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Abstract

This paper presents a study of the Wy-curvature tensor on Lorentzian Para-Kenmotsu manifolds, expanding
upon existing research to explore areas including Wy flatness, £ — Wy flatness, & — W, flatness, and W -
semi-symmetric on LP-Kenmotsu manifolds. Lorentzian Para-Kenmotsu manifolds satisfying the
conditions;

Q.Wg = O,WQ.Q = 0, R.Wg = 0, andWQ.Wg =0.
The findings enhance knowledge of the geometric properties of these manifolds and offer fresh insights
into the behavior of the Wy-curvature tensor within this context.

Keywords: Para-contact metric manifold, Lorentzian almost paracontact manifold, Lorentzian Para-
Kenmotsu manifold, Einstein manifold, n —Einstein manifold, Wy-curvature tensor, Wy flat, & — W, flat,
¢ — Wy flat, and Wy -semi-symmetric.

Introduction

In 1989, M K. Matsumoto introduced Lorentzian paracontact manifolds, specifically LP-
Sasakian manifolds, which have since been extensively studied by various geometers.
Subsequent research by Matsumoto, Mihai, Rosca, Shaikh, De, Venkatesha, Pradeep Kumar,
and Bagewadi focused on these manifolds with significant results (1. In 1995, [ Sinha and Sai
Prasad defined para-Kenmotsu and special para-Kenmotsu manifolds, akin to P-Sasakian and
SP-Sasakian manifolds. Abdul Haseeb and Rajendra Prasad in 2018 introduced Lorentzian Para-
Kenmotsu (briefly LP-Kenmotsu) manifolds, studying ¢-semisymmetric LP-Kenmotsu
manifolds with a quarter-symmetric non-metric connection admitting Ricci solitons 1. Njori et
al. did several studies on Wg — curvature tensors on various types of manifolds, including
Kenmotsu manifolds [ &,

In 1970, B! Pokhariyal and Mishra introduced new tensor fields on a Riemannian manifold,
called the Weyl-projective curvature tensor of type (1, 3) and the tensor field E. The Weyl-
projective curvature tensor W, with respect to a Riemannian connection on a manifold M is
defined as:

Wo(X,Y)Z = R(X,Y)Z + n% [S(X,Y)Z — g(Y,2)QX] (2.1)

where QX = (n — 1)X, which plays an important role in the theory of the projective
transformations of connections.

Preliminaries
An n —dimensional differentiable manifold M admitting a (1,1) tensor field ¢, contravariant

vector field &, a 1 —form n and the Lorentzian metric g is called Lorentzian almost Paracontact
manifold [ if it satisfies:

D) $*X =X +n(X)§, (3.1)
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i) g(¢X,9Y) = g(X,Y) + n(X)n(Y) (3.2)
and
Dn(§) = -1, @) ¢(§) = 0,n(pX) = 0, (i) g(X,$) = n(X), (iv) rank¢ =n —1 (3-3)

In a Lorentzian almost Paracontact manifold, we have

O(X,Y) = d(Y,X) (3.4)
where ®(X,Y) = g(X, ¢Y)

A Lorentzian almost Paracontact manifold M is called Lorentzian Para-Kenmotsu (briefly LP-Kenmotsu) manifold ! if

(Vxp)Y = —g(¢X,Y) —n(Y) X, (3.5)

for any vector fields X, and Y on M and V is the operator of covariant differentiation with respect to the Lorentzian metric g.
In the LP-Kenmotsu manifold, the following relations hold:

Vyé = —¢p*X = =X —n(X)¢§ (3.6)
(VxmY = —g(X,Y) —n(X)n(Y) 3.7
9gRX,Y)Z,§) =nRX,Y)Z) = g(¥,Z)n(X) — g(X, Z2)n(Y) (3.8)
R, X)Y = g(X,Y)§ —n(V)X (3.9)
R(X,Y)¢ = n(Y)X —n(X)Y; when X is orthogonal to &, (3.10)
R(§,X)¢ = X +n(X)§, (3.12)
SX,8) = (- DnX), (3.12)
S(¢X,¢Y) =S, Y) + (n — DnOn(Y) (3.13)
Q¢ =m—-1)¢ (3.14)

Where S is Ricci Tensor and Q, Ricci operator.
A Lorentzian Para-Kenmotsu manifold M is said to be an n — Einstein manifold if its Ricci-tensor S(X,Y) is of the form

