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Abstract 

In the present paper, an attempt has been made to express an Infinite Double Integral Representation for 

the polynomial set Rn(x, y). Many Interesting new results may be obtained as particular cases on 

separating the parameter, which may be useful for scientists, engineers and new technology. 
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1. Introduction 

We defined the polynomial set Rn(x, y) by means of the generating relation. 

 

(𝜉 + 𝜆1𝑦
−𝑚1𝑡𝑚1)𝜎𝐹1 [

(𝑎𝑝); (𝑏𝑢); 𝑏1;               

          𝜆1𝑥
𝑒𝑡𝑒 , 𝜆2𝑦

−𝑚2𝑡𝑚2

(𝑐𝑞);                          

] = ∑ 𝑅
𝑛,𝑒;𝑚1;𝑚2;(𝑐𝑞);

𝜆;𝜆1;𝜆2;𝜉;𝜎;(𝑎𝑝);(𝑏𝑢);𝑏′∞
𝑛=0 (𝑥, 𝑦)𝑡𝑛  … (1.1) 

 

Where 12 are real and m1, m2, and e are positive integers. 

The left hand side of (1.1) contains generalized Appell’s function of two variables [1] by 

notation of Burchnall and Chaundy [2]. 

 

2. Notations 

A. 

(i). n = 1, 2, 3, …… n – 1, n. 

(ii). (ap) = a1, a2, a3, …… ap. 

(iii). [(ap)] = a1, a2, …… ap. 

(iv). [(𝑎𝑝)]𝑛 = ∏ (𝑎𝑖)𝑛 = (𝑎1)𝑛(𝑎2)𝑛(𝑎3)𝑛 ……(𝑎𝑝)𝑛.
𝑝
𝑖=1  

 

B.  

(i) 𝛥(𝑎; 𝑏) =
𝑏

𝑎
,
𝑏+1

𝑎
,
𝑏+2

𝑎
, ……

𝑏+𝑎−1

𝑎
. 

(ii) 𝛥𝑘[𝑎(𝑖); 𝑏] =
𝑏

𝑎
,
𝑏+1

𝑎
, ……

𝑏+𝑎−2

𝑎
 

(iii) 𝛥𝑘[𝑚; (𝑎𝑝)] = (
𝑎𝑖+𝑟−1

𝑚
)

𝑘

𝑟 = 1,2……𝑚
𝑖 = 1,2, ……𝑝

 

(iv) (a; b ± c ± d) = (a; b + c + d) (a; b + c – d), 

(a; b – c + d), (a; b – c – d). 

 

C. 

(i). (i)𝛥𝑘[𝑎, 𝑏] = ∏ (
𝑏+𝑟−1

𝑎
)

𝑘

𝑎
𝑟=1 = (

𝑏

𝑎
)

𝑘
, (

𝑏+1

𝑎
)

𝑘
……(

𝑏+𝑎−2

𝑎
)

𝑘
 

(ii). (ii) 𝛥𝑘[𝑚; (𝑎𝑝)] = ∏ ∏ (
𝑎;+𝑟−1

𝑚
)

𝑘

𝑚
𝑟=1

𝑝
𝑖=1 . 
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D.  

(i). 𝛤[(𝑎𝑝)] = ∏ 𝛤(𝑎𝑖)
𝑝
𝑖=1 . 

(ii). 𝛤 [𝑎 +
(𝑚)

𝑚
] = ∏ 𝛤 (𝑎 +

𝑟

𝑚
)𝑚

𝑟=1 . 

(iii). 𝛤[(𝑎; 𝑏)] = ∏ 𝛤 (
𝑏+𝑟−1

𝑎
)𝑎

𝑟=1  

(iv). v𝛤 [𝛥 (𝑚; (𝑎𝑝))] = ∏ ∏ (
𝑎𝑖+𝑟−1

𝑚
)𝑚

𝑟=1 .
𝑝
𝑖=1  

 

E. 

(i). 𝛤∗(𝑎 ± 𝑏) = 𝛤(𝑎 + 𝑏)𝛤(𝑎 − 𝑏). 
(ii). 𝛤∗∗(𝑎 + 1) = 𝛤(𝑎 + 𝑏)𝛤(𝑎 − 𝑏).  
 

