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Abstract

Extreme Ranked Set Sampling (ERSS) is a survey technique which seeks to improve the likelihood that
collected sample data provides a good representation of the population and minimizes costs associated
with obtaining them. The main goal of a statistical survey is to reduce sampling errors either by devising
suitable sampling scheme or by formulating efficient estimator of the population parameters. In an
attempt to address the problem of weak or loss of efficiency usually suffered in estimation of population
mean under Simple Random Sampling (SRS), a class of ratio-cum-product estimators for population
mean of the study variable Y is proposed based on ERSS using information on a single accompanying
variable. Members of the proposed class of estimators were obtained by assigning various values to the
scalars that helps in designing the estimators. These members were then transformed to a form that can
be easily expanded using Taylor’s series approximation, from where various properties such as biases,
relative biases, Mean Square Errors (MSEs), and Optimal Mean Square Errors (OMSESs) were derived
under large sample approximation. Empirical study was conducted using three natural population data
sets in order to investigate the performances and efficiency of the proposed classes of estimators under
ERSS over its corresponding counterpart’s estimator based on SRS and some existing ratio and product
estimators. This empirical study was followed up with a computer simulation study using R-software.
The results revealed that the advocated class of estimators in ERSS produced smaller biases and MSEs
which is an indicator of appreciable gain in efficiency and superiority over its corresponding counterpart
estimator and some existing ratio type estimators in sample survey for all cases considered in this work
and are therefore adjudged to provide a better alternative whenever efficiency is required.

Keywords: Estimators, extreme ranked set sampling, mean square errors, simple random sampling,
simulation

Introduction
Under sampling techniques, the estimation of population variables is of utmost interest. This
estimation most times seek to make use of better methods of estimation that would give an
improved result. More often, interest is on the mean of a definite feature of a finite population
on the ground of the portion taken from the population following a specific sampling scheme.
This is so because the mean has a wider use in sampling and statistical analysis. Many
sampling techniques depend on the possession of advance information about an auxiliary
variate. Researches which adopt supplementary information in statistical survey (sampling) are
broad and traceable to the pioneer work of Bowley (1926) 21 who carried out the groundwork
of contemporary sampling theory involving stratified random sampling and Neyman (1934,
1938) [37: 381, Nevertheless, application of supplementary knowledge in estimation technique to
enhance the performances of estimators was introduced by Watson (1937) 4 and Cochran
(1940, 1942) [28. 291,
Mclintyre (1952) B9 initiated and put in the procedure of ranked-set-sampling (RSS) in
approximating the average pasture output as a better/reliable approaches and inexpensive
scheme than the procedure of Simple Random Sampling (SRS). This technique is functional in
circumstances where units of interest are very simple and economical to order than to observe
in relation to a variable under consideration.
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Takahasi and Wakimoto (1968) [5% separately set out the procedure of RSS and revealed an impressive mathematical reasoning,
which is in tandem with McIntyre’s instinctive postulation. Dell and Clutter (1972) % proved that deviations in ordering lowers
the accuracy of the RSS average comparative to SRS average. Nevertheless, RSS average is always superior over the SRS average
till ordering is too substandard as to produce a probabilistic sample when its performances are akin to that of SRS average.

The techniques of Extreme-Ranked Set Sampling (ERSS) as first introduced by Samawi et al. (1996) U to estimate the
population mean and showed that the mean based on ERSS though unbiased but is more efficient that the sample me due to SRS.
Furthermore, Samawi (1996) “!1 introduced the principle of Stratified Ranked Set Sampling (SRSS); to improve the precision of
estimating the population means in case of SSRS.

Ali and Igbal (2021) &I proposed an efficient generalized family of estimators to estimate finite population mean of study variable
under Ranked Set Sampling utilizing information on an auxiliary variable and concluded that when correlation between the study
and auxiliary variables increases, the proposed generalized family of estimators proved to be efficient estimator of population
mean of the study variable.

Further researches on RSS method include but not limited to Al-Omari el tal.(2009) @, Al-Omari (2019) [, Haq and Shabbir
(2010) B34, Kaur et al. (1995) 331 Al Saleh and Al-Kadiri (2000) I8, Al-Saleh and Al-Omari (2002) 24, Abu Dayyeh et al. (2002)
[, Al-Saleh and-Zheng (2002) %1, Al-Saleh and Samawi (2000) 241, Ozturk and Wolfe (2000) 2%, Ozturk (2002) [, Al-Saleh and
Ababneh (2015) 21, Zheng and Al-Saleh (2002) 51, Al-Saleh and Darabseh (2017)) 1231, The expeditious development in the area
of RSS over the past twenty (20) years provided a boost for the uprising of other key connected methods to inferential statistics. In
this paper, a class of ratio-cum-product estimators of population mean of the study variable is proposed by employing ERSS
method following information on a single accompanying variable. The expressions of the biases and Mean Square Errors (MSESs)
of the proposed estimators were calculated. Analytical and simulation study of performances and efficiencies of the estimators
over the usual SRS method using their (MSEs) were carried out in an attempt to support the theoretical results with numerical
illustration. Application to real life data was successfully done to illustrate the method, from where conclusion was drawn
following the results obtained from the work.

Sampling methods
Here, we present the sampling scheme which is employed in the course of this work i.e Ranked Set Sampling (RSS), (ERSS), as
well as the frequently used (SRS).

RSS Description
Step 1: Select m random samples each of size m bivariate units from the population under consideration.

Step 2: Rank the units within each set-in relation to the variable of interest by eyeball approach or any cost-free method.

Step 3: From the first set of m units, the smallest ranked unit X is selected together with the corresponding Y, and from the
second set of m units the second smallest ranked unit X is selected together with the corresponding Y. The process is continued
until from the m®" set of m units the largest ranked unit X is selected with the associated Y. This process can be repeated r times
to increase the sample size to rm RSS bivariate units.

In this work we assume that the ranking is done on the variable X for estimating the population mean of the study variable Y.
Nevertheless, the entire process can be carried out again while the ranking can be done on the variable Y.

ERSS Description

Let (Xicay, Yip))s (Kizy Yipz)s -+ (Xigmy» Yipmy) D€ the order Statistics of X;y, Xz, Xi3, ... Xim and the judgment order of Y;q, Y;5,

Yiz, .. Vi, (i = 1,2,...m). Then the RSS units are: (Xy(1), Yip1)), (Xac2) Yor21)s -+ Kmamyr Ympmy) here, (-) and [] implies that

the ordering of X is faultless or without error and the ordering of Y has error, be m independent random samplesof size m and

assume that each member (X;;), Y;;;) in the sample has the same bivariate distribution-function F(x,y) with mean py, uy

variance gy, gy, and pyy.