S(X,Y) =ag(X,Y) + bn(X)n(Y¥)

where a and b are scalar functions on M. In particular, if b = 0, then the manifold is said to be an Einstein manifold.
4.0. A W4 — flat Lorentzian para-Kenmotsu manifold

Definition 4.1: An n-dimensional LP-Kenmotsu manifold is said to be Wo-flat if

W, -curvature tensors satisfies the following condition

Wo(X,Y)Z =00r W(X,Y,Z,U) =0

Where (g(W (X, Y)Z,U) ='W (X,Y,Z,U)

Theorem 4.1: A W,-flat LP-Kenmotsu manifold is an n — Einstein manifold.

Proof.
Suppose the LP-Kenmotsu manifold is W, —flat, then the following hold

Wo(X,Y)Z = R(X,Y)Z + ﬁ [SX,Y)Z — g(Y,Z)QX] =0 (4.1)
Transforming Wy curvature tensor from (1, 3) to (0,4) tensor yields.

'W(X,Y,Z,U) =' RX,Y,Z,U) + —[S(X,V)g(Z,U) — g(¥,2)S(X,U)] =0 4.2)
'R(X,Y,Z,U) = —[g(¥,2)S(X,U) = S(X,V)g(Z, )] (4.3)

~g~
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Let {ei} be an orthonormal basis of the tangent space at any point. Putting {Y = Z = ¢;} in the above equation and summing over
i,1 <i <n-—1,weget

SX,U) =g, U) =n()nU) = [(n = DSX,U) —{SX, V) — (n — DnOnU)}]

n—1
S(X,U0)
SX,U)—g&X,U) —nX)nU) = S(X,U) — —1 T n(X)n(U)
SX,U) =m—-1DgX,U)+2(n—1nX)n) (4.4)

Hence, the proof that W, —flat LP-Kenmotsu manifold is an n — Einstein manifold.
Therefore, a Wy — flat LP-Kenmotsu manifold is an n — Einstein manifold.

50. A § — Wy-flat Lorentzian Para Kenmotsu manifold

Definition 5.1: An n-dimensional LP-Kenmotsu manifold is said to be & — Wy-flat if its

W, -curvature tensor satisfies the following condition.

We(X,Y)E=0 (5.1)
Theorem: 5.1, A £ — W,-flat LP-Kenmotsu manifold is a special type of n — Einstein manifold.

Proof:
Suppose the LP-Kenmotsu manifold is & — W, —flat, then the following hold

1
Wo(X,Y)$ = R(X,Y)§ +———[S(X,1)§ — g(Y,$)QX] = 0

0=nNX-—nX)Y +gX,Y)—nl)X

0=gXY)§-n)Y

1
R(X,VIE = ——[g(t, QX — S, V)¢]

MK = (XY = (K —— 22508, 1)

SX,Y)§ = (n—Dn)Y (5.2)
Contracting (5.2) with respect to ¢ we get

SX,Y) = —=(n—Dn¥)nX) (5.3)
Thus the proof that an & — W,-flat LP-Kenmotsu manifold is a special type of 1 — Einstein manifold.

6.0. A ¢ — Wo-LP-Kenmotsu manifold

Definition 6.1: An n-dimensional LP-Kenmotsu manifold is said to be ¢p — Wo-flat if

W, -curvature tensor satisfies the following condition

Wo(X,Y).$)Z = Wo(X,Y)PZ — p(Wo(X,Y)Z =0

Theorem: 6.1: A W, -LP-Kenmotsu —manifold is a ¢ — Wy flat manifold

E;%Z:ct.jer ¢ — W,y LP-Kenmotsu manifold, then the following hold

Wo(X,Y)PZ — dp(Wo(X,Y)Z

=RX,V)PZ —g(Y,2)pX + g(X,2)PY + gX,Y)PZ — g(Y,¢Z)X — g(X,Y)PZ + g(Y,Z)$pX

=RX,Y)PZ + g(X,Z)pY — g(Y,pZ)X

RX,Y)PZ = g(Y,pZ)X — g(X,Z)pY

=gV, d2)X —gX,p2)Y — g(¥,Z)pX + g(X,2)pY + gX,V)PZ — g(V,dpZ2)X — g(X,Y)PZ + g(¥,Z)pX

~g~
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=—gX,¢2)Y + g(X,Z)pY (6.1)

Putting Y = Z = & in (8) yields
Wo(X,$).$)§ =0 (6.2)

This completes the proof.