3. Theorem: For m2 > 1 

 

𝑅𝑛(𝑥, 𝑦) =
4𝜎1

𝑎𝜎2
𝑏

𝛤𝑎 𝛤𝑏
∫ ∫ 𝑒2𝑎−1∞

0

∞

0
𝜉2𝑏−1𝑒−(𝜎1𝑒2+𝜎2𝜉2)  

 

×  𝑀 ∑ 𝑧(ℎ)
[

𝑛

𝑚1
]

ℎ=0
× 𝐹

[
 
 
 
 
 

𝛥(𝑚2; −𝑛 + 𝑚1ℎ), 𝛥(𝑚2 − 1,1 − (𝑐𝑞) − 𝑛 + 𝑚1ℎ), 𝑏′            

                
𝜎1𝜎2𝜆2{−(𝑚2−1)}(𝑚2−1)(𝑞−𝑝)(−𝑚2)(1−𝑢)𝑚2

𝑒2𝜉2

4(𝜆𝑥𝑒𝑦)𝑚2(1−𝜉)2

𝛥(𝑚2 − 1; 1 − (𝑎𝑝) − 𝑛 + 𝑚1ℎ), 𝛥(𝑚2; 1 − (𝑏𝑢) − 𝑛 + 𝑚1ℎ),

𝑎, 𝑏; ]
 
 
 
 
 

𝑑𝜉  (3.1) 

 

Proof : 𝐼 = 𝑀 ∑ ∑
𝑧(ℎ)𝛥𝑘[𝑚2;−𝑛+𝑚1ℎ]

𝛥𝑘[𝑚2−1;1−(𝑎𝑝)−𝑛+𝑚1ℎ]

[
𝑛

𝑚2
]

𝑘=0

[
𝑛

𝑚1
]

ℎ=0
 

 

×
𝛥𝑘[𝑚2−1;1−(𝑐𝑞)−𝑛+𝑚1ℎ](𝑏′)𝑘𝑒2𝑘𝜉2𝑘𝜎1

𝑘𝜎2
𝑘𝜆2

𝑘

𝛥𝑘[𝑚2;1−(𝑏𝑢)−𝑛+𝑚1ℎ](𝑎)𝑘(𝑏)𝑘
  

 

×
{−𝑚2−1}(𝑚2−1)(𝑞−𝑝)𝑘(−𝑚2)(1−𝑢)𝑚2

(𝜆𝑥𝑒𝑦)𝑚2𝑘 𝑘!
  

 

× ∫ ∫ 𝑒2𝑎+2𝑘−1∞

0

∞

0
𝜉2𝑏+2𝑘−1𝑒−(𝜎1𝑒2+𝜎2𝜉2)𝑑𝑒𝑑𝜉  

 

= 𝑀 ∑ ∑
𝑧(ℎ)𝛥𝑘[𝑚2;−𝑛+𝑚1ℎ],𝛥𝑘[𝑚2−1;1−(𝑐𝑞)−𝑛+𝑚1ℎ](𝑏′)𝑘

𝛥𝑘[𝑚2−1;1−(𝑎𝑝)−𝑛+𝑚1ℎ],𝛥𝑘[𝑚2;1−(𝑏𝑢)−𝑛+𝑚1ℎ]

[
𝑛

𝑚2
]

𝑘=0

[
𝑛

𝑚1
]

ℎ=0
  

 

×
{−𝑚2−1}(𝑚2−1)(𝑞−𝑝)𝑘(−𝑚2)(1−𝑢)𝑚2𝑒2𝑘𝜉2𝑘𝜎1

𝑘𝜎2
𝑘𝜆2

𝑘𝛤(𝑎+𝑘)𝛤(𝑏+𝑘)

(𝜆𝑥𝑒𝑦)𝑚2𝑘 (𝑎)𝑘 (𝑏)𝑘 4𝑘 𝜎1
𝑎+𝑘 𝜎2

𝑏+𝑘 𝑘!
  (3.2) 

 

Hence, 𝐼 =
𝛤(𝑎)𝛤(𝑏)

4 𝜎1
𝑎 𝜎2

𝑏 𝑅𝑛(𝑥, 𝑦)  

 

This complete the theorem. 