The ERSS method, as suggested by Samawi et al. (1996) 4, can be described as given below:

a) Selectm random samples, each of size m units, from an infinite population and order the units within each sample with
respect to a variable under consideration by impressionistic method or any other cost-free procedure. For exact quantification,

if the sample size m is even, from the first %sets, select the smallest ordered units and from the other %sets select the

largest ranked unit. Such a sample shall be represented by ERSSe.
b) If the sample size m is odd, then there are two options:

(i) From the first mT_lsets we choose the average of the observation of the smallest units in the mT_l sets, and from the other
mT_l sets, we take the mean of the measures of the largest ranked unit. Such a sample shall be represented by ERSSyq)-
(ii) From the remaining measure of the m" unit we take the median. Such a sample will be represented by ERSSo(m)-

e: iseven
0(a): is odd average
0(m): is odd median

The procedure can be continued r times, if need be, to get a sample of size rm units. The choices of (a) and b(ii) is usually less
difficult in application than the choice of b(i). In this work, we considered the choices of (a) and b(ii), (i.e the even case and the
case of taking the median from the m*"* sample if m is odd).
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If m is even, then the observed ERSSe units are:

(Xl(l)’ Yl[l])l (Xz(l), Yz[l]), (X%(l)'ym 1]) (Xm+2( ), Ym+2[ ]) (Xm+4( ), Ym;—‘l'[m]), (Xm(m), m]) then under ERSSG the
sample means and variances of the study and accompanying variables are defined as:

= 1
E(XERSSe) = - (Mx(1) + llx(m))

E(VERSSe) = i (typa) + typm)) .
With variances
Var(XERSSe) = ﬁ (0% + % (m)) 2
Var(YERSSe) = ﬁ (0111 + O m))
If m odd, then measured ERSSy,,) Units are:
K )y Keqy Yoppdr o Koy, Ymoay), (Xmtr miz), Y’"”[m“]) (Konts gy Yt gmy) --» memy Yinpmy), then Under
ERSSom) the sample means and variances of the study and accompanying variables are deflned as:
E(XPRSSoom)) = 7;_; (Hay + Hxamy) + iﬂx(mT“) 3
E(7FRSSotm)) = TZ_,_,: (iyay, + typmy) + %”y[mT“] ;
With variances
Var (XERSomm) = (m B ~— (0% * T m)) oz 29, (™

(4)

VaT(YERSSO(m)) = (zm_,;zl)( Oy[1] + O'Y ) + y[m+1]

SRS Description
In SRS, m unit out of M units of a population are chosen in such a way that every individual unit has equiprobable chance of
being selected. According to our description,

(X112, Y11), (X21, Y21), -y (X1, Yina) is the SRS.
Definition 1
Let Y be the study variable and X be the accompanying variable which is correlated with Y. Let again (1,2, ..., V) and

(x4, x5, ..., Xy) be m sample values, then under Simple Random Sampling without Replacement (SRSWOR) the sample means
and variances of the study and accompanying variables are given as:

o 1
RO = 2 (U, X0)

_ ®)
1 m
pses = Lz v)
Var(X5%) = (%)
_ 2 (6)
Var (VSRS = (;y
Pxy = S »Oxy = COV(YSRS XSRS) = Pxy0OxO0y (7)

Ox0y

if the finite population correction f — 0
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S. No Estimators MSE
1. y, Sample Mean (1 mf) Y (o5
e 7’
2. ¥ (%), Sukhatme (1974) 181 —| C2 +C2 - 2pCyC,]
- —2
3. ¥ (%), Sukhatme (1974) 181 L C2 + C2 +2pCyC,]
m
4. ¥ (2)°, Srivastava (1970) ! (- ﬁ) 72 + aC2(a -2 "CY)}
5. 7 exp[a—], Bahl and Tuteja (1991) %9 % [cz+ —x — pCyCy]
-2 2
6 yexp[ ,] Bahl and Tuteja (1991) 261 Y_[Cz X 4 pCCy]
m 4 y
— Xz _ X
7 y[a(?) + (1 a)(fl) ]1 72 (_ _ _) C (1 _ pZ)
Singh & Choudhury (2012) 142
SRS1 _ L (ux+an) o . _(ux+qs3)
8. Hy=i = Ysr (Fsrs+a1)' 7SRS (Tsrs+as) i(L> [( = )Jx + O'y - ZGny,D] =13
Al- Omari et al. (2009) 21 M A\Hxt4j) L\t 4
_ (1x +p)
SRS  _ . < 77 1- C
| gy | (b))
Singh and Tailor (2003) 1491 m He TP He TP X
1SR = Ysps + b~ (uy +
10 Hy— KC = Vsrs (XSRS +0) (ux +p) ( ) [RZO'X + 07 2(1 — )]
Kadilar and Cingi (2004) [
Y SRS
ASRS _ = 1—
11 Hy—sg = Ysrs | W I +(1-w)=ss XSRS (ﬁ) 2 {CZ FC2(1— 2w)[1 — 2w + 2 pr}
Singh and Espejo (2003) [ m )Y Cy

Notations and some useful equations
Let Y be the study variable and X be the auxiliary variable which is correlated with Y. Then following notations and expressions

shall be useful in the course of thiswork. Foralli = 1,2, ...,m

o2 = var(X;)
o2 = var(X;)
Hx1 = E(Xi(l))

ez = (X

2

2

02y = var(Xim)

Txmy = COV(Xm(1y Xinm))

y = E(Y)
op = var(Y;)

o2 = var(X;)
=E)

)

iz =E (g

Hy[a]

2

op = var (YL[mTH]>
=l

2
a.

m+1 >
i)
0'31 = UaT(Xi(l))
Uj(m_ﬂ) = UaT(Xi(m_-l—l)
2

ym = var (Yim))
Iym = OV(Yinpm, Ymm1)

Then proposed class of estimator based on ERSS
Motivated by Singh and Espejo (2003) “4 ratio-cum-product estimator under SRS, we advocated a class of ratio-cum-product

estimators of the population mean ¥ of the study variable Y with a single accompanying variable using SRS and ERSS schemes as

follows:

(8)
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—ERSS aXERSSe_'_p ay af*ERSSe_'_p az
TlE =Y € [ (aJEERSS€+p + (1 - W) aXRSSe+p (10)
SERSS, *ERSS az
_ $ERSS axF9Som) 4 p\ ¢ oM +p
Ti(omy; =y~ [W (afERsso(m) ” i 1-w) Wm (11)

Where (a # 0, p # 0) are real numbers and may take the values of parameters associated with either the study variable y or the
concomitant variable x or both(x, y); in this case, the coefficient of variation and the correlation coefficient respectively. (a;, a,,)
are scalars or real constants which helps in designing the estimator and can be determined suitably. We may fix a4, a,, and w will
be selected in an optimum manner by minimizing the (MSES) of T, g;, i = 1 to m with respect to w.

