International Journal of Statistics and Applied Mathematics 2023; 8(4): 01-07

International Journal of

Statistics and Applied Mathematics

ISSN: 2456-1452
Maths 2023; 8(4): 01-07
© 2023 Stats & Maths

https://www.mathsjournal.com

Received: 03-02-2023
Accepted: 10-03-2023

Inderjit Singh

Department of Mathematics,
Dayanand P.G. College, Hisar,
Haryana, India

Seema Rani

Department of Mathematics,
FGM Govt. College, Adampur
Hisar, Haryana, India

Ranjeet Singh

Department of Mathematics,
Govt. College, Siwani Bhiwani,
Haryana, India

Corresponding Author:

Inderjit Singh

Department of Mathematics,
Dayanand P.G. College, Hisar,
Haryana, India

Weight distribution of irreducible cyclic codes of length
2p™

Inderjit Singh, Seema Rani and Ranjeet Singh

Abstract

Let Fq be the finite field with g elements, p, q be two odd primes with gcd(p, g) = 1. Let q be primitive
root modulo 2p™, m > 1 be an integer. In this paper, we obtain weight distribution of all the irreducible
cyclic codes of length 2p™ over Fq by using their generating polynomials.
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1. Introduction

Let F, be the finite field with g elements, n be a positive integ%r with ged(n,q) = 1. By
Wedderburn Artin Theorem every semi-simple ring can be written as direct sum of its
minimal ideals. Each minimal ideal of R, represents an irreducible cyclic code of length n
under the 1-1 correspondence Co + CiX + . . . + Co X" — (Co, C1, . . ., Cn-1).We also know
that every cyclic code of length n with digits in finite field Fy forms a vector space
having g" elements. Thus we denote a cyclic code of length n over Fq by F". A
minimal ideal in R, is called an irreducible cyclic code of length n over Fq. If is an
irreducible cyclic code of length n over Fq and v, then the weight of v is defined to be
the number of non-zero entries in v. We denoteit by wt(v). If A™ denotes the number of
codewords of weight w in C, then A®, A™ AWM jis called weight distribution of C.
The weight distribution of irreducible cyclic code is important due to its application in
error detection and correction of codes. Thus the problem of determining the weight
distribution of a code is of much interest. Many authors have worked on this problem for a
long time. Ding ™ determined the weight distribution g-arry irreducible cyclic codes of

length n provided 2 < - < where t = On (q) (the multiplicative order of q modulo
n) Sharma, Bakshi and Raka [ determined the weight distribution of all ir-reducible
cyclic codes of length 2™ over Fq. In [, Sharma and Bakshi have obtained the weight
distribution of some irreducible cyclic codes of length p™ where p is an odd prime co-prime to
g and m > 1 is an integer.Further Kumar et al. " 8 have obtained weight distribution of
some irreducible cyclic codesof length p™, 2p™ and n by different technique.Apart from this
Batra and Arora &1, have discussed the generating polynomial and minimum distance of
some cyclic codes of length 2p".

In this paper, we determine the weight distribution of all irreducible cyclic codes of length
2p™ over Fq, where g is primitive root modulo p™ and p is anodd prime such that gcd(2p,
g)=1and m > 1 is an integer.

2. Cyclotomic Cosets Modulo 2p™

Let S = {0,1,2,..,2p™ —1}.For a,b € S, say that a~b if a = bg'(mod 2p™) for some
integer i = 0. This defines an equivalence relation on the set S. The equivalence classes due to
this relation are called g —cyclotomic cosets modulo 2p™. The g - cyclotomic coset
containing s € S is denoted by C, = {s,sq,sq? ...,sq%™1}, where t, is the least positive
integer such that sq’s = s (mod 2p™) and |C, | denotes the cardinality of C;.
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In this section, we describe the g —cyclotomic cosets modulo 2p™, where p and g are distinct odd primes and o(q)zpm =
m
—(p(zf ), d is a positive integer and ¢ is Euler’s phi-function.