7.0 Wgo-semisymmetric LP-Kenmotsu manifold

Definition 7.1: An n-dimensional para-Kenmotsu manifold is called Wy-semi-symmetric if its

W, -curvature tensor satisfies the following condition: R(U,V) - Wy = 0

where R is the Riemannian curvature tensor and considered to be a derivation of tensor algebra at each point of the manifold for
tangent vectors U and V.

Theorem 7.1: Wy —semi-symmetric LP-Kenmotsu manifold is a special type of n —Einstein manifold.

F\)Slljopogc.)se that an LP-Kenmotsu manifold is W, —semisymmetric. Then, we have

(RWU,V)-Wo)(X,Y)Z =0 (7.0)
The above equation can be written as follows:

RWU,VIWo(X,Y)Z — Wo(R(U,V)X,Y)Z — Wo(X,R(U,V)Y)Z

—Wo(X,Y)R(U,V)Z = 0 (7.2)
Putting U = & in (7.2) we get

REVIWo(X,Y)Z — Wo(R(E,V)X,Y)Z — Wo(X,R(&,V)Y)Z — Wo(X,Y)R(E,V)Z = 0 (7.3)
In view of (10), the above equation reduces to

[gV, We(X,Y)Z)§ —n(VI)Woe(X,Y)Z] — [Wo(X, g(V,Y)§ —n(YVIV)Z] — [Wo (X, Y)((g(V,2)§ —n(Z)V)] =0 (7.4)
Equation (7.4) reduces to

gV, Wo(X,Y)Z)§ —n(VIWe(X,Y)Z] = [g(V, VIWs(X,)Z — n(VIWo(X,V)Z] — [ gV, 2)Wo(X,Y)E —n(Z2)We(X,YIV] = 0

(7.5)
Now, taking the inner product of the above equation with & and using (7(i)) and (7 (iii)), we get
[M(g(We(X,Y)Z)E) —n(VIn(We(X,Y)Z)] — [g(V,YIn(Ws(X,§)Z) — n(YIn(We(X,V)Z)]
=gV, 2nWs(X,Y)E) —n(Z)n(We(X,Y)V)] =0 7.6)
Part |
[g(V, Wo(X,Y)Z)E —n(VIWs(X,Y)Z]
1
n(gW, We(X,Y)Z)§) = n(We(X,Y)g(V,Z)E) + m[—(n - DgX,V)gWV,2) — (n—1Dg¥,gWV,2)$nX)]
n(gWV, We(X,Y)2)$) = n(We(X,Y)g(V,2)§) —gX,Y)g(V,Z) — g(¥,g(V,Z)E)n(X)
n(g(V, We(X,Y)Z)E)
=0, gV, 2)O)X —gX,g(V,Z)O)Y) —gX,V)g(V,Z) — g(V,Z)n(X)n(¥)
=n@WV,2)g(Y,H)X —gV,2)gX,&)Y) —gX,V)g(V,Z) — g(V,Z)n(X)n(¥)
=gV, 2n(nX) —gWV,ZnXn¥) —gX,V)gV,z) — gV, Z)nX)n(Y)
=—gX,VNgWV,2) — gV, Z)nX)n¥) (7.7)

nWnWs(X,Y)Z) = g(¥, ZnX)n(V) — gX, Z)n(Y)n(V) + gX, YI)n(Zn(V) — g(¥, Z)nX)n(V)
o
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n(WVnWe(X,Y)Z) = g(X,YIn(Z)n(V) — g(X, Z)n(¥)n(V) (7.8)

Part ii
Lg(V, VI)n(We(X,§)Z) —n(YI)n(Ws(X,V)Z)]

gV, VnWe(X,$)Z) = g(V,Y)n(ZnX) + gV, Y)gX,Z) + g(V,Y)n(X)n(Z) — gV, YIn(Z)n(X)

gV, Y)mWe(X,$)Z) = g(V,YIn(Z)n(X) + gV,Y)g(X,Z) (7.9)
nMnWe(X,V)Z) = gV, Z)n(X)n(Y) — gX, Z)n(V)n(¥) + gX,VIn(Z)n¥) — gV, Z)n(X)n¥)