Where x*ERSSe = {(1 + g)XERSSe — gxFRSSe} is unbiased estimator of population mean XZRSSe, g = (M_Lm) = (1’;) and f = %
~ERSSe _ 7ERSS,
[(1—gAie)| <1,0r (1 —gi (%)) < 1 for all the ™C,,, Samples
) ZERSSe yERSSe _yERSSe 7ERSSe _gERSSe
i=0,1,2. Where, Ai = }?ETSEH-,)’ e, = FERSS ) Ex = FERSS,
The proposed class of estimator based on SRS
SRS a)?SRS+P)a1 _ (af*SRs+p)“2
hisj =5 [ (aJESR5+p +d-w) aXSRS+p
Where, xRS = {(1 + g)X5RS — gx5FS} is unbiased estimator of population mean XSRS, g = (Mmm)
m
oo (= ghe)| <1,
#SRS_gSRS ) o
1—g4 (W) <1i=0,1,2. forall the ™C,, samples.
Table 2: Some members of the class of estimator T, g
SIN Estimator w p lag | a,
1 Tigy= 75F5%, 1 0 0] o
RERSSe
2 Ty =y " R5% (fexsse) !
£*ERSS,
_ SERSS,
3 Tygs =7 RS, 0 0|1 1
~ aXERSSe 4 p
4 Tipy = yEisSe (afERSSe T p) 1 P 1 0
a}?*ERSSe +p
_ SERSS,
5 Tips =Yy <aXERSSe + p> 0 P 0 !
~ XERSSe ¢ p
6 Tige = yER5e (7;25“53 n p) 1 p 1 0
f*ERSSe +p
_ SERSS,
7 Tg7 =5y ()?ERsse + p) 0 p 0 !
aXERSSe p ay
8 Tipg = y© 5% <—afERSSe n p> 1 p | 0
~ %*ERSSe 4 p @2
S Tipy = yHi% <XERSSE + ,0> 0 p 0 a3
XERSSe +p x*ERSSe +p
10 Tigro = yER55e [W (xERSS T ,0) +(d-w) <XERSSe +p >] w P 1 1
VERSS, % *ERSSe
11 Topsy = 75855 |w (5 +(1-w) w 0|1 1
1E11 =Y ZERSS, ERSS,
pRss FERSSe\* *ERSS,
12 Tip1z =y W\ TrRss, +(1— W)\ zrss, w 0 |o|
_ XERSSe + P X ERSS, +p
13 Typ1s = yoRSSe [W (xERSSe T p) +(1-w) ()? ERSSe + p> ] w p || @
~ aXERSSe 4 p ax*ERSSe 4 p
14 Tig1q = yERSSe [W <axERSSe n p) +d-w) ( aXERSS, 1 p> w Pt @
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S/IN Estimator pla| a
1 T omyr = y= 55em 0/]0]0
~ FERSSo(m)
2 T1(o(my)2= §*R>%00m (m) 01 0
—+ERSSo(m
3 T T N ol 1|1
1(0(m)3 =Y FERSSo(m)
Yy ERSS
_ SERSSom (X 0™t P
4 Tiommyya = ¥~ 70m <axERSSO(m) np P10
-*ERSS,
_ SERSSoum [ 2% mtp
5 Tiommys = ¥~ >70m (aXERSSO(m) s pl 01
XERSSom) 4 p
— =ERSSo(m
6 Tioamye =¥ 0™ <fERSSO(m) I p> Pl 0
—*ERSSO(m) +P
_ —ERSSo(m
7 Tiomyy7 =¥~ )(XERSSO(m) I p) pl Ot
aXERSSom) + p
_ SERSSo(m
8 Tioanyys =¥~ °70m (axERSSO(m) n p) pla | 0
*ERSSO(m) +P
_ SERSSo(m
9 Tioamyys = ¥ 770 (XERSSO(m) n p) PO
XERSSomm) + p x*ERSSoem) + p
_ SERSSo(m 4 TP _ oL
10 Tiomyyro = y=700m [ (fERSSo(m) n p> 1-w) (XERSSO(mJ + p)] Ak
LRSS XERSSoqm) i *ERSSoam)
11 Tiomyy1r =y 00w [W (_stsso(m)> +(1-w) ( YERSSo(m) >] 01 !
FERSSoamy\ ©1 7*ERSSoqmy\ ¥2
— SERSSo(m 4 _ el
12 Tiommyy1z =y~ "70m [W (fERSSO(m)> +d-w) (ymssmm) ] 0] o @
XERSSoam) 4 p a 7 ERSSo(m) a2
_ SERSSo(m 4 TP _ ol
13 Tioamyy1z = YERSSoam [W (fERSSO(m) n p) +(1-w) (XERSSO(m)> ] p|a | a
GERSS, a; —+ERSS, @2
 ERSSo aX om) 4 p ax o(m)
14 Tiomy1a =y 700 [W (afERSSO(m) +p +(1-w) X ERSSo(m) Pl ®
Table 4: Some members of the class of estimator T;
SIN Estimator w pla | ap
1 Tis1= y5FS, 1 0 0 0
XSRS
2 T152=y°F (ZSRS) ! 0
v*SRS
3 T15'3 = }—}SRS XSRS 0 0 1 1
X% & p
4 Tie, = ySRS[2_TF 1 1 0
154 y <a3?5R5 + p> P
ax*BS +p
5 Tiee = SRS " F 0 0 1
1S5 y (aXSRS + p> p
XSRS+ p
— 5SRS
6 Tis6 =Y <25R5 T p) 1 p 1 0
J?*SRS +p
— 5SRS
7 Tis7=Yy <)?5R5+p> 0 p 0 1
XSRS +p
8 Tisg = (axSRS T p) ! P& 0
*SRS +p
9 Tigq = 0 0 a
159 = <X SRS + p) p 2
*SRS +p
_ SSRS
10 Tis10 =Y [ <XSRS+p>+(1_W)(XSRS+p)] w P ! !
SRS SRS
11 Tis11 = [ (—5R5> +(1-w) (XSRS )] w 0 ! !
SRS a; Z*SRS az
12 Tis12 _yS S[W (fSRS> +(1-w )(XSRS) } w 0 %1 %2
B XSRS 4 p a, TSRS 4 p a
13 T1513 = ySRS w <m> + (1 - W) (m) ] w P aq az
aX SRS 4+ p\™ XSRS 4 p\*2
14 T. — ySRS P 1-— [ w a a
514 =V [W <a25Rs T p) +(1-w) XSRS +p p 1 2
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Definition 2

Bias, Relative Bias and Mean Square Errors of T1gj, T1o(my);» T1sj

If T1gj, Tiomy)j» TisjpJ = 1,2,..mare classes estimator of the population mean Y under ERSS and SRS, then the biases, relative
biases, and Means Square Errors (MSES) is defined as:

(a) Biases

(1) B(Tyg)) = [E(Tyg;) — YERSSe],j = 1,2, ...m, (13)
(2) B(Taoimy;) = [E(Tacogmy;) = YERSom], j =12, ..m (14)
(3) B(Tys) = [E(Thsj) — 75BS],i=1,2,..m, (15)

(b) Relative Biases
E(TlE]-)—VERSS"’] .

(1).RB(Tyg)) = [YET] =1.2,..m, (16)
E(T (oem) _)_yERSSO(m) )

(2). RB(T1(o(my);) = = O?ER]SSO(m) ],] =12,..m 17
)—VSRS

(3).RB(Tysp) = BT 3, o, (18)

Tisj,j = 1,2,..m s a class of estimator of the Population mean ¥ **S under SRS

(c) MSEs

(1) MSE(Tyg;) = E[Typ; — VERSSe]® j = 1,2, ..m, (19)
_ 2 .

(2) MSE(TI[O(m)]]) = E[Tl(O(m))] - YERSSO(m)] ] = 1,2, L m (20)

3) MSE(Tys;) = E[Tys; — V5B v = 1,2, ..m, 21

( ) 1Si 15j ( )

Tisjj = 1,2,..mis a class of estimator of the Population mean Y SRS under SRS, for ERSSe case, e: is even and ERSSo(m) Case,
0(m): is median odd respectively, m the total number of members of the proposed class of estimator.

Biases T1gj, T10amy)j» T1sj
To obtain the bias and Mean Square Error of the class of estimators T, z; we write

JERSSe = PERSSe(1 + ¢.))
fERSSe — XERSSe(l + ex)
Ady= (Hx) = l‘x)(“y[i] - “y)
E(ey) =E(e,) =0

B(e) = () o = 6 (22)
) - () e
E(eyex) — (ny _ %Z?:ll A, Ay) = Cyy = (i) Pry ,\/Var(;/jRSSe) ' JVar(:jRSSE) — oy Gy G
Tigj» Tioamy)j» Tisj in €quations 10, 11 and 12 can be expressed in terms of e's as:
Tigj = VERSSe(1 4 e,)[W(1 + Agex) ™ + (1 — w)(1 — glae,) ] (23)
Tiogmyj = YER50m (1 + e )[w(1 + Age;) ™" + (1 = w)(1 = gAge,)*] (24)
Tisj = VRS (14 e))[w(1 + Aae,) ™ + (1 = w)(1 — ghae,) ] (25)

Expanding the right and side of (23), neglecting terms of e’s having power greater than two, we have and then taking the
mathematical expectations of the emergent expression, yields the bias of T, as:
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GERSSe 7ERSSe ¢ERSSe
w (1= g (25) pyy - LG PO GEER) | et g (1 verGE))

B(Tyg:) = [E(Tygy) — PERSS:] = FERSS: by b 2 a4 Gm) ™ G

3 B L .\/Var(yERSSe).\/Var(fERSSe) ay(ay—1) 242 Va.r(xERSSe))_

+(1-w) (1 2944 (Zm) Pxy Py I =gk (Zm) ()2
aqi(aq+1)

ERSSe w ((Zm — @y oGy + =45 C,?)