2.1. Theorem If p and q are odd primes such that o(q),,m = @(2p™)/d, d is a positive integer, then 2(md + 1) g- cyclotomic
cosets (mod 2p™) are given by

(i) Co={0},
(i) Cym={p™}.
(iii)

For0 <j <m-1,0 <k <d-1,

(iii) Cyrpi = {g*p’, g* 0 a0, 9" P’ a% .. g*piq @ '},

oz

(V) C, i ={29%07, 29"’ q, 29"’ 4%, ..., 29"P /g~ @ ~13, where g is primitive root modulo 2p™

Proof. Trivial.
3. Weight Distribution of Minimal Cyclic Codes of Length 2p™
Definition 3.1. Let a be the primitive 2p™th root of unity in some extension of F;, . Then corresponding to the g — cyclotomic

coset Cg, M (x) = [Njee,(x — @),
is called minimal polynomial of a® over F; .

Definition 3.2 Let M(me) be the minimal cyclic code of length 2p™ over F,. It is well known that M§2pm) is the ideal in Ry,m

@p™ )

generated by g(x) = 7,,1( Then g(x) is called the generating polynomial of M

2p

m m
(2” )M(z” ),...,Mgip ) are

Remark 3.3 If Cs, C,, ..., Cs, are all the distinct g — cyclotomic cosets modulo 2p™, then M

precisely all the distinct minimal cyclic codes of length 2p™ over F,.

Theorem 3.4 Let F, be the finite field with q elements, p, q be two odd primes with gcd(p,q) = 1 and m > 1 be an integer. Let

the multiplicative order of g modulo 2p™ is @ (2p™). Then

(i) The codes M{*", Mgz,fl’m), M;ii?) and MZ}’;:;}, 0<j<m-—1,0<k<d— 1, are precisely all the distinct minimal cyclic
codes of length 2p™ over F,;, where ¢ denote the Euler’s Phi function.

(if)  All the nonzero codewords in M(Z”m) and I\‘/H(Z,,ﬁ’m) have weight 2p™

(iii) The codes M(z,f’ ]) and Mgzi ) are equivalent to M;ijm) and M;i’}m) respectively, therefore they have same weight
distribution.

Proof. (i) By Theorem 2.1, Co, Cpym, Cyk,,j and C, k,,; are all distinct g — cyclotomic cyclotomic cosets modulo 2p™. Therefore,

by Remark 4.3.3 M%) M(zp ) M(zp ) and Mgz’;( 3 0<j<m-—1,0<k<d-— 1, are all the distinct minimal cyclic codes of

length 2p™ over F,.

(i) By Definition 3.1, x — 1 is minimal polynomial of Mgzz’m), therefore by Definition 3.2,

m
x?P -1

——=1+x+ x2 4 -+ x2"1 s the generating polynomial of M§2pm) .
Thus every non— zero codeword in M(()zpm) has weight 2p™. Now, M%m) is the minimal cyclic code corresponding to q —
cyclotomic coset C,m. Then by Definition 3.1, the minimal polynomial of aP™ is x — aP™, where a is primitive 2p™th root of
unity. Then, a?™ = —1.

By Definition 3.2, the generating polynomial of M;Z,ﬁm) is

m
A |

=—1+x—x2+-+x?"1,
x+1

Thus every non—zero codeword in M(zpm) has weight 2p™.

Theorem 3.5 (i) Let 1 < j < m. The minimal cyclic code M(m —j ls the repetition code of the minimal cyclic code Mf”j) of
length 2p’ corresponding to the g — cyclotomic coset contammg 1, repeated p™/ times.
~ge
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(ii) Letw = 0, then

0, if p/does not divide w;

A(Zp
Ai/p Jifw =2piw, 0 <w' < 2pm)),

where A2P™" and Ai”, ' denote the weight distribution of M(Zp ) and M ) respectively.

