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Abstract

This paper explores the geometric properties of convolutions involving the normalized Miller-Ross
function and L hypergeometric functions. It investigates critical points, inflection points, symmetry, and
limiting behaviors of the convolutions to understand their characteristics.
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1. Introduction

Convolution, a fundamental operation in mathematics, combines functions, yielding insights
into their combined behavior. The study focuses on the convolution between the normalized
Miller-Ross function ™,

fo=e>(1-3), ()

x2
and specific L hypergeometric functions represented by
9(x) =, Fi(a,b; c;x)., )

The convolution of L hypergeometric functions with the normalized Miller-Ross function
involves combining the normalized Miller-Ross function, denoted as f(x), with an L
hypergeometric function g(x) using the convolution integral [,

F*9)) = [ f©) - glx—t)dt, (3)

Given the normalized Miller-Ross function

fe=e(1-3) @

And an L hypergeometric function g(x), denoted as H(x) for this explanation, the convolution
expression becomes.

0o _ 42 1
Frge=[0e"(1-5) - Hx-bdt, (5)
To explicitly compute this convolution, we need the specific form or representation of the L
hypergeometric function H(x). Without this specific function or series representation,
providing a concrete result is not feasible in this general explanation [,

The calculation involves substituting the expression of H(x —t) and performing the
integration over the appropriate range.
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2 Properties Analysis
2.1 Critical Points and Inflection Identification of critical
points through derivative analysis and inflection points via
second derivative examination to discern turning points and
concavity changes -2,

2.1.1 *Derivative of the Convolution Function*: To find the
critical points of the convolution function h(6), we start by
taking the derivative of h(8) with respect to 6. The derivative
of the convolution function is given by 1.

W) = < (1" F@IF (e B;v; 0 — $)do) ®)
2.1.2 *Applying the Fundamental Theorem of Calculus*
The derivative of an integral involving a variable upper limit
can be calculated using the Fundamental Theorem of
Calculus. By applying this theorem, we can simplify the
expression for h’ () as follows [,

() = [} f(§) 25 F(a,B;7; 0 — $)deb, ©)
2.1.3 *Differentiating the Hypergeometric Function*:
Next, we differentiate the [ hypergeometric function
F(a,B;v;z) with respect to z in the convolution integral.
This differentiation requires the application of the chain rule
to handle the composition of functions 1.

(a)n(ﬁ)n
F(@,B7:7) = Sy 2y ns

8)
2.1.4 *Substituting the Differentiated Hypergeometric
Function*: Substitute the differentiated hypergeometric
function back into the expression for the derivative of the
convolution function %1,

(“)n(ﬁ)n n-1
2B (6 — gy dg,

W) = f," f(#) Tizo ©
2.1.5 *Simplifying the Expression*: To identify critical
points, we often look for values of 6 where h'(6) =0 or
where the derivative is undefined. By setting h'(8) = 0, we

can simplify the integral and solve for the critical points.

(fgl'r)t(i)'n (9 ¢)n 1d¢)

0=["" f(#) T2 (10)

2.1.6 *Solving for Critical Points*: Solving the equation
h'(8) =0 involves integrating and simplifying the
expression. The critical points are the solutions to the
equation where the derivative is zero. Depending on the
specific values of a, B, y, and [, the critical points can be
determined by solving the resulting equation &I,

2.1.7 *Interpreting Critical Points*: Critical points in the
context of the convolution function h(8) indicate locations
where the function may have extrema (maxima or minima) or
points of inflection. Analyzing the critical points provides
essential information about the behavior and shape of the
convolution function involving the normalized Miller rose
function and the I hypergeometric function 31,

By following these steps, we can systematically compute the
critical points of the convolution function and gain valuable
insights into its properties. If you have specific values for the
parameters «, £, v, and [, we can proceed with solving for the
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critical points more precisely. Let me know if you need
further assistance or have any specific queries!

2.2 Symmetry Evaluation of the evenness/oddness of the
convolution to ascertain its symmetry about the axes or origin.

2.2.1 *Even Function*: A function f(x) is even if it satisfies
the property: f(—x) = f(x) for all x in its domain. - For a
convolution h(8), if both functions f(¢) and F(a,S;v; 0 —
¢) are even, the convolution function h(0) is likely to be
even. - Even functions are symmetric about the y-axis, with
mirror image properties [*-31,

2.2.2 *Odd Function*: A function f(x) is odd if it satisfies
the property: f(—x) = —f(x) for all x in its domain. - If
either one of the functions in a convolution h(6), f(¢) or
F(a,B;v;60 — @), is odd while the other is even, the
convolution function h(8) is likely to be odd. - Odd functions
have rotational symmetry of 180 degrees around the origin.

2.2.3 *Evaluation™: To evaluate the evenness or oddness of
the convolution function h(8), analyze the symmetry
properties of the individual functions involved. - If both
functions are even, the convolution will likely result in an
even function due to the multiplication of even functions
preserving symmetry. - If one function is odd and the other is
even, the convolution will likely result in an odd function due
to the combination of odd and even function properties. - It is
essential to consider the properties of the functions being
convolved to determine the symmetry properties of the
resulting convolution function.