B(Ty5;) =|E(Tyg)) — VERSSe]= ——

(26)
b1 - w) ((Zm — @924 Cy + =7 az(az b ZA?IC,?) —2m

In like manners, we obtained the biases of Ty ouny)j» T1sj

w (1 - dllaGny . i . 2 a (0)?

B( Tyioemy);) = [ETicoamy,) — YRS ] = 7ERSSoem [
[+(1 —-w) (1 - a29/1a9pxy !

S [ gyt |
|
Hy Hx 2 a (ux)? J

JVar(yERsso(m)) . JVur(ZERSSO(m)) N ay(@y—1) g2/12 0 Vur()?ERSSO(M))> _1

B(T10amyj)=[E (T1oqmy);) — YERSSoem] =

w ((l — @ 2qCry + LR R2CE)

OFERSSo(m) en
+(1 = w) (G = 02924Cyy) + 222 "‘2("‘2 Dg2azct) - =
m—1
Where 6 = (Zmz)
B(Tis)) =[E(Tis;) — V5] =
m\ ai(a1+1) 12 ~2
(ﬁ SRS W((1—f) @1halro + 7 AaC1> (28)
m -1
+(1-w) () - @294C00) + 222 g225¢2) - ()
MSEs of T1gj, T10amy))» T1sj
Recall that from equation (23)
(Tys; — PERSSe) =
_ — @@t 92 2,
peRss, w ((1 + e, — adge e, — ajdge + 5 Azes ) 29)
+(1—-w) ((1 + e, — aglaey e, — azgise, + M g?Aie? ) -1

By Squaring both sides of (29) and neglecting terms of e’s having powers greater than two we have:

a (a +1)
2BRSSe 2 (14 ey —adqey e, + ———2%ef + e, +ef — a;glaeye, — ayghgeyey
—alzlaex —aghiepe, + a‘(azlﬂ) Nie?
ay(ay,—1)
+ 172151?556(1 —w)? 1+ ey —azgiqeyex + %gzlz ez +ey+el—aygiseye,

( pRSS )2 —aygAgeye; — Ayghgeye, + a?Aoe? + —QZ(O;Z_l)gleﬁef 30)
Tigj =Y ¢) ==

_ az(@;=1) 2.7 2 2 _ —
raw(l W)yzERsse 1+ e, —azglge e, + — 9 Azex + e, + ey —arglaeye, — ajgige, ey,

a,(a;+1) 12e2

2,2
_alg/laeyex - alazgﬂaex + 2

— 2wy 2RSS (1 + ey, — aygiqepe, — @lé&%)

-2(1- W)YZERSS‘5 1+e, —aygize e, + —aZ(iz_l)gzﬂﬁe,%} + p2ERSSe
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By taking the mathematical expectation of (30), gives the MSE of T;; as:

MSE(Tyz;) = V2 %% [1 + w2F, + (1 — w)2F, + 2w(1 — w)F; — 2wF, — 2(1 — w)Fj] (31)

Where

Fr=[142(1+ G+ ay(an + (ar + D)AECE — 4a32,Cyy )| (32)

F2:[1 4 ﬁ(l +C2 — ay(ay + (a, — 1)) g?22CE — 4a2g/1any)] 33)
1 aq(a1+1) az(az—1)

F, = [1 L (o (Bl oo g g g2) 2202~ 2(a, + azg)lany)] 34)
1 ai(a1+1)

Fy= |1+ (= () 2202 - a,924C,y )| (35)
1 (az—-1)

By = 14 25 ((222) 2262 - ayg0aCy )| (36)

Similarly, the MSEs of T;(my);, Tis; Were obtained to be:

MSE (Tyommy; = 725200 [1 4+ w2H, + (1 — w)2H, + 2w(1 — w)Hy — 2wH, — 2(1 — w)H;] (37)
Where

Hy = [1+40(C3 + ay( + (@ + D)AECE — 4 2,Cyy )] (38)
H2:[1 + 9(03% - az((lz + (a, — 1))QZA§C§ - 4“29’1acxy)] (39)
Hy = [1 +0 (Cf + (al(a;H) + '12(0122_1)92 + azgz) A2C2 —2(a; + azg)Aany)] (40)
H, = [1 +6 ((%1“)) A2C2 — alg/lany)] (41)
Hy=[1+86 ((@) gA2C2 — azg/lany)] (42)
MSE(Tys;) = (T5R5)2[1 + w26, + (1 — w)2G, + 2w(1 — w)G3 — 2wGy — 2(1 — w)Gs] (43)
Where

Gy = [1+ (22) (C3 + ey + (e + D)AECF — 423 24C10)] (44)

_ 1-f 2 2922

Gz—[l + (T) (1 + CO - az(az + (0!2 - 1))g Aacl - 4a2g/’{aC10):| (45)
Gs = [1 + (%) (Cg + (al(azﬁl) + aZ(azz_l)gz + azgz)lﬁCf —2(ay + azg)/lan)] (46)
G, = [1 + (%) <(@) 22C? — algxla(]lo)] (47)
Gs = [1 + (%) ((@) gPA2CE — azg/lacm>] (48)

Optimal MSEs of T1gj, T1oam)j» T1sj
To obtain the optimum MSE of Ty, Ty oamy)j» T1s; We differentiate (31), (37), and (43) partially and separately with respect to
wand (1 —w) and equate the resulting expression to zero respectively. This procedure yields the optimal MSEs of Tyg;,

Tiomyj» Tisj 8s:

_ 52ERSS, (2F3FyFs—F,F2—F; F2)
MSE (T1gj)opt = Y? [1 +=2 4(:11«"22—;32) 15 ] (49)
_ 52ERSSo(m) (2H3HyHs—HyHZ—H1HZ)
MSE(Tl(O(m))j)opt =Y otm. [1 + (H1H2—H}) 2 (50)
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(26364G5—G2GZ—G1G2)
(6162-63)

MSE(Tys;)ope = 72 [1 + (51)

Efficiency comparison
Let MSE(TlEj)Opt, MSE(Tl[O(m)]j)Opt, and MSE(ij)Om be the Mean Square Errors (MSES) of the proposed class of estimators

under ERSS for ERSSe case, e: is even, ERSSyy) case, 0(m): is median odd, and that of the estimator proposed under SRS
respectively.
() MSE(ij)opt is more efficient than MSE(TlSj)Opt under optimal condition if the ratio of MSE(ij)Opt in relation to

MSE(ij)opt is less than 1 or the reciprocal of the ratio of MSE(ij)opt in relation to MSE(ij)Om is greater than 1. Thus:

(yERsse)Z[l : (2F3F4F5—F2Fﬁ—1-‘11-'§)]

(F1F2—F3) <1lor 1 -1
(75R5)2[1 : (26364G5-G2G5-G1GE) (?Eksse)z 11(2F3F4F5—F2Fi —F1FZ) )
(61G2-G%) (F1F2-F%)
(PSRS)?| 14 (2636G46G5—G2G5-G1GE)
(6162-G3)
forj=1tom (52)

(i) MSE(Tl[O(m)]j)opt is more efficient than MSE(TlSj)opt under optimal condition if the ratio of MSE(Tl[O(m)]j)Opt in relation
to MSE(ij)Opt is less than 1 or the reciprocal of the ratio of MSE(Tl[O(m)]j)Opt in relation to MSE(TlSj)opt is greater than 1.