@™ )| X2 -1

me ]
Mpm_ 169

Proof. Let a be the fixed 2p™th root of unity. By definition 3.2, the generating polynomial polynomial of M

where Mjﬁfj () = Tlsec m_}.(x —a®) and Cym-j is cyclotomic coset modulo 2p™.
p

2p™ _ 2pJ _ j j -J f
Now, xzpm (1) = I 5 (216) as) (1 + prJ + X4p] + -+ x(pm 1—1)217]),
M (x seC i
pm=i p™J

Forany s € C,m-j, a* are roots of x?' — 1.
Consequently, [Tsec m_].(x — a%) is an irreducible factor of x2?’ — 1.
14

it is clear that, e ,_ (= @) = 1777 (x = ™). Let @™ = g, then TI28)7 (x - ") =120 (x

2p)_q j
X where M?" (x) =
2pJ 1
M7 (%)

[Tsec,(x — B°), where B is the 2p/th root of unity Also, [Tsec, (x — B°) = l'[‘p(zp )- (x = B*), where C, is cyclotomic coset
modulo 2p’. Consequently, [sec, ;= @) = Tlsec, (x — B%).
D

ﬁls), where £ is the 2p’th root of unity Similarly, the generating polynomial of M&Z”j) is

By the above discussion and Lemma 4.1, Mgz’jn )J is the repetition code of the minimal cyclic code M&Zpl) of length 2p/

corresponding to the g — cyclotomic coset containing 1, repeated p™~/ times.

4. Weight Distribution of M (1 < r < m)

Case (i) The multiplicative order of g modulo 2p™ is ¢ (2p™).

Lemma 4.1. If the multiplicative order of g modulo 2p™ is ¢ (2p™), then the generating polynomial of Mgz’” )js xP" T PHD 4
xP" —xP"" =1 and the VECLOrS e, ,r-1(ps1) + €iupr — €pr-1 — €, 1< i <p"I(p—1) or 1 < i < p(2p"), constitute a basis
of M over F,.

Proof. As multiplicative order of g modulo 2p™ is @(2p™), therefore multiplicative order of ¢ modulo 2p™ is @ (2p™), for 1 <
r<m.

Hence the g — cyclotomic coset modulo 2p™ containing 1 is

¢, =1{1,9,¢% ..,q?@"1}.
This is a reduced residue system modulo 2p™. Let a be a primitive Zthh root of unity.

> L where M, 20" (x) = [aec,(x — o).

i+p"~

By Definition 3.2, the generating polynomial g(x) of M(ZP Vi

1
2p” _ x2P" 1
Now, we assert that M;* (x) = i

If a is primitive 2p"th root of unity, then a/ is again primitive 2p”th root of unity for each j € C,.Since a is 2p"th root of unity,
therefore a?” # 1. So, a is a root of (x?" + 1).Thus,

2P = 1= (P = 1)(xP T + 1) (1 -2+ x?
Consequently, M2 (x) = (1 — xP" " + x2P"™" — . 4 x®@-DP" 7Y,
Hence, g(x) = (x?" — 1)(x?" " + 1) = xP" @D 4 xP" —x0"" 1,
S0 M i the subspace of Ry, spanned by g(x), xg (x), ..., x® D" =1 g(x),
But under the standard isomorphism x‘=* — e; from R,,,r to FqZPr,xi‘lg(x) corresponding t0 €;,,m-1(p41) + €i4pr — €4pr-1 — €
for each i.

-1

— +x(p—1)pr‘1)_

-1 r—1

Remark 4.2
Let V; be the vector subspaces of quz’r spanned by

CippTajpr=1 T €ipri(j—1)p™1 ~ ipjpr-1 ~ €ip(jpypr-1 fOr1 < i < p"~tand 1 <j < p — 1. Then by the above lemma,
M) =V, @V, @ .. V1.

