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Abstract

Square power graph of the dihedral group D, of order 2n, T, (Dy,) is a simple undirected finite graph
with vertex set D,, having pairs of different vertices u, v adjacent iff uv = w? or vu = w? forany w €
D,, with w? # e where e is the identity element of D,,. In this research work we have calculated laplacian
polynomial of Iy, (D) when n is even natural number.
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1. Introduction

Graph Theory is the branch of mathematics that investigates networks and graphs. It originated
from the necessity to evaluate a wide range of network-like structures, including the internet,
chemicals, road networks, social networks, educational networks, and electrical networks.
Spectral graph theory (a subfield of graph theory) studies the relationship between a matrix's
eigenvalues and the graph's corresponding structure. The first practical requirement for
researching graph eigenvalues was in quantum chemistry in the 1930s, 1940s, and 1950s,
notably to define the Huickel molecular orbital theory for unsaturated conjugated
hydrocarbons. Several types of graph matrices (adjacency matrix, Laplacian matrix, signless
Laplacian matrix, distance matrix, etc.) are widely used in spectral graph theory.

Various structural properties and matrices associated with graphs of groups are studied in -1,
In 81 various structural properties of the square power graph of the finite Abelian group and
its complement graph are studied. Whereas the cubic power graph of finite Abelian group and
dihedral group is studied in [ 1%, k" Power graph of finite abelian group is introduced and
degree of vertex is calculated in (M1,

Square power graph of the dihedral group D,, of order 2n, s, (D,,) is a simple undirected finite
graph with vertex set D,, having pairs of different vertices u, v adjacent iff uv = w? or vu =
w? for any w € D,, with w? # e where e is the identity element of D,,. Laplacian matrix
Laplacian matrix, L(Ts,(D,,) ) is the difference of vertex degree diagonal matrix and adjacency
matrix of Ts,(Dy,). The characteristic polynomial of L(Tsq(Dy)) is known as laplacian
polynomial denoted by © (I54(Dy),x). If graph T is disjoint union of Iy, T, ..., T} then ©

(I,x) =T, (F %) B2,

2. Laplacian Polynomial
Theorem 2.1 Let Iy, (D,,) be square power graph of D, dihedral group of order 2n where n =
2m is even number then

[2K; U (nT_‘l)Kz] u [%KZ] U 2[Kn] if m is even number,

Le(@=9 — 2

2[K; U (50K, U 2[Kn] if m is odd number.
2

~~
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Theorem 2.2 Let Iy (D,,) be square power graph of dihedral group D, of order 2n, where n is even number and u € D,, then

Z_1lifxevu {e,xg},
Vertex degree, deg(u) = {2 n
7 2ifx € U\{e, xz}.

Theorem 2.3 Let D, be dihedral group of order 2n and n = 2m then laplacian polynomial of Iy;(D,), © (Isq(Dp), %) = X4(§ -

n-2 5 306
2—x)2 (;—x) z .

Proof. Let I and 0 be > x = identity and zero matrix respectively.

Case 1. When m is even number
Using Theorem 2.1 and 2.2 we get the Laplacian matrix,

L, 0 0 0
|0 Lo o
0 0 L, O
0 0 0 L,

where 0 is % X g zero-matrix,

21 -1 —1}
2
n
o I T
2 n.n
2 2
n
=20 -1 -1 ]
0 %—2 -1 —1|
L, =" . and
-1 -1 Z_2 0
2
-1 -1 0 Z-2|, .
2 n.n
2
rn
-1 -1 -1 -1 -1 -1 -1 -1
n
-1 ;-1 -1 -1 -1 -1 -1 -1
n
-1 -1 5-20 -1 -1 -1 -1
L3: n
-1 -1 0 >=2 -1 -1 -1 -1
.
-1 -1 -1 -1 -1 -1 ;=20
n
-1 -1 -1 -1 -1 -1 >—2],
257

Thus we have

© (T5q(Dn), x) =0 ([2K, U (nT_Lt)Kz].x) xO ([; K21, %) xO Kz, x) XO (K, x).