2.3 *Applications*: Understanding the evenness or oddness
of a convolution function is crucial in various mathematical
and engineering applications. In signal processing, the
evenness or oddness of a convolution function can provide
insights into system behavior, symmetry, and signal
processing techniques. Knowledge of the symmetry
properties of a convolution function can aid in simplifying
computations, identifying special points, and understanding
the overall behavior of the system.

2.3.1 Limiting Behavior Analysis of behavior as x approaches
infinity or zero to understand the function’s tendencies under
extreme conditions. The convolution of the Miller rose
function and the [ hypergeometric function can be represented
as.
Fr@@) = [, f(Dg(x - t)dt, (12)
where f(t) is the Miller rose function and g(x —t) is the [
hypergeometric function.

The Miller rose function is given by

f@®)= i(l + cos(2(t — a)) + Bsin(2(t — a))), (13)
and the [ hypergeometric function is expressed as.
glx—1t) =2F1(a,B;v;x — t), (14)

To analyze the limiting behavior of the convolution function
as x approaches a certain value or limit, we can consider the
behavior of the integrand as t becomes very large or very
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small. By investigating the convergence properties and critical
points of the convolution integral, we can gain insights into its
long-term trends and extremal behavior. Here is an expanded
version of the discussion on the convolution of the Miller rose
function and the [ hypergeometric function, focusing on its
limiting behavior.

The convolution of the Miller rose function and the [
hypergeometric function is represented as.

(F* ) = [, f(Dg(x — vt (15)
where: - The Miller rose function £ (t) is defined as.

(&) = - (1 + cos(2(t — a)) + Bsin(2(t — a))), (16)
The [ hypergeometric function g(x — t) is expressed as.

gx —1t) =2F1(a,B;v;x — t), (17)

To analyze the limiting behavior of the convolution function
as x approaches a certain value or limit, we investigate the
behavior of the integrand when t becomes very large or very
small. By studying the convergence properties and critical
points of the convolution integral, we can gain insights into its
long-term trends and extremal behavior.

The limiting behavior of the convolution function is crucial
for understanding how it behaves as x approaches infinity or
negative infinity, as well as how it behaves near critical points
or singularities. By examining the behavior of the Miller rose
function and the [ hypergeometric function in the convolution
integral, we can determine how their interplay impacts the
overall limiting behavior of the convolution.

Geometric Insights Exploration of graphical representations to
visually comprehend the convolutions’ shapes, slopes, and
general behavior

3. Geometric properties of convolution

Geometric Properties Analysis

3.1 Asymptotic Behavior

Observe the behavior of (f * g)(x) as x approaches positive
and negative infinity to understand its asymptotic properties.

3.2 Critical Points and Inflection
Identify critical points and potential inflection points on the
curve of (f * g)(x) to explore its concavity and convexity.

3.3 Symmetry

Investigate if the convolution exhibits any symmetry
concerning the x-axis or y-axis to determine its even/odd
nature, if applicable.

https://www.mathsjournal.com

3.4 Limiting Behavior
Analyze how (f * g)(x) behaves as x approaches zero to
understand its behavior near the origin.

3.5 Graphical Representation

Plot the graph of (f = g)(x) to visually analyze its shape,
slopes, and general behavior over a range of x values.

Please note that due to the complexity and specific nature of
the convolution involving the generalized hypergeometric
function, exact analytical expressions for these geometric
properties might not be readily available. However, we can
attempt to visualize the convolution’s behavior using general
principles and numerical approximations.

Given the lack of specific parameters or a precise form for
(f * g)(x), explicit computation of these properties might be
challenging without specific details or parameters for the
generalized hypergeometric function.

If you have specific parameters or a particular generalized
hypergeometric function in mind, we can attempt numerical
analysis or discuss strategies to explore these geometric
properties further.

4. Examples

4.1 Example. 1

Example: Convolution of Normalized Miller-Ross Function
with a Hypergeometric Function

Suppose we have the normalized Miller-Ross function given

by:
flx) = e~ (1 - xiz) (18)

Additionally, consider a specific L hypergeometric function
represented by.

g(x) =2 Fi(a, b; ¢; x), (19)

Where ,F; represents the Gauss hypergeometric function,
and a, b, and c are constants.
Now, let’s compute the convolution (f * g)(x) explicitly.

) =0 e (1-5) 2 Fuabicx -t dt, (20)

For the sake of this example, let’s assume specific values:
a=1,b = 2,and c = 3 to demonstrate the process.

