get the stratification points as given in Table IV. 

 
Table 4: AOSB and % R.E. for Standard normally distributed variable 𝜼(𝒙) = 𝝀𝒙 

 

L AOSB 
Total Variance 

 {𝒏 𝑽(𝒚
𝑺𝑹𝑺𝑺

)
𝑬𝒒

} 
%R.E 

2 0.7018 0.08125 119.60 

3 0.3577, 0.6815 0.07929 122.55 

4 0.2675, 0.5191, 0.7547 0.07894 123.10 

5 0.2296, 0.4259, 0.6235, 0.8088 0.07878 123.34 

6 0.1982, 0.3652, 0.5252, 0.6806, 0.8389 0.07869 123.48 

 
The above results in Table I-IV are more promising in the case of uniform and normal distributions as far long as the problem of 

constructing strata boundaries for ranked set sampling is concerned. 

 

Conclusion 

For obtaining the optimum stratification points under SRSS, we have assumed different distributions for the auxiliary variable 

used as stratification variable. The AOSB obtained for uniform and standard normal distributions are presented in table I-II and 

table III-IV for 𝜂(𝑥) = 𝛿 and 𝜂(𝑥) = 𝜆𝑥, respectively. The standard normal distribution shows highest % R.E for 𝜂(𝑥) = 𝛿 and 

𝜂(𝑥) = 𝜆𝑥, respectively. The upsurge in the number of strata is directly proportional to the decrease in total variance. These 

figures show a considerable gain in the efficiency of estimators when the proposed method of determining AOSB is used for all 

𝐿 = 2,3, … ,6. Further, with increase in number of strata the efficiency shows increasing trend. Thus, the proposed method of 

𝑐𝑢𝑚√𝐾4(𝑥) shows an increase in percent gains in precision while selecting samples using RSS. 
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