~gw
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Definition 4.3 A vector v € V; is called basic vector if v = X¥2L a; (e, yr4 jpr-1 + €14pry(jm1ypr=1 — iy jpr1 — €ir(jo1)pr1 )

where 0 # a; € Fj,k = 1,1 > 0,k + 1 < p — 1. The integer [ is called the length of v denoted by I(v), k is called initial point of
v, denoted by I(v) and k + L is called the end point of v denoted by E (v).

Definition 4.4.4. Let vy, vy, ..., v, € V; . We say that vy, v,, ..., v, is a chain in V; if each v;, 1 < j <'t, is a basic vector and
I(vj) = E(vj_;) + 2 for 2 < j < t. Note that each vector v € V; can be written as the sum of vy, v,, ..., v, and wt(Th_, v;) =
Z§=1 wt(v;).

Remark 4.5. Any v € V; can be written as v = Y%_, v;, where vy, v,, ..., v, is a chain in V; and wt (X4, v;) = X5, we(v)).

Notations 4.6. Let Z denote the set of integers. For any t,A€ Z,t > 1 and A > 2, let B;(1) = {(A1, 43, ...,A4,) €ZF : 2 < X; <
pforallj, Y54 =4} and for any(Ay,4,...,4) € B;(1), define C.(A;,4;, ..., 4) = {1y ) €28 =2 —
2forallj,¥f I <p- 2t}. Given any Uy, L, 1) € C(A4, Ay, o Ap), let A(Ay, Agy o, A 1y, L, 0 L) =

L L le N\t — A2t —
Ay, 1) (Al _ 2) (/12 _ 2) (At _ 2) (@—-D(q-2) = n(say),

Where
p-3f —2t+1 p-3i_, —2(t-1)+1 p-3f 113 p—li—1
Ay,lp,l) = Z Z Z 2 1.
ki=1 ko=kq+11+2 Ke—1=ki—p+li_o+2 kp=ke_q+lp_1+2
Lemma 4.7

@iy IfO0+veV,then4 <wt(v) <2p.
(i) If v € V; is basic vector of length [, then 4 < wt(v) < 21 + 4.

Proof. (i) Let v € V;. Then
p—1
v= Z @ (Ciaprajpr=t + €isprae(-nyprt = Eiajpri = Cin-nprt)
j=1
= al(ei+pr+pr_1 T eiypr —€ppr-1 € )
+a2(ei+pr+2pr—1 + €iipT4pr=1 — €jyopr=1 — €j pr-1 ) + -
tap (ei+1r»r+(1zr—2)zzzr‘1 T Cip(p-3)p™! T Cit(p-2)p" ! T Cit(p-3)pT 1 )
"'0(17—1(ei+pr+(p—1)pr‘1 T Cipri(p-2)p™! T Cir(p-1)pT! T Cin(p-2)p7 )
=aq (ei+pr — € ) + {al(ei+pr+pr_1 — €jppr-1 ) +a; (ez'+1JT+pT‘1 — €jppr-1 )}
+eot { Ap—2 (ei+zor+(zo—2)zor‘1 - ei+(p—2)pr‘1) + “p—l(ei+pr+(p—2)pr‘1 ~ Civ(p-2)pT? I “p—l(ei+pr+(p—1)pr‘1 ~ Civ(p-1yp7t )
= (€i+pf € )+ ap—l(ei+pr+(p—1)pr_1 ~Citp-1)p"t )
+(ay + aZ)(ei+pT+(p—2)pr_1 - ei+(p—2)pr_1) +oot (ap-1 + “p—z)(ei+pr+(p—2)pr‘1 ~ Cit(p-2)p™? )
=0 (ei+pr —e )+ ap—l(ei+pr+(p—1)pr‘1 ~ Cir(p-1pT? )
+ Zfz_lz(al + a]’+1)(ei+pr+jpr_1 — €iyjpr1 ) (l)
a;j € F; . If v # 0, then at least one a; # 0.
hus from (1), we have wt(v) = 4.
For maximum weight we assume a; # 0,forj = 1,2,...,p — 2.