(VERSSO(m))Z IL(2H3H4H5—H2H£—H1H§)
(H1H2-H%)

1

(75R5)2[1=(2G3G4GS—GZGQ—G1G§) <Tlor (?ERSSO(m))Z 1,(2H3H4H5—H2H2 —HqHZ) >1,
(6162-G%) (H1H2-H3)
2 2
7SRS)2 =(263c4c;5—czc4—c:1c:5)]
( | (6162-6%)
forj =1tol4 (53)

(iii) MSE(TI[O(m)]j)Opt, is most efficient than MSE(TlEJ-)Opt, and MSE(TlSj)Opt, under optimal condition if

GERSSom)\ 2 (2H3H4Hs—H,HZ —H,HZ) GERSSe\2 (2F3FyFs—FFZ—F; F2) = SRSN\2 (26364G5—G2GZ—G1GZ)
(Perssoom)” 1 4 (rteliomitl] < (pensseyz 1 4 CRREERESAE] < (ponsy |1 4 CRten i 4

(iv) MSE (TlEj)opt is more efficient than MSE(Tlsj)opt in terms of PRE, if

2F3F4F5—FoF4—F1F3)
(F1F2-F%)

(yERsse)Z[l : (

]x 100 < 100 or

(75R5)2[1 : (263G4G5-G2G3-G1G2)
(6162-G3)

1
(?ERSSe)z 1=(2F3F4F5—F2F§—F1F§)
(F1F2-F%)
(2G364G5-G2G5-G1G2)
(6162-G3)

x 100 > 100 | (55)

(7SRS)?

1+

forj =1to 14

(v) MSE (Tl[o(m)]j)opt is more efficient than MSE(ij)optin terms of PRE, if

(?ERSSO(m))Z 14 (2H3H4Hs—HaHE-H1H3)
(H1H2-H%)

X 100 < 100 or

(75RS)2[1 : (263G4G5-G2G2-G1G2)
(6162-63)
1
(?ERSSO(m))Z » (2H3H4Hs-HpH3—H1HZ)
(H1H2-H%)
1+(2036465-6262 -G1G%)
(6162-G3)

X100 > 100 \ (56)

(7SRS)?

forj =1to 14
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Table 5: Members of Tz, j = 1,2, ... 14 with their Bias

SIN|T g Bias
1T 0
VERSS,
2 |Tig2 - (C,? - ny)
YERSS,
3 | Tigs o (—ngy)
7ERSS,
4 T1E4- Wﬂ.a(llac,? - ny)
VERSS,
5 |Tigs T 2a(—9Cxy)
VERSS.
6 |Tige T M (4 CE = Cyy)
VERSS,
7 |Tig7 __ o la(—ngy)
YERSe a(a; +1)
8 | Tigs e (( > )AaCf - ‘11ny)
YERSSE a;, (‘12 _ 1)
9 | Tigo o A (( 5 )gzllC,? - gaZny)
VERSS,
10 |Tyg10 Cr (w(2m+22C2 = 2,Cyy) + 1 —w)(2m — 4, Cy) — 2m)
VERSS,
1 1Tg1n S——(w(2m + CZ + Cyy) + (1 - w)(2m — gCyy ) — 2m)
VERSS, a(a; +1 az(a; —1
12T1g12 7T (w (Zm + (1(%)) CE— aley) +(1-w) (Zm + (%) gic:— gaszy) - Zm)
YERSSe a(a; +1) ay(a, — 1)
13 |Typ13 - (W <2m + (117) A2c2— al/lley) +(1-w) (Zm + (%) A2 g?CE — gllaszy) - Zm)
VERSS, a(a; +1 az(a; —1
14 T1g14 T (W (Zm + (%) AZcz - al/lany) +(1-w) (Zm + (%) A2 g?CE - g/laaszy> - Zm)
Table 6: Members of Tyg;, j = 1,2, ... 14 with their MSE
S/IN T1gi MSE
. TlEl 72ERSSe
(@
72ERSSe
2 Tig2 o (Cf +C2— Zny)
72ERSSe
3 Tyig3 — (C2 + g*C2 +29Cyy)
—2ERSS,
4 Tigs > (C; +22C% - ZAany)
—2ERSS,
5 Tigs T (C2 + g%22C2 —22,9Cyy)
72ERSSe
6 Tike - (Cf + 22 - 2/11ny)
§2ERSSe
7 Tig7 o (CZ2+ 9?23 C2 + 294, Cyy)
7 2ERSSe
8 Tigs T (C2+a?22CE—2a,2,Cyy)
—2ERSS,
9 Tigg T (C2 + g%a2 22 CZ + 2ga,A,Cyy)
10 | Typro - 725555 (1 4 W2F, + (1 — w)2F, 4 2w(1 — w)Fs — 2wF, — 2(1 — w)Fs]
211,811, a—1)
11 | Typns . 725755 (1 4 w2F, 4+ (1 — w)2F, + 2w(1 — W)F; — 2wF, — 2(1 — w)Fs]
—1lay-1 az—-1)
12 | Tygrs im 72555 (1 4 w2F, + (1 — w)2F, + 2w(1 — w)F5 — 2wF, — 2(1 — w)Fs]
13 | Tipss lim 725555 [1 4 w2, + (1 — w)2F, + 2w(1 — w)F; — 2wF, — 2(1 — w)F]
14 | Tipa 7255551 + w2F, + (1 = w)?F, + 2w(1 — w)F; — 2wF, — 2(1 — w)F]

Empirical study

In order to investigate the efficiency of the proposed class of estimators and its members under ERSS over its corresponding
counterpart estimator based on SRS, and some existing ratio type estimators, we have considered three natural populations data
sets. The real-life data sets were obtained from various sources and the description of the population and the values of the required
parameters are specified below:
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Population I: [Source: Murthy (1967)] 1. The population consists of 80 factories in a region, the character X and Y being fixed
capital and output respectively. The variables are defined as follows:

Y = Output of factory

X=Fixed capital

M =80,m = 8,Y = 8.480904, X = 6.750716, C, = 0.7459, C, = 0.3519, p,,, = 0.9640175.

Population I1: [Source: Steel and Torrie (1960)] (441,

Y: Log of leaf burn in seconds,

X: Potassium percentage

M =30,m =4,Y = 0.6860,X = 4.6437,C, = 0.47906,C, = 0.693 p,,, = 0.1794.

Population I11: [Source: Khare and Rehman (2015)] 41,

Y: Number of Agricultural labour pp

X: Area of village hectares

M =96,m = 24,Y = 137.9271,X = 144.8720,C, = 0.8115, €, =1.3232

Py = 0.786.
TABLE7
Results of Biases of the proposed class of estimators
Estimators/populations
Tyg T1(o(m) Ty
members I I I members I b I members I I bl
Tigy 0.00 0.00 0.00 Ti(o(m))l 0.00 0.00 0.00 Tysq 0.00 0.00 0.00