nMnWs(X,V)Z) = —gX, Zn(VIn(¥) + gX,VIn(Z)n(Y) (7.10)
Part iii

lg(V, Z2)n(We(X,Y)E) — n(Z)n(We(X,YIV)]

gV, ZnWs(X,Y)E) = gV, Z)n(Y)n(X) — gV, ZnX)n(Y) — gV, 2)(gX,Y) — gV, Z)n(Y)n(X)

gV, W (X, Y)E) = =gV, Z)nXnY) — gV, Z)(g(X,Y) (7.11)
nZInWe(X,YIV) = g(Y¥,VIn(XIn(Z) — gX,VI)n(¥)n(Z) + gX,YI)n(VI)n(Z) — g(¥,VIn(X)n(Z)
nZnWs(X,YIV) = —gX,VIn(¥)n(Z) + g(X,I)n(VIn(Z) (7.12)

Summing up (7.7), (7.8), (7.9), (7.10), (7.11) and (7.12) gives

[-9X,V)g(V,2) — gV, Z2nXOn(M)] - [gX, YIn@n (V) — g(X, Zn(¥)n(V)]
—lgW.Y)n@nX) + g(V,V)gX, 2)] — [-g (X, 2n(VIn(¥) + g(X,VIn(Z)n(¥)]
—[=gWV, 2nCOn¥) —g(V,2)(g(X, )] = [-gX, VIn(Y)n(Z) + g(X,Y)n(VI)n(Z)] = 0
—9X,V)g(V,Z) = gV, Z2nX)n(¥) — g(X,Y)n(Z2nV) + gX, Z)n(¥)n(V)
—gW.Y)n@nX) —g(V,Y)gX,2) — gX, Zn(VIn() + g(X,VIn(Z)n(¥)

+gV, X)) + g(V,2)(g(X,Y) — gX,VI)n(¥)n(Z) + gX,Y)n(VI)n(Z) =0

v =g, YI(ZnX) —g(V,Y)g(X,2) =0 (7.13)
0=-g9X,2) —n(Z)nX) (7.14)
~SX,Y) = —(m— DnX)n() (7.15)

Equation (7.15) is a special type of n —Einstein manifold. Thus, the proof.

8.0. A W4 —Lorentzian-para-Kenmotsu manifold satisfying the condition Wg.R = 0
Definition 8.1: A W, —Lorentzian-para-Kenmotsu manifold is said to satisfy W,. R = 0 condition if

Wo(U,V)-R)(X,Y)Z =0 (8.1)
Theorem 4.2. A W, —Lorentzian-Para-Kenmotsu manifold satisfying the condition Wo. R = 0 is a special type of n —Einstein
manifold

The above equation (10) can be written as follows:

Wo(U,VI)R(X,Y)Z — RWo(U,V)X,Y)Z — R(X,Wo(U,V)Y)Z

—R(X,Y)Wo(U,V)Z =0 (8.2)
Putting U = & in (9) we get

Wo(E,VIR(X,Y)Z — R(Wo(&,V)X,Y)Z — R(X, Wo(&,V)Y)Z — R(X, Y)W,y (&,V)Z = 0 (8.3)

But

Wo(§,VIW = g(V,W)§ —n(W)V + n(NW — g(V,W)§

~11~
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Wo(§, VW = n(VW —n(W)V

Computing the four terms in (8.3) separately gives

First term: Wy (¢, V)R(X,Y)Z

Wo (&, VIR(X,Y)Z = n(V)R(X,Y)Z — n(R(X,Y)Z)V

=nNg¥,2)X —n(V)gX,2)Y —nX)g¥,Z2)V +n(¥)gX,Z)V

Second Term: R(W, (&, V)X, Y)Z

Using (8.3) we get

RWy(§,V)X,Y)Z = g(¥,2)[n(V)X —n(X)V] = g([n(V)X —n(X)V], 2)Y
=n(Ng¥,2)X —nX)g¥,2)V —n(V)gX,2)Y + n(X)g(V,2)Y

Third Term: R(X, W, (¢, V)Y)Z

RX,Wo(§,VIYV)Z = g(In(V)Y —n(VV],2)X — g(X, Z)[n(V)Y —n(Y)V]