O Kz, x) = |Ly — xI|

T-1-x -1 e =1
2
n

|L1_XI|= -1 5—1—x e —1

-1 -1 e Bo1-x

~w
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ApplyingR, ® R, + R, + -+ Rn
2
Il 1 e 1 |

n
Ly~ x| =—x|.. 2

-1 -1 i ——1—x

Applying, R; = R; + R forall i = 2,3, -+,

1 1 1
0 2« 0
Weget, |Ly —xI| = —x ... 2.
0 0 L
2
n n_q
Thus, |L; — xI| = —x(;—x)z _
n
© ([ZKz]:x) = |L, — xI|.
n 2 0 1 1 1 1
> x
0 E_2—96 -1 -1 e —1 -1
2
n
-1 -1 Z=2-x 0 1 _1
|Lp —xI| = n
-1 -1 0 Z_2 _1 4
2
n
- -1 -1 = Z=2-x 0
n
-1 -1 -1 -1 0 LI
2
Applying, R; = R, + Ry + -+ Rn
2
1 1 1 1 1
n
0 -—2-x -1 -1 e 1 -1
2
-1 -1 Zo2-x 0 -1 1
2
n
L, —xI| = —x|-1 -1 0 z—z_x e 1 -1
o 1 ...1 . 2 :
> x
-1 -1 -1 -1 . 0 E—Z—x
2
Applying, R; = R; + Ry forall i = 2,3, >
1 1 1 1
E—l—x 0 0 0 0
2
n
0 0 S—l-x 1 0 0
n
L, —xI|=—=x|0 0 1 E_l_x 0 0
.
00 0 0 Z-1-x 1
n
0 O 0 0 1 E—l—x

Applying, R; = R; — Ry forall i =35,-+,2~1

~gw
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11 1 1
1 2_9-x o0 0
2
0 0 L -
2
n
L, —xI|==x]0 0 1
0 0 0 0
0 0 0 0
11 11
1 2 9-x 0 o0
2
0 0 1 -1
n n_,
=—x(5—2—x)4 0 0 1

o o
o o N3

AWMWJhﬁ&—RFJWMH=¢@mE

1 1
1 E—1—x
2
0 0
n n_y
|L2—x1|=—x(z—2—x)4 0 0
0 0
1 1
1 E—1—x
2
n n_.n n. |10 0
=—xG-2-0"G-0 g
0 o0
0 O

Applying, R, = R, — R,

n nan gy
Lz =xI| = =x(5 =2 —x)* "(5 = x)*

n
0 7-2-x -1 -1 -1 -1
0 0 0 1 . 0 0
This 1 =] =+ ~2 ~G

© ([2K; U ()K, %) = |Lg — x|,

S Rk O K

o L

O Rk O =

o

|
[EN

|
=

S O O B

S © O

S O O B

SO O

=

~g~

S O O B

OO O -
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n
i 1-x -1 -1 -1 - =1 -1 -1 -1
n
-1 5~ 1-x -1 -1 -1 -1 -1 -1
-1 -1 -—2-x 0 -1 -1 -1 -1
|Ls — x| =
-1 -1 0 -—2—-x -1 -1 -1 -1
-1 -1 -1 -1 -1 -1 =—-2-x 0
-1 -1 -1 -1 -1 -1 0 -——2-x

1 1 1 1 1 1 1 1
n
-1 S-1-x -1 -1 -1 -1 -1 -1
n
-1 -1 Z=2-x 0 -1 -1 -1 -1
n

Ly —xI|=—-x|-1 -1 0 Z-2-x = -1 -1 -1 -1

-1 -1 -1 -1 -1 -1 =—=2—-x 0

n
-1 -1 -1 -1 -1 -1 0 Z—2-x

1 1 1 L
0 2—x 0 0 0 .
2
n
0 0 o-1-x 1 0 0 0 0
n
ILs —xI|=-x[0 0 1 Z-1-x 0 0 0 0
2, -
0 0 0 0 0 0 5-1-x 1
n
0 0 0 0 0 0 1 S-1-x
Applying, R; = R; — Ry, foralli = 3,5,--,>— 1
1 1
S-x 0 0 0 0
2 X
0 0 E—2—,7(,' —(E—Z—x) .. 0 0 0 0
2 2
n
ILs—xI|=—-x|o o0 1 S-1-x 0 0 0 0
0 0 0 ; 0 0 —=-2 o 2
2 x (2 x)
n
0 0 0 0 0 0 1 S-1-x
11 11 11 1 1
n
0 -x 0 0 00 0 0
0 0 1 -1 0 0 0 0
n 2 n
=—x(z—2—-x)+ |10 0 1 ——1—x 00 0 o
2 2
0 0 _1
n
0 0 0 0 0 S -1-x