Thus from (1), we have wt(v) < 2p.
(i) Let v € V; is basic vector of length I, then by Definition 4.3, v = Y5} a;(e;y,ryjpr—1 + €ppro(joaypr—1 — €ipjpr—1 —
€it(j-1p? ).

g
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Where
0#a€F,k>=11=20k+I<p-1

Then,

v= ak(ei+pr+(k—1)pr_1 - ei+(k—1)PT_1)+ “k+z(ei+pr+(k+l)pr‘1 = Cir(ripT? )
+ Z?:};l(aj + aj+1)(€i+pr+jpr—1 — €i+jpr—1 ) (2)
Since v is basic vector, so a; # 0 and the sum in (2) has [ terms, therefore 4 < wt(v) < 21 + 4.

Lemma 4.8 If [k, A are integers satisfying 0 <I!<p—-1, 1<k<p-Il—-1and 2<1<1[+2, then the number of basic
. . l _ _ 72)A-2
vectors in V; is (/1 _ 2) (@ —1D(q—2)*=.

Proof. For any basic vector v € V; such that length of v is [ and weight 24, then by equation (2),

k+1-1

v = ak(ei+pr+(k—1)pr_1 - ei+(k—1)pr_1)+ ak+l(ei+pr+(k+l)pr_1 T Cit(e+ppTt )+ Z (“j + aj+1)(ei+pr+jpr_1 ~ Ciyjprt )
j=k

where a; € Farenonzerofork <j <k +1L

Now we observe that the weight of v is 24 if and only if out of a total of [ sums (a; + @;,1),0 <j <k +1—1, exactly A — 2 are
non zero. That is possible if and only if there exists iy, i, ..,i, <k+1—1 such that (a; +a;,) #0,(a;, + a;,) #
0,..,(a;, , +ay,,)#0and a; + a;,, = 0, otherwise. We observe that the total number of choices of such a nice element v is

(,!,)@-n@-2"=

Remark 4.9. In the above lemma the number of basic vectors is independent of the choice of the initial point.
Definition 4.10. For any integer A = 0, define

1,ifA=0,

NQA) = 0,if1<A<30rdi=2p+1,
Dit21 DA A, A)EB(A) Uy layl)ECe (An Ag,hy) T OthETWise.

Lemma 4.11. Let A be an integer such that 2 < A < p. Then, for each i, 1 < i < p"~1, the number of vectors in V; having weight
24 are exactly N(4).

Proof. Let 4;(24) be the set of all codewords in V; having weight 2A. Let W; (A4, A,,..., 4 1, Ly, ., 1) be the set of allv € V;
such that v = 3.5_; v;, vy, 15, ... , v, isachainin V; and wt(v;) = 24;,1(v;) = [;for 1 < j < t. Then,

t t t
wt(v) = wt Z v | = Z wt(v)) = Z 2; = 2.
=1 =1

j=1

We claim that A;(24) is the disjoint union of W; (11, A3, ..., A¢; L, Ly, oo, L),
ie.

A;(22) = Uez1 Uy a,,00€8,0) Uy lpteci gt Witk Az oo, A Ly b, o, 1), 3)

Let v be an arbitrary vector of W;. Then by the above discussion wt(v) = 2A. Consequently, v € A;(22). Thus the union on right
hand side is the sub set of 4;(21). Now, let v be an arbitrary element of 4;(21), then wt(v) = 21. By using Remark 4.5, we get
v =Y, V,v5,Vy .., v is @ chain in V; and wt(v;) = 24;,1(v;) = I, for 1 < j < t. Then by Lemma 4.4.7, 4 < 4; < 2p,1; >
A; — 2 forall j. Also

t

t
j=1 j=1

t

= > (BE@;) ~ 1) + Ew) — 1w,

j=2

As,E(v)) <p-—-11(v,) =1,ie—I(v) < —1and (I(v;) — E(v;_1)) = 2,
g
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ie. (E(vj_) —I(v)) < -2.