=g, 2)X —n(¥)gV,2)X —n(V)g(X,2)Y + n(Y)g(X,Z)V

Fourth Term: R(X, Y)Wy (¢,V)Z

R, NWy(E,V)Z = g, [n(V)Z — (VDX — g(X,[n(V)Z —n(Z)V])Y
=nW)g¥,2)X —nZ) g, V)X —n(V)gX,2)Y +n(Z2)gX,V)Y

Simplifying (8.5), (8.6), (8.7) and (8.8) together reduces equation (8.3) to

W (§,VIRX,Y)Z = n(V)g(Y,2)X —n(V)g(X,2)Y —n(X)g(¥,Z)V +n(Y)g(X,Z)V
C=RWo (VX Y)Z = —n(Vg(Y, D)X + n(X)g (Y, Z2)V + n(V)g(X,2)Y —n(X)gV,2)Y
—RX, Wo(§,VIV)Z = —n(V)g(¥,Z2)X +n(Y)g(V,2)X + n(V)g(X,2)Y —n(Y)g(X,Z)V
—RX,YI)Wo(§,V)Z = —n(V)g(Y,Z2)X +n(Z)g(¥, V)X +n(V)g(X,2)Y —n(Z)g(X,V)Y
= =2n(V)g,2)X + 2n(V)gX,2)Y + n(V)g(V,2)X + n(Z)g(¥, V)X —n(Z)gX,V)Y — n(X)g(V,2)Y =0
Putting Z = £ in equation (8.9) and taking inner product with ¢ yields

-nX)g,V) +n(¥Y)gX,V) =0
Putting Y = & in equation (8.10) gives

SX,V)=—(m—1n XnW)
Equation (8.11) completes the proof that an LP-Kenmotsu manifold satisfying the condition R. Wy = 0

is a special type of n —Einstein manifold.
This completes the proof.

9.0 A W,. Q — Lorentzian Para-Kenmotsu manifold

Definition 9.1: A W, —Lorentzian Para-Kenmotsu manifold is such that W,.Q = 0
Theorem: 9.1: An n-dimensional Lorentzian Para-Kenmotsu manifold is such that W,.Q = 0
Proof;

Consider and proof that W,.Q = 0

s WX Y).QZ =Wo(X,Y)QZ — QWs(X,Y)Z

1
=RX,Y)QZ - QRX,Y)Z) + m[S(X, Y)QZ - (g(¥,Q2)QX)]

~12~
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1
_m[s(x, Y)QZ - Q(g(Y,2)QX)]

1
=R, Y)QZ - QRX,Y)Z) + m[S(X, Y)QZ - S(X,Y)QZ — (9(¥,QZ2)QX + Q(9(Y, 2)QX]

1
=[g(Y,Q2)X — g(X,Q2D)Y] - [g(Y,2)QX — g(X, Z)QY] +m[Q(g(Y,Z)QX) - (9(Y,02)0x)]

=[g(Y,Q2)X — g(X,Q2)Y] - [g(Y,2)QX — g(X,Z)QY] + [Q(g(Y, 2)X) — g(Y,QZ)X]

=[-gX,Q2)Y] - [9(Y,2)QX — g(X,2)QY] + [g(Y, 2)QX]

= [-g9(X,Q2)Y] - [-g(X, Z)QY]

=9(X,2)QY — g(X,Q2)Y

=(n-DgX,2)Y —(n—1gX,2)Y

=0

This completes the proof.

10.0. An n-dimensional Lorentzian-Para-Kenmotsu manifold satisfying Q. Wy = 0

Definition 10.1: An n-dimensional Lorentzian-Para-Kenmotsu manifold is said to satisfy the condition Q.W, = 0 if
(Q.Wo)(X,Y)Z = 0.

Theorem 10.1: An LP-Kenmotsu manifold satisfying the condition Q. Wy, = 0 is a special type of  —Einstein manifold
Eggﬁzconsider an LP —Kenmotsu manifold which satisfies the condition

Q- Wo)(X,Y)Z = 0,

L QWe(X,Y)Z) —Wo(QX,Y)Z — We(X,QY )Z — Wo(X,Y)QZ = 0, (10.1)

Computing the four terms separately gives

Firstterm: Q(Wo(X,Y )Z2)

1
QW (X,Y)2) = g(¥,2)QX ~ g(X, 2)QY +— [S(X,1)QZ] ~ g (¥, 2)QX

=g9(X,Y)QZ — g(X,2)QY (10.2)