The integral involves the product of the normalized Miller-
Ross function and the hypergeometric function, which may
require specialized techniques or software to evaluate the
integral analytically or numerically.

from scipy.integrate import quad
import numpy as np
from scipy.special import hyp2fl

def normalized_miller_ross(x):

return hyp2fl(a, b, <, x)

# Define the convolution integral
def convolution_integral(x_val):

2, 3, x_val - t)

return result

# Define the normalized Miller-Ross function
return np.exp(-x**2) * (1 - 1/(x**2))

# Define the hypergeometric function g(x) = _2F1(a, b; c; x)
def hypergeometric_func{a, b, c, x):

integrand = lambda t: normalized_miller_ross(t) * hypergeometric_func(l,

result, _ = quad(integrand, -np.inf, np.inf)

# Calculate the convolution at a specific x value (e.g., x = 2)
result_at_x = convolution_integral(2)
print(“The convolution result at x = 2 is:", result_at x)

Fig 1: Enter Caption
~139~
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Please note that evaluating the convolution integral
analytically might be challenging for some combinations of
functions. Therefore, numerical integration methods, as
demonstrated using Python’s scipy.integrate.quad function,
can be utilized to approximate the result for specific values of
x and the given hypergeometric function parameters. This
example showcases the process of computing the convolution
between the normalized Miller-Ross function and a specific
hypergeometric function, providing a starting point for further
exploration and analysis with different functions and
parameters.

4.2 Example 2
Example: Convolution of Normalized Miller-Ross Function
with a Bessel Function Suppose we have the normalized

https://www.mathsjournal.com

Miller-Ross function given by.

fey=e*(1-3), (21)
And let’s consider the hypergeometric function g(x) as a
special case of the Bessel function J,(x), which is defined as.

g(x) = Jo(x), (22)
The Bessel function j,(x) represents a cylindrical Bessel

function of the first kind with order zero.
Now, let’s compute the convolution (f * g)(x) explicitly:

1

Frg =7 e (1-3) Jox -, (23)

from scipy.integrate import quad
import numpy as np
from scipy.special import jw

def normalized miller_rossix):

# Define the Bessel function J@(x)
def bessel function(x):
return jv(@, x)

# Define the convolution integral
def convolution_integral(x_wal}:

- t)
result,
return result

result at x
print("The convolution result at x

# Define the normalized Miller-Ross function

return np.exp(-x**2) * (1 - 1/(x**2))

integrand = lambda t: normalized_miller ross{t) * bessel function(x_wval

_ = quad(integrand, -np.inf, np.inf)

# Calculate the convolution at a specific x value (e.g., x =
convolution_integral(3)

3 is:", result_at_x)

Fig 2: Enter Caption

This convolution involves the product of the normalized
Miller-Ross function and the Bessel function J,(x), requiring
specific techniques or numerical methods for evaluation due
to the complexities of the functions involved. In this example,
we consider the special case where the hypergeometric
function g(x) is represented by the Bessel function J,(x).
The code demonstrates the process of numerically evaluating
the convolution integral for a specific value of x (in this case,
x = 3). Please note that convolutions involving specific
functions might require different numerical methods or
specialized techniques for accurate computation due to the
intricacies of the functions involved. This example provides a
basic illustration of the process of evaluating such
convolutions using numerical integration methods.

4.3 Example 3
Suppose we have the normalized Miller-Ross function given

by.

~140~

- 1
feo=e*(1-3), (24)
And let’s consider a specific generalized hypergeometric
function represented by:
g(x) =2 Fl(llzl 3: x)! (25)
Example
Convolution of Normalized Miller-Ross Function with a
Generalized Hypergeometric Function.

Let’s compute the convolution (f * g)(x) explicitly for the
specific generalized hypergeometric function ,F; (1,2; 3; x):

90 =[Te (1-5) 2 (L2 3x— ) dt, (26)
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from scipy.integrate import quad
import numpy as np
from scipy.special import hyp2fl

def normalized _miller _ross(x):

return hyp2fl(1, 2, 3, x)

# DEFﬂne the convelution integral
def convolution_integral(x val):

result,
return result

result_at_x =

# Define the normalized Miller-Ross function
return np.expl(-x**2) * (1 - 1/(x**2))

# Define the generalized hypergeometric function g(x) = _2F1(1, 2; 3; x)
def generalized_hypergeometric_func(x):

integrand = lambda t: normalized _miller_ross(t) *
generalized hypergeometric_func({x_wal - t)
_ = quad({integrand, -np.inf, np.inf)

# Calculate the convolution at a specific x value (e.g., x = 1.5)
convolution_integral(l.5)
print("The convolution result at x = 1.5 is:", result at x)

Fig 3: Enter Caption

For the purpose of this example, let’s use Python and its scipy
library to numerically compute the convolution for a given
value of x: In this example, we consider the convolution of
the normalized Miller-Ross function with the specific
generalized hypergeometric function ,F;(1,2;3; x). The code
showcases the numerical computation of the convolution
integral for a specific value of x (in this case, x = 1.5) using
Python’s ‘scipy.integrate.quad‘ function.

5. Conclusion

The investigation into the geometric properties of
convolutions involving the normalized Miller-Ross function
and L hypergeometric functions reveals insights into their
behavior concerning critical points, symmetry, and limiting
behaviors. These findings contribute to a comprehensive
understanding of the combined behavior of these functions
under convolution In conclusion, evaluating the convolution
of the normalized Miller-Ross function with an L
hypergeometric function requires the explicit form or
representation of the function H(x). Precise analytical
solutions depend on this representation, and numerical
techniques may be necessary if an exact form is not available.
Further analysis or computation can be performed if there’s a
specific form or representation of the L hypergeometric
function H (x). sectionReferences
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