~G~
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AWMWJhﬁ&—RFJmmU=Q@mE

11 1
0o Z-x 0
2
0 0 1
n n_,

|L3—x1|=—x(§—2—x)4 0 0 0
0

0 0 0

Thus |Ls — xI| = —xG — 2 =03 ' G = 2%,

S =

o o NI

S O O =

S O O =

S O O =

S O O
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Hence® (Iq (D). ) = {=xG = 07 ) x (=2 =02} x (2§~ 2= s G =0 ) x (=xG 2 =0+ G =04 =

3n—-6

n-2
XC-2-x)7 G-x) 2.

Case 2: When m is odd number

Using Theorem 2.1 and 2.2 we get the Laplacian matrix,

L, 0 0 O
L0 Lo o
“lo o L, 0
0 0 0 L,
[3—1 -1
2
n
where, L; = -1 2 1
-1 -1
T_1 1 1
2
1 Z_2 0
2
-1 0 s
LZ = 2
-1 -1 -1
-1 -1 -1

Thus we have

© (Tsq(Dn). %) =6 ([Ky U (LKD) XO ([Ky U (K1) X (K, ) X© (K, x).

6 (K%'x) = |L1 _xll

Applying, R, ® R; + R, + -+ Rn
2

~G
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1 1 e 1
n
-1 =—=1-x -+ -1
Ly —xI| = —x]|... 2
1 -1 g
3 x

Applying, R; = R; + R, forall i = 2,3, ...,g

1 1 1
n
0 ——x 0
Ly —xI| = —x|... 2.
n
0 0 =X
ThUS, |L1 —x]l = _x(g_x)%—ll
=2
O ([K1 U (—)Ka]) = |L, — x|,
g_l_x -1 -1 e =1 —1 -1
-1 g—Z—x 0 -1 -1 1
n
L, —xI| = |1 0 Z-2-x -1 -1 1
-1 -1 -1 -1 g_z_x 0
Applying, R, ® Ry + R, + -+ Rn
2
n
-1 -=2-x 0 -1 -1 1
2
n
-10 S—2-x -1 -1 1
|Ly —xI| = —x]|... 2
> X
n
-1 -1 -1 e =1 0 I S
2
Applying, R; = R; + R, forall i = 2,3, g
1 1 1
2
n
0 1 S—1-x 0 0 0
Ly —xI| = —x|... 2.
n
2
Applying, R; = R; — Ry forall i = 2,4,+,2— 1
1 1 1
0 E—Z—x —(E—Z—x) o 0 0 0
2 2
n
0 1 ——1—x e 0 0 0
|Ly = xI| = —x|... .. 2.
0 0 0 0 n 2 n 2
2 x (2 x)
n
0 0 0 e 01 5_1_95

~T~
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1 1 1 1 1 1
0 1 -1
n
n n2l0 1 —-—1-x 0
=—xG=2-07F | .. 2
2
0 —1
0 E—1—x
2
Applying, R; = R; — R;_; forall i = 3,5,--,>
1 1 1 1 1 1
-1 0
n
n n-2 0 O —-—— X
Ly —xl|=—x(G-2-x)% | .. Z i}
0 -1
0 0 E—x
2
n n=2 n n-2
ThUS, |L2—x1| =—x(5_2_x) " (E_x) o
z - n-2 n-2 n-2
Hence O (Tyq(D), 1) = {—xG -7 Y x {(—xG -2 Ix{—xG-2-0)7 G- 3 }x{-xG—-2-2) 7 G-

)T} -2 TG0 T

3n—6

Hence the required result.

3. Conclusion
In this research laplacian polynomial of the square power graph with vertex set dihedral graph of order 2n for even natural
number n is calculated.
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