Second Term: Wo(QX,Y )Z

1
Wo(QX,Y)Z = g(Y,2)QX — g(QX, 2)Y + —=[S(0X,V)Z] - g(¥,2)Qx

=9QX,Y)Z - g(QX,Z)Y (10.3)

Third Term: Wo(X, QY )Z

Wo(X,QY)Z = g(QY,2)X — g(X,2)QY + g(X,QY)Z — g(QY, 2)X

=g9X,QVZ - g(X,2)QY (10.4)
Fourth term: Wo(X,Y)QZ

Wo(X,Y)QZ = g(Y,Q2)X — g(X,Q2)Y + g(X,Y)QZ — g(Y,Q2)X

=9X,Y)QZ - g(X,Q2)Y (10.5)

Putting (10.2), (10.3), (10.4) and (10.5) in (10.1) yields

~13~
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gX,Y)QZ — g(X,Z)QY — g(QX,Y)Z + g(QX,2)Y — g(X,QY)Z + g(X,Z)QY — g(X,Y)QZ + g(X,QZ)Y =0
= —gQX,V)Z+gQX,2)Y —g(X,QV)Z + g(X,QZ)Y =0

=>—-gX,NZ+gX,2)Y =0 (10.6)
Putting Z = ¢ in (10.6) above and taking inner products of ¢ yields

SX,Y) = —(n—DnX)n(Y) (10.7)

This completes the proof that an LP-Kenmotsu manifold satisfying the condition Q.W, = 0 is a special type of n —Einstein
manifold

11.0. An n-dimensional LP-Kenmotsu manifold satisfying the condition Wo.Wq = 0
Definition 11.1 An n-dimensional LP-Kenmotsu manifold is said to satisfy the condition W,. Wy = 0 if

Wg. Wg = Wg(U, V). Wg)(X, Y)Z = 0

Theorem 11.1: An LP-Kenmotsu manifold satisfying the condition W,. Wy = 0 is a special type of n —Einstein manifold
Proof:

Consider Wy. Wy = Wy (U, V). Wo)(X,Y)Z =0

where,

W, (U, VIWo(X,Y)Z = (Wo(U, V). Wo)(X,Y)Z + Wo(Wo(U, V)X, Y)Z + Wy (X, W (U, V)Y)Z Wo(X,Y)W,(U,V)Z
W (U, VI)Wo(X,Y)Z — Wo(We(U,V)X,Y)Z — Wo(X, Wo(U,VIY)Z —Wo(X, Y)W, (U,V)Z = 0 (11.1)

Putting V = & in (11.1) above we get
Wo(U, Wo(X,Y)Z — Wo(Wo(U,$)X,Y)Z — Wo(X, Wo(U,§)Y)Z —Wo(X,YIWs(U,§)Z = 0 (11.2)
Simplifying each term in (11.2) separately gives

Term1: Wo(U,§)Wo(X,Y)Z .
Let Wo(X,Y)Z =W

1

Wo(U,OW = (W)U — g(U,W)E +n(U)W —n(W)U
Wo(U, W =n(U)W — g(U,W)E (11.3)

From (11.3) we have
Wo(U,HWo(X,Y)Z =nUWo(X,Y)Z — g(U, Wo(X,Y)Z )

Wo(U,Wo(X,Y)Z =n(UWe(X,Y)Z + g(X,Z)g(U,Y)§ — g(X,Y)g(U,2)§] (11.4)

Term Il: Wo(Wo(U,$X,Y)Z
Applying the definition of W, on above, we get

Wo(Wo(U, )X, Y)Z = g(Y,Z2)Wo(U, )X — gWs (U, )X, 2)Y + ﬁ [SWo(U, X, Y)Z = g(¥,Z)Q(Ws(U, $)X)]
= g(¥, )[nW)X - g, X)¢] = g(InWX — g(U, X)L, 2)Y) + g(InW)X — g(U, X)E,Y)Z — ——g (¥, D)Q([n()X —
g, x)éN) ]

=nWg(Y,2)X —g¥,Z))gU,X)§ —nU)gX,2)Y + n(Z)gWU,X)Y + n(U)g(X,Y)Z — n(Y)g(WU,X)Z —nW)g(Y,Z)X
+9,Z)gU,X)¢