On using [4]. 

 

∫ ∫ 𝑒2𝑎−1∞

0

∞

0
𝜉2𝑏−1𝑒−(𝜎1𝑒2+𝜎2𝜉2)𝑑𝑒𝑑𝜉 =

𝛤(𝑎)𝛤(𝑏)

4 𝜎1
𝑎 𝜎2

𝑏   

 

Particular Cases of (3.1) 

i) On putting p = 0 = q = u = h =1;  =1 = 2 = =  = e = m2; b' = x, we get 

 

𝜙𝑛(𝑥) =
4𝑘 𝜎1

𝑎 𝜎2
𝑏 𝑥𝑛

𝛤(𝑎) 𝛤(𝑏)
∫ ∫ 𝑒2𝑎−1∞

0

∞

0
𝜉2𝑏−1𝑒−(𝜎1𝑒2+𝜎2𝜉2)  

 

× 𝐹 [

−𝑛, 𝑥;                

          
𝜎1𝜎2𝑒2𝜉2

𝑥

𝑎, 𝑏;                  

] 𝑑𝑒𝑑𝜉  

 

where n(x) are Sylvester Polynomials. 

ii) On taking p = 0 = q = h =1; u = 1 = y = x = e =  = m2; 𝜆2 =
1

𝑐
 b' = – x, b1 = (1 + x), we  get 

 

𝑚𝑛(𝛼, 𝛽, 𝑐) =
4 𝜎1

𝑎 𝜎2
𝑏 (𝛽1+𝑥)𝑛

𝛤(𝑎) 𝛤(𝑏) 𝑛!
∫ ∫ 𝑒2𝑎−1∞

0

∞

0
𝜉2𝑏−1𝑒−(𝜎1𝑒2+𝜎2𝜉2)  
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× 𝐹 [

−𝑛,−𝑥;                

           
𝜎1𝜎2𝑒2𝜉2

𝑐

1 − 𝛽,−𝑥 − 𝑛, 𝑎, 𝑏;   

] 𝑑𝑒𝑑𝜉  

 

where mn(x; , c) are the Meixner Polynomials. 

 

iii) On taking p = 0 = q = h =1; u = 1 = e =  x = x = m2 = 1, b1= b, 𝑦 =
1

𝑦
, b' = a, we arrive at 

 

𝑔𝑛
(𝑎,𝑏)(𝑥, 𝑦) =

4 𝜎1
𝑎 𝜎2

𝑏 (𝑏)𝑛𝑥𝑛

𝑛! 𝛤(𝑎) 𝛤(𝑏)
∫ ∫ 𝑒2𝑎−1∞

0

∞

0
𝜉2𝑏−1𝑒−(𝜎1𝑒2+𝜎2𝜉2)  

 

× 𝐹 [

−𝑛, 𝑎;                

           
𝑦 𝜎1𝜎2𝑒2𝜉2

𝑥

1 − 𝑏 − 𝑛, 𝑎, 𝑏;         

] 𝑑𝑒𝑑𝜉  

 

where 𝑔𝑛
(𝑎,𝑏)(𝑥, 𝑦) are the Lagrange Polynomials [3]. 

 

iv) On setting p = 0 = q = h = b' =1; u = 1 = e = x = y = 2 =  = m2; b1= –x,  we have 

 

𝑐𝑛(𝑥, 𝑎) =
4 𝜎1

𝑎 𝜎2
𝑏 (−𝑥)𝑛(−𝑎)−𝑛𝑥!

𝑛!
∫ ∫ 𝑒2𝑎−1∞

0

∞

0
𝜉2𝑏−1𝑒−(𝜎1𝑒2+𝜎2𝜉2)  

 

× 𝐹 [

−𝑛;                    

           𝑎 𝜎1𝜎2𝜉
2𝑒2

𝑥 − 𝑛 + 1, 𝑎, 𝑏;       
] 𝑑𝑒𝑑𝜉  

 

Where cn(x; a) are the Charlier Polynomials. 
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