Therefore,

t t
:E:lj:s —-2+p—-1—-1=p-2t.
j=1 j=2
This implies that (13, L,,, ..., l;) € Ct(A4, A5, ..., Ay) and € W; (A4, A5, ..., Ass 1, Ly, o, 1) - 1T s clear that the union of right hand side
of (3) is disjoint. Now to evaluate |W;(A4, A5, ..., As; Ui, Ly, .., 1) | we find out the number of chains vy, v, ..., v, in V; such that
wt(v;) = 24;,1(v;) = |; forall j. Ask; = I(v;). Thenky > Lk, + 1, <p—landk_, + |, +2<kjfor2<j<t.
FOI’]=2,k1+ll+ZSk2, (4)
FOI’]=3,k2+l2+2Sk3,

Using k, in (4), we get
k1+ll+23k3_lz_2,

FOI’]=4,k3+l3+2Sk4,

Using k5 in (5), we ge

ky <k,— (4 +1,+1)—23 (6)
Continuing in this way for j = t, we get

ky<ki—(+L+1L++1_)—2(t—1). @)
Butk, <p—1-I,and k; = 1. Using (4) to (7) inequalities, we getk; <p—1—-(  + L + I3+ -+ l_1 + 1) —2(t — 1).
Implies

1<k <p-(+L+L++1_;+1)-2t+1

By the above discussion the number of choices for k; is

p—Z§=1U—2t+1

Y ou

k=1
Similarly, the number of choices for initial point k, of v, is

p-Xi,lj-2(t-1)+1

1.

kp=kq+1q+2

Therefore, total number of choices for initial points of vy, vy, ..., v; is

P-Yioq Li—2t+1 p-XNi, li—2(t-1)+1 P-Stp 1 li-3 p—l—1
ki=1 ko=kqi+11+2 Kt—1=Kkt—2+lt—2+2 ki=K¢_1+lg—1+2

By using Lemma 4.8, the number of basic vectors v; of length [; weight A; and having a fixed initial point k; is given by

l.
2 Lo)@=D@-2  foreachj1<j<t.
J

By using Notation 4.4.6, we get
G
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|VVi(/11,/12,...,/1t; ll' l2l"'!lt)| = n. (8)

Using (3) and (8),
|4;(22)| = N(22) for 2 < 2 < p.

Theorem 4.12. Let F, be the finite field with g elements; p, g be two odd primes with gcd(p, )= 1 and m = 1 be an integer. If

the multiplicative order of ¢ modulo 2p™, then the weight distribution A®PD

sw W = 0, of the minimal cyclic code M&zpr)is given
by

@p") _ pt Pt
AZW = Z (WI'WZJ---:WpT—l) Hi=1 N(Wl'), Where Zi=1 w; = w.

Proof. Let A(2w) be the set of codewords in prr) of weight 2w, w = 0. By Remark 4.2, M?pr) =V, @V, D ... ®Vyr,

where V; is the vector subspace of qu”r spanned by e,y jpr-1 + €iprijim1)pr-1 — €ivjp

1 <j<p-—1. Letx beany element of Mgzl’” of weight 2w. Then, by the above discussion x corresponds v €V, @V, @ ...

V,r-1such that v = Zf:;l v; and wt(v;) = 2w, satisfying w = Zf:;l w;. To determine the number of elements x in Mgzpr)having

weight 2w, we have to determine the number of v; in V; such that wt(v;) = 2w;. By Lemma 4.11, the number of v; having weight

2w; inV; is N(2w;) foreachi,1 < i <p" 1.

If we fix w;, satisfying w = Zf:;l w; for each i,1 < i < p"~1. Then by the above discussion, the number of codewords of weight
. r—1 T r—1 r—1

2wy is TT"., N(2w;). Consequently, AZP) = 3 iz liey N@W),w =31, w.

This completes the proof of the Theorem.

-1 — ei+(j_1)p1"—1 fOf 1 S l S pT—l and
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