=nW)g¥,2)X —g(¥,2))gU,X)§ —nU)gX,2)Y +n(Z)g(U,X)Y + n(V)gX,Y)Z —n(¥)gWU,X)Z —n(U)g(¥,Z)X
+9,2)gU,X)¢
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=-ngX,2)Y +n(Z)gU,X)Y + n()gX,Y)Z —n(Y)g(U,X)Z (11.5)

Term l: Wo(X,Wqo(U,§)Y)Z
Wo (X, Wo(U,Y)Z = gWo(U,8)Y,2)X — g(X,Z) Wy (U, )Y + [g(X, Wo(U,)Y)Z — g(Ws(U,$)Y, Z)X]

=gmW)Y —gU,Y)§,2)X - g(X,2) ()Y — g(U,Y)¢] + [gX,nU)Y = g(U,Y)E)Z — g(n(U)Y — g(U,Y)E, Z)X]

=nWgY,2)X —n(Z)gU, X —ngX,2)Y + g(X,Z)gWU,Y)§ +n(U)g(X,Y)Z —n(X)gU,Y)Z —nU)g(Y,Z)X
+n2)gU,Y)X

=9, 2)gU,Y)§ —nX)g(U,Y)Z (11.6)

Term IV: Wo(X, Y)W, (U, §)Z

Wo(X,YIWo(U,$)Z = g(Y, Wo(U,$)Z)X — g(X, Wo(U,$)2)Y + g(X,YIWs(U,§)Z — g(Y, Wo(U,$)Z)X
=g, nWZ - gWU,2)HX — gX,nU)Z — gU,2)§)Y + gX,Y)n(WU)Z — g(U,Z)§

—g¥,nW)Z - gU,2)HX

=nW)gY,2)X —n(Y)gWU,2)X —nU)gX,2)Y + n(X)gWU,2)Y +nU)gX,Y)Z — g(X,Y)g(U,Z2)§ —n(U)g(Y,2)X
+n(V)gWU,2)X

=-—nUgX,2)Y +n(X)gU,2)Y +nU)gX,Y)Z - g(X,Y)g(U,Z)§ (11.7)

Solving for equation (11.2) through (11.4), (11.5), (11.6) and (11.7) giving

Wo(U, OWe(X,Y)Z =n(UDWo(X,Y)Z +g(X,2)g(U,Y)¢ — g(X,Y)g(U,Z)§] (11.8)

—Wo(Wo (U, )X, Y)Z =n(U)g(X,2)Y —n(2)gWU,X)Y —n(U)gX,Y)Z +n(¥)gU,X)Z (11.9)
—Wo(X, Wo(U,Y)Z = —g(X,2)g(U,Y)§ + n(X)g(U,Y)Z (11.10)

WX, V)W (U,§)Z =g (X, 2)Y —nX)gWU,2)Y —n()gX,Y)Z + g(X,Y)gU,2)¢ (11.11)

Wo(U,OWs(X,Y)Z =n(U)g(Y,2)X —n(U)gX,Z2)Y + n(U)gX,Y)Z —nU)g(Y,2)X + g(X,2)g(U,Y)¢ —
gX,Y)g(U,Z)¢] (11.12)

~Wo(Wo (U, )X, Y)Z =n(Wg(X,2)Y —n(Z2)gU,X)Y —n(U)gX,Y)Z +n(¥)g(U,X)Z (11.13)
—Wo(X,Wo(U,8)Y)Z = —g(X,Z)g(U,Y)E +n(X)g(U,Y)Z (11.14)

WX, YI)Wo(U,§)Z = n(U)g(X,2)Y —n(X)gWU,2)Y —n(U)gX,Y)Z + g(X,Y)g(U,2)§ (11.15)

Equation (11.2) reduces therefore to the given form

~nU)gX,2)Y —n(2)gWU,X)Y —n(U)gX,Y)Z +n(¥)gWU,X)Z +n(X)gU,Y)Z —n(X)g(U,Z)Y = 0 (11.16)
Putting X = Z = & in equation (11.16) above yields

—n(W)Y + ()Y —nW)n¥)¢ +nW)n¥)§ - gU,Y)E+nU)Y =0

= —gWU,Y)+nU)Y =0(11.17)

Taking inner product of (9) with &, we get

SW,Y) =—(n—-DnW)n(Y) (11.18)

This completes proof of the theorem that an LP-Kenmotsu manifold satisfying W,. Wy = 0 is a special type of an n —Einstein
manifold.
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