Tie2 0.16078  0.01457 04928  Taomz 0140684  0.010929 -0.47226 Tiso 0.289407  0.025259  -0.73919
Tigs 001497 -0.0008  -0.79502 Taoem)s  -0.01304  -0.00059  -0.761899 Tyis3 -0.026825  -0.00136  -0.192537
Tigs 0095173 0.012126  -050186 Taoem)e  0.083277  0.009094 -0.48094 Tyiss 0.171312  0.021018  -0.75278
Tigs 001251 000073  -0.78983  Taom)s  -0.01094  -0.00055 -0.75692 Tyss -0.02251  0.00126  -1.18475
Tyge 0108445 0013326 050017 Tao(mp)e  0.094889  0.009994 -0.47933 Tys6 0.1952  0.023098  -0.75025
Tyg7 001304 -0.00076 079081 Taoem)?  -0.011404  -0.00057  -0.757855 Tis7 -0.023473  -0.00131  -1.186208
Tigg 0112572 0.004726 2369494 Tio(mps  0.09850]  0.003545  2.270765 Tys 0.20263  0.008192  3.334241
Tigo -0.01304  -0.000756 -0.790806 Tiomye  -0.01141 -0.00057  -0.757855 Tis9 -0.023473  -0.00131  -1.186208
Tig10 037738 00414599 -7.670937 Tiom)to  -0.403384 -0.0445 -7.33934 Tyiso -0.210967 -0.03112  -9.250023
Tie11 0024491  -003018  -7.620882 Ti(o(mpss  -0.05175 -0.03653 -7.49137 Tysi0 0512403 -0.01157  -9.17494
Tie12 0.024491  -0.03018] -7.620882 Ta(o(mpsz  -0.051746  -0.03653 -7.49137 Tysyy 0512403 -0.01157  -9.17494
Tie13 009703 003185  -7.59978 Tio(mpss  -0.15808  -0.03777 -7.47115 Tis12 0293669 -0.01446  -9.149329
Tig14 017835 -0033403  -7.587901 Tio(m)sse  -02292346 -0.0389421 745977 Tigi3 0147283 -0.01716 -9.125469

TABLE 8
Results of MSEs of the proposed class of estimators
ESTIMATORS/POPULATIONS
Ty T1(0(my)j Tysj
members I I m members I I piij members I I piij
Tyips 0.56 0.03 69395  Tiomy 049 0.02 66501 Ty 1.00 0.05  1040.88

Ty, 078276 0034744 2969833 Tatomyz  0.608491 0.026058 284609  Tysy 1408962 0060222 445.4749
Tyes 084033 0029645 9422298  Tyo(mys 0735289 0022236 9029702  Tys3 1512594 005139  1413.345
Ties 0371361 0033367 2957841  Tioemps 0357979 0024995 2854706  Tyss 0736414  0.057766 4468236
Tigs 0362621  0.027527 5044298  Tiotmy)s 0320436 0.020645 483635  Tygs  0.659285 0.047713  756.9945
Tlgs 0.481031 0.034019 207.7121 T1(o(m))s 0420902 0.025514 285.3074 Tlss 0.865855  0.038965  446.5682
TIE}' 0801509 0.0293845 940.7588 Tl(o(m})'r 0.70132] 0022188 90135606 Tm 1442716 005128 14111383
Ties 3932467 0046335 1603054 Tioomps 3699479 0034721 1538271  Tysg  7.610357 0080245 2407.728
Tigo 0801509 00298845 9407588  Tatomye 0701321 0.0221884 9015606 Tyg9 1442717  0.05128  2407.728
Tl E10 3304698 0.0664712 625.193 Tl(a(m)}lo 4826006 0.050898  399.3288 T159 9.784045 0108657 93425496
Tipss 8496157 0.0705618 6296667 Tio(mpyun 7457911 0054074  603.6199 Tygio  14.98426 0115089 940.92237
Tipro 5727823 0038455 8340606 Tio(mysz  5.066957 0029463 8001377 Tysqy  9.636809 0062773 1235.6422
Tipsas 4970879 00380057 8290195 Tio(mpyss 4390756  0.02911 7953884 Tygyy 844028  0.062856 1228.4902
Tiea 4765378 003755396 8282811  Tiotmyas 4207528 0028756 7945831  Ticxa 8111063 0061393 12272663
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TABLE ¢

Relative efficiency of the proposed class of estimators
ESTIMATORS/POPULATIONS

RE(Tyg, Tig)
I

RE (T1(n(m))j ’ TIEJ')

members I I I members I I

RE(Tl(o(m])j ' Ti-ﬂ')

members I T

Ir

(Tyomy1 T1gr)
(T 1otz T1e2)
(Tyomyz - T1gs)
(TyotmysT1es)
(Ty(otmys + T1es)
(T1otmys - Tres)
(Tl(o[mj]?'rlﬂ]
(Tlmm'us-rwa)
(T1omys -+ T1es)
(Tyotm0-T1gt0)

0.875 0.6666666
0.7773692 0.75
0.8750003 0.75
0.963964  0.7490934
0.8838043  0.7499909
0.8749997  0.7499926
0.8750000  0.7500008
0.9407527  0.7493471
0.8750000  0.7424718
0.8767067  0.7657135
0.8777981  0.7663370
0.8846270  0.7661594
0.8832957  0.7659472
0.8529368  0.7657153

0.9382967
0.9583333
0.9583333
0.9651316
0.9387756
0.9583332
0.9583333
0.9595877
0.9583333
0.9586301
0.9386340
0.9593280
0.9593169
0.9593157

0.56
03535

0.60
0.576932
0.569216
0.377623
0.576928
0.379353
0.569231

05774192
0.5827733
0.6117506
0.613107
0.6126045
0.61215244
0.61169838

0.67
0.666667
0.666667
0.661971
0.666338
0.666666
0.666666
0.665795
0.390725
0.669167

0.6692
0.675002
0.674909
0.674899

(Tyg1 . T1s1)

(Tlﬁz ) TISZ)
(T153 JT].SS)
0.134274
0.550022
0.555356
0.353336
0516726
(353355
0.562542
0.367005
0.594246
0.588946
0.587516

Tyes, T1se)
Ties, Tiss)
Tyge, Tise)
Tie7, T1s7)
T1gs) T1ss)
(T1p9, T1s9)
(T1£10+ T1s10)
(T1g11, T1s11)
(T1g12+ T1s12)
(T1g13, T1s13)

(T114 T1s14)

(
(
(
(
(

Tomyr:Tenn
TI o(m)yl2 TIEIZ
Tl{amu;l! T1£13
Tiomy4 T1e1s

( )
( )
( )
( )

0.49
0.413872
0.436111
0.436111
0.436111
0.436111
0.436111
0.436111
0.436111
0.493184
0.497716
0.525686
0.520214

0.31874

0.40
0.432699
0.432691
0.432691
0.432691
0.432697
0.432693
0.432687
4.326928
0.468265
0.469846

0.46935
0.468875
0.468399

(Trommp1» Tis1)
(Tyoumy2.T1s2)
(Tyiommy3 . T1s3)
{Tuogm”-l Tiss)
(Tl[nlmns TlS:
(T100m6T1ss)
{Tlto.m”'-’ Tm)
ETI(o(m 18 TISB)
(Txiogmys+T1s9)
(T1omyto - T1s10)
(T1goqmyra - Tista)
(T1gopmyaz Tis12)
(T1ommy3 - T1s13)
)

(T1copmyrs Tisis

0.64
0.638889
0.638889
0.638889
0.638889
0.638889
0.638889
0.638889
0.374445
0.493184
0.641519
0.647548
0.647452
0.647441

TABLE 10
Percentage relative efficiency of Tig;, Tiopmyy; » Tisj
ESTIMATORS/POPULATIONS

PRE(Ty(omy)j + T1s;)
I I

PRE(Tygj, Tysj)

Members i members I I I

PRE(TI {o(m))j » Tlsf)

members I I

I

§7.5 66.666667
77.736922 75
§7.30003 73
96396498 74.909342
88.35043  74.999092
87.499974 74959265
87.300006  75.000085
94075271 74934715
87500006 74247185
87.670677 76571551
87779818 76633704
88462709 76.615041
88329573 76594724
88.203689 76571332

93.82967
95.83333
95.83333
96.51317
93.87756
§5.83332
93.83333
95.95578
95.83333
93.86301
95.86341
95.9328
93.93169
93.93158

J6.00
3355
35353746
154274
35002161
33.35556
3333357
31.67236
335334
J6.25418
J6.70033
39,4246
J8.89467
38.75138

60.00
37.6932
J6.9216
37.7623
37.6928
37.9355
J6.9234
57.74182
J8.27733
6117506
61.31074
61.26045
61.21524
61.16984

66.67
66.6667
66.66665
66.19706
66.6358
66.6666
66.6666
66.57933
39.07247
66.91674
66.92032
67.30017
67.49093
67.48992

(TIXI ’ TT.“ )
(T1e2,T1s2)
(T1e3/T1s3)
(T!.S& ' Tls*})
(Tigs+ Tiss)
(TIEG ' Tlsﬁ)
(Tig7+ Tis7)
{Tu‘ﬂ ' TISS)
(Tsg9) Tyso)

(Ty£10. T1s10)
(T1g11+ Tis11)
(T1e12» Tis12)
(Tye13+ Tis1)
{T‘f E14 T(f‘I‘J

(T 1totmnt- Tre1)
(T1oemy2 T1s2)
(Tsto(mpa T1g3)
(T1o@upar T1ss)
(T1(omps T1g5)
(Tstoqmpe T1ss)
(Ts(otmyn T1s7)
(T1(oema: T15a)
(T sto0mpe T1s9)
(Tt(o (m)10. T‘IEID)

(Tatofmy11 T1g11)
(Ti(opmy12 T1s12)
(T1omp1a T1s1s)
(Tyomn1e T114)

(T1otmnr Tast) 49.00
(Taompa Tisz) 413872
(Tyompar Tiss)  43.6111
(Tao@mpe T1ss) 436111
(Taons: Tass)  43.6111
(Tyoenpe Tiss) 436111
(Tyoemyn Tis7)  43.6111
(Tyoempe Tiss) 436111
(Tyoempo Tise) 436111
(Tl.(o(m}lllu Tmn) 49.31842
(Taomprn Tusts) 4977162
(Taogmpiz Tistz)  52.56861
(Tao(myta Tasts) 52,0204
(Tll'o['m}}l.-i: Tys 14} 3187394

40.00
43.2699
43.2691
43.2691
43,2691
43.2697
43.2693
43,2687

432.6928
46.54265
46.98464
46.93496
46.88733
46.83991

63.89
63.8889
63.88887
63.88887
63.88887
63.88887
63.85887
63.85887
37.44445
64.1484
64.15194
64.7548
64.7452
6474414

TABLE 11
MSEs of T;(o(my);» T1s; and some existing estimators
ESTIMATORS/POPULATIONS

Some existing Estimators Ty (o(my)i

I Ir m members I I

a1

Tl—fj

members I II

Jiig

y
Sukhatme(1974)
Sukhatme(1974)
Srivastava (1976)
Bahl & Tuteia (1991)
Bah! & Tuteia (1951)
Singh and Choudhury(2012)
Singh & Tailor(2003)
Kadilar & Cingi(2004)
AL-Omari et al(2009)
Singh & Espejo (2003)

0.02
0.026038
0.022236
0.024995
0.020645
0.025514
0.022188
0.034721

0.0221884
0.050598
0.034074
0.029463

0.02911
0.028756

Ti(o(my1
T1(amp2
Tio(my3
Titotm)4
Tie(mys
T1(otmye
Ty (a(myp7
Ty(o(mps
Ty(otmye
T1(o(m)10
Ty(o(m)11
T1(o(m)12
T1(o(m)13
T1(oem)14

10020176 0.0489674 10408789 0.49

17292328  0.080987 892.668 0.605497
10.501746  0.0860132 2926.9939 0.735289
1.408962  0.0602221 443.47492 0.337979
0.088899  0.0562439 860.40421 0.320486
4.6388749 0.0702579 2176.2696 0.420902
0.0708128 0.0473914 41892158 0.701321
0.8658531 0.0589634 446.56518 3.699479
4.5727335 0.0707916 810.41564 0.701321
0.3935055 0.0675138 58844038 4.826006
10.979546 0.0872581 6004.3547 7.457911
5.066987
4.390756
4.207528

665.01
284.
902.9702
283.4706
483,
283.3074
901.5606
1538.271
901.5606
J99.3288
603.6199
8001377
795.3884
794.5831

1.00
1.408962
1512594
0.736414
0.659285
0.865855
1442716
7.610357
1442717
9.784045
1498426
9.638809

8.44028
8.111063

0.05
0.060222
0.05139
0.057766
0.047713
0.058965
0.03128
0.080245
0.05128
0.105657
0.115089
0.062773
0.062856
0.061393

609

633

Tis10
Tisnn
Tic12
Tis13
Tis1s

1040.88
445.4749
1413.345
446.8236
736.9943
446.5682

1411.1383
2407.728
2407.728

934.28496

940.92237

1233.6422

1228.4902

1227.2663
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Simulation study

A computer simulation study was conducted using the R-software to examine the theoretical underpinnings of the work and the
performances of the proposed class of estimator of population mean based on ERSS (even and odd median) and on SRS, when
ranking is done on a single accompanying variable X. Bivariate random observations were generated from a bivariate normal
distribution having parameters pyx = 25, uy = 15, o = g7 = 1,and pxy = +0.99, +0.90, +0.70 and +0.50. Using 5000 simulations,
estimates of MSE’s for the estimators in question were computed. We considered sample sizesm=3,4,5,6,7,8,9,10andr=1
respectively to study the performances of the proposed ratio-cum-product estimators under ERSSe, ERSSo(m) and on SRS, the

results is as shown in table 12 and table 13.

Table 12: Simulation Results of MSEs, R.E, AND P.R.E of Tig;, T1(o(m))j» Tisj

m T1gj T1(om)); Tisj Pxy=0.99 RE; RE, PRE, PRE,

3 | 2.9333865 | 2.06268234 | 5.8654474 0500113 | 0.351666667 | 50.0113 | 35.1666667
4 | 2.7537503 | 2.14067801 | 550656724 | 0.50008475 0.38875 50.008475 38.875

5 | 2.648793 | 2.17701262 | 5.2968677 | 0.5000678 0.411 50.00678 411

6 | 2.8414645 | 2.41970715 | 5.68228685 | 0.5000565 | 0.425833333 | 50.00565 | 42.5833333
7 | 2.7810122 | 2.4271913 | 55614858 | 0.500048429 | 0.436428571 | 50.00484286 | 43.6428571
8 | 2.7904075 | 2.47976454 | 558034214 | 0.500042375 | 0.444375 | 50.0042375 | 44.4375

9 | 2.8344908 | 2.55399878 | 5.66855462 | 0.500037667 | 0.450555556 | 50.00376667 | 45.0555556
10 | 2.7223081 | 2.47985453 | 5.44424704 | 0.5000339 0.4555 50.00339 4555

m Dyy= - 0.99

3 | 4.2260183 | 3.15466985 | 8.45000853 0.50012 0.373333333 | 50.012 | 37.3333333
4 | 4.1497192 | 3.36066766 | 8.29794484 0.50009 0.405 50.009 405

5 | 4.0674988 | 3.44874234 | 8.13382628 |  0.500072 0.424 50,0072 42.4

6 | 4.1568577 | 3.62988682 | 8.31271792 0.50006 0.436666667 |  50.006 | 43.6666667
7 | 4.1652753 | 3.71266355 | 8.32969385 | 0.500051429 | 0.445714286 | 50.00514286 | 44.5714286
8 | 4.0902068 | 3.70130407 | 8.17967751 |  0.500045 0.4525 50.0045 45.25

9 | 4.2857021 | 3.92348445 | 8.57071845 0.50004 0.457777778 | 50.004 | 45.7777778
10 | 4.2681986 | 3.94353161 | 8.53578271 |  0.500036 0.462 50.0036 46.2

m P,y =0.90

3 | 2.1071012 | 1.47902634 | 4.21375024 |  0.500075 0.351 50.0075 35.1

4 | 2.1748577 | 1.68858706 | 4.34922616 | 0.50005625 0.38825 50.005625 38.825

5 | 2.2164454 | 1.8199812 | 4.43249197 |  0.500045 0.4106 50.0045 41.06

6 | 2.1680496 | 1.84563767 | 4.33757385 | 0.5000375 0.4255 50.00375 4255

7 | 2.1083178 | 1.83893727 | 4.21636452 | 0.500032143 | 0.436142857 | 50.00321429 | 43.6142857
8 | 2.0829573 | 2.02772278 | 4.56565782 | 0.500028125 | 0.444125 | 50.0028125 | 44.4125
9 | 21680773 | 1.95261735 | 4.33593787 | 0.500025 | 0.450333333 | 50.0025 | 45.0333333
10 | 2.2303415 | 2.03085754 | 4.46048218 | 0.5000225 0.4553 50.00225 4553

m Pyy= - 0.90

3 | 0.739528 | 0.51913824 | 1.47902634 0.50001 0.351 50.001 35.1

4 | 35715981 | 2.77330429 | 7.14308896 | 0.5000075 0.38825 50.00075 38.825

5 | 35821267 | 2.94160712 | 7.16416736 |  0.500006 0.4106 50.0006 41.06

6 | 3.6636968 | 3.11777481 | 7.32732035 |  0.500005 0.4255 50.0005 4255

7 | 3.6077125 | 3.14692911 | 7.21536317 | 0.5000043 | 0.436142857 | 50.00042857 | 43.6142857
8 | 35225697 | 3.1288991 | 7.04508664 | 0.5000038 0444125 | 50.000375 | 44.4125
9 | 35033394 | 3.23637946 | 7.18663093 | 0.5000033 | 0.450333333 | 50.00033333 | 45.0333333
10 | 3.5929281 | 3.27170068 | 7.18581304 |  0.500003 0.4553 50.0003 4553

Table 13: Second simulation Results of MSEs, R.E, AND P.R.E of Tygj, T1 (o)), T1s; Advocated classes of estimators

m T1gj T1(o(m)); Tisj Pxy=0.70 RE; RE, PRE, PRE,

3 | 1.4019339 0.8299883 2.45092732 | 0.572001433 | 0.33864256 | 57.200143 | 33.8642559
4 | 1.2389521 | 0.92921411 2.4899649 0.497578157 | 0.37318362 | 49.757816 | 37.3183618
5 | 1.1655997 | 0.932479774 | 2.47790429 | 0.470397392 | 0.37631791 | 47.039739 | 37.6317914
6 | 1.2166386 | 1.01386546 | 2.33119944 | 0.521893808 | 0.43491151 | 52.189381 | 43.4911507
7 | 1.2393883 | 1.062332799 | 2.4332771 0.509349414 | 0.43658521 | 50.934941 | 43.6585212
8 | 1.2543398 | 1.097547303 | 2.47877653 0.50603181 0.44277783 | 50.603181 | 44.2777834
9 | 1.2216126 | 1.085877852 | 2.50867955 | 0.486954415 | 0.43284837 | 48.695442 | 43.2848369
10 | 1.0912346 | 0.9651243 | 2.44322517 | 0.446636935 | 0.39502061 | 44.663694 | 39.5020612
m Pyy= - 0.70

3 | 2.3694209 | 1.57961392 | 4.73884176 0.5 0.33333333 50 33.3333333
4 | 2.2138623 | 1.660396699 | 4.42772453 0.5 0.375 50 375

5 | 2239746 | 1.79179679 | 4.47949197 05 0.4 50 40

6 | 2.3188298 | 1.93235819 | 4.63765966 05 0.41666667 50 41.6666667
7 | 2.2643066 | 1.940834217 | 4.52861317 05 0.42857143 50 42.8571429
8 | 2.3252148 | 2.034562913 | 4.65042952 0.5 0.4375 50 43.75

9 | 2.2950216 | 2.04001916 | 4.59004311 05 0.44444444 50 444444444
10 | 2.237049 | 2.013344079 | 4.47409795 05 0.45 50 45
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m Pyy=0.50
3 | 05937952 | 0.39586345 | 1.18759035 05 0.33333333 50 33.3333333
4 | 05186365 | 0.388977396 | 1.03727306 05 0.375 50 375

5 | 0.5542557 | 0.443404557 | 1.10851139 05 04 50 40

6 | 05377956 | 0.44816302 | 1.07559125 05 0.41666667 50 41.6666667
7 | 05536828 | 0.474585235 | 1.10736555 05 0.42857143 50 42.8571429
8 | 0.5536053 | 0.484404623 | 1.10721057 05 0.4375 50 43.75

9 | 05373568 | 0.477650448 | 1.07471351 05 0.44444444 50 444444444
10 | 0.5678814 | 0.511093304 | 1.1357629 05 0.45 50 45

m Pyy= - 0.50

3 | 1.2824622 | 0.854974816 | 2.56492445 05 0.33333333 50 33.3333333
4 | 1.2584511 | 0.94383832 | 2.51690219 05 0.375 50 375

5 | 1.2824775 | 1.025981993 | 2.56495498 05 04 50 40

6 | 1.2816042 | 1.068003536 | 2.56320849 05 0.41666667 50 41.6666667
7 | 1.2963588 | 1.111164661 | 2.59271754 05 0.42857143 50 42.8571429
8 | 1.2984354 | 1.13613097 | 2.59687079 05 0.4375 50 43.75

9 | 1.3156134 | 1.169434112 | 2.63122675 05 0.44444444 50 444444444

Conclusion

A class of ratio-cum-product estimators of population mean of the study variable Y have been successfully proposed following
information on a single accompanying variable under ERSS as shown in equations (10) and (11) while keeping track record of the
SRS version of the proposed estimators as shown in (12) for the purpose of efficiency comparison. Members of the proposed class
of the estimators were obtained by varying the scalars that helps in designing the estimator and were presented in table 2, table 3,
and table 4 respectively. Their properties such as biases, and MSEs were all derived as can be envisage in equations (26), (27),
(28) for biases and (31), (37), (43) for MSEs. The Optimal Mean Square Errors were also calculated to the quadratic polynomial
form of Taylor’s series approximation and presented in (49), (50) and (51) respectively. Theoretical underpinnings and the
condition for which the proposed class of estimator would provide an appreciable gain in efficiency over its counterpart estimator
were established and shown in (52). (53), (54), (55), and (56). Empirical and simulation studies were conducted to ascertain the
veracity of the theoretical underpinnings of the work. From where it was discovered from the results that the proposed class of
estimators based on ERSS provided smaller MSEs, R.E, P.R.E, for all values of the correlation coefficients and sample sizes
considered in the work and are therefore adjudged to be more efficient than the corresponding counterpart under SRS. This
evidence is presented in table 7 to table 13.

The efficiency of Tig;, Ty omy); Tisj increases for smaller values of correlation coefficient pyy, =-0.80, +0.70, and +0.50 and for
smaller values of sample size and decreases for the values of the correlation coefficient py, =+0.99, +0.90, and +0.80 and as the
sample size increases in most cases in table 12 and table 13.

The proposed estimators are approximately unbiased for all cases, correlation coefficients, and sample sizes considered in the
simulation study.

The estimator T} o(m)); performs better than that of T;z; and T,g; for all the values of the correlated coefficient and the samples
sizes considered in this work.

Therefore, the estimators Ty, (my); was adjudged to be the most efficient estimators among their brethren Tg;, Tyg; since it
produces the smallest MSEs in all the population, correlation coefficients, and sample sizes considered in this work. The
estimators in question were therefore adjudged to be efficient and provide a better alternative whenever efficiency is required.
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