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Abstract
In this paper, two common fixed point theorems are presented for non-commuting JSR* mappings with
w-distance in complete fuzzy probabilistic metric space, supported by a suitable example.
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1. Introduction

The probabilistic notation was introduced by ! in his basic paper and then Bl introduce fuzzy
concept which provided important contribution in the field of pure and applied mathematics. A
bulk of literature exists with commuting and non-commuting mappings. Fuzzy probabilistic
metric space is used by R. Shrivastav, V. Patel and V.B. Dhagat ¥ and Kada-Suziki-Takahashi
[ introduced the concept of w-distance on a metric space. In contribution we are defining non-
commuting pair of maps JSR* maps which is more improved than the known mappings. Here
we defined fuzzy probabilistic metric space with w-distance.

2. Preliminaries

Definition 2.1: Let (X, Fa, t) be a fuzzy Probabilistic metric space. Then the function pa: X x

X — [0,00) for o € [0, 1] is called w-distance on X if

o (X,2t)<pulX Y, 1)+ pa(y, z, t) forany x, y, z € X,

e ForanyXx,y,ze€X, pu«X,Yy,z) — [0, ©) is lower semi continuous and

e Forany e >0, there exists 8 > 0 such that p«(x, z, t) <6 and pa (z, y, t) < 3 then pu(X, y, t) <
€.

Definition 2.2: Let S and T be two self-maps of a metric space (X, d). The pair {S, T} is said
to be S-JSR* mappings iff for every sequence X, in X such that lim n—00Sx, = lim n—oT xn
=t for some tin X implies

ad (T Sxp, T Xn) < ad(SSxn, SXn), where o = lim Sup.

Example 2.1: Let X = [0, 1] with d(x, y) = |x — y| and S,T are two self-mapping on X defined
by S(x)=1—x,
T(X) = ﬁ for x € X. Now we have the sequence {Xn} in X is defined as x =%, n € N. Then

we have lim n—o0Sx, = lim n—ooT xp = 1. [T SXn — T x| — Sy |[SSxn — Sxn| — 1 as n — .

Thus pair {S, T} is S — JSR mapping.

Example 2.2: Let X = [0, 1] with py(x, y, t) = o.t.max{] )Z—C— vl % [x —y|} and S, T are two self
mapping on X defined by S(x) =1 — x, T(x) = lej Now we have the sequence {Xn} in X is
defined as x, = %, n € N. Then we have lim n—o Sx, = lim n—o T x, = 1. Now

Po(T SXn, T Xn, t) = a.t.m{|(T Sxn)/2—T Xu|, | T SXn =T xn|/2} = 0.t.m.{5/6, 1/3} = a.5/6
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Pa(T Xn, T SXn, t) = a.t.m{|(T xn)/2—T Sxn|, [T Xn =T Sxq|/2} =
a.t.m.{5/6, 1/3} = a.1/3

Pa(SSXn, SXn, t) = a.t.m{|(SSxn)/2 — Sxn|, [SSXn — Sxq|/2}
a.tm.{1,1/2} =a.l

Pa(SXn, SSXn, t) = o.t.m{|(Sxn)/2—SSxn|, |SXn —SSxn|/2}
a.tm.{1/2, 1/2} = a.1/2.

Clearly pair {S,T} is S — JSR * (p) mappings. Also (x, y) #
Pu(y; X).

Before going to main results, we require to establish the
following lemmas:

Lemma 2.1: Let (X, Fo, t) be a fuzzy probabilistic metric
space and Pa be a w-distance on X. Let {xn} and {y.} be
sequence in X, let {a,} and {Bn} be sequence in (0,0)
converging to 0 and for x, y, z € X. Then the following
conditions hold:

1. If (Xn, Yn, t) < an and Pa(xn, z, t) < B forany n € N theny =
zZ.

In particular, if (x,y,t)=0and (x,z,t) =0 theny =z

I If (Xn, Yn, t) < on and Pa(Xn, z, t) < Pn for any n € N then
{yn} converges to z.

1. If Pa (Xn, Xm, t) < an for any n, m € N with m > n, then
{xn} is Cauchy sequence and

IV. If Pa(y, xn, t) < a, for any n € N then {x,} is Cauchy
sequence.

Lemma 2.2: Let (X, Fq, t) be a fuzzy probabilistic metric
space with a w-distance p, and let S and T be self-mappings
on X, satisfying T X, = Sxne1 forn =0, 1, 2, ... Assume that
there exist a continuous self-mapping @ of [0, o) such that

P (T x, Ty, t) < D(pa(SX, Sy, t)) forall x,y € X (2.1)

and foreachr >0, ®(r) <r (2.2)

Then

A. For an arbitrary € > 0, there exist positive integer m, s
such that m <n <s implies po(T xn, T X5, t) < €.

B. The sequence {Tx,} is a Cauchy sequence.

Proof: We have po(T, T X, t) < D(pa(SXn, SXns1, t)) =
DPoT Xn-1, T Xn, 1)) < (paT xn, T Xnw1, )) forn=1,2, 3, ...
Thus {(T xn, T Xn:1, )} is a decreasing sequence of non-
negative real number and there exists non-negative real
number A such that lim n—o0 po(T Xn, T Xn+1, t) = A. Let A >0,
then the inequality po(T, T Xn+1, t) < P(Pa(T Xa-1, T Xn, 1))

Now by the continuity of ® we have A < ®(A) <A, which is a
contradiction. Therefore L = 0 s0 pa(T, T Xn+1,t) > 0 as n —
0. Now suppose that (A) does not hold. Then, there exists an
€ > 0 such that for all sufficiently large positive integer Kk,
there exist positive integer sk, nk with k < nk < sk such that

€ <pal(T X, T Xsky 1), Pa(T Xoky T X1, £) <€ (2.3)
From the above result, we have pu(T X, T X, t) — € and po(T
Xnks T Xnk-1, t) — 0 as k — oo and

(T Xnky T Xsk, t) < Pu(T Xnky, T Xnk#1, t) + pa(T Xnk+1, T, T Xek, t) <
(T Xnk, T Xnk+1, t) + q)(pu(SXnkH_, t, stk, t))
= (T Xk, T Xnke1, ) + @(Pa(T Xk, T Xok-1, 1)) (2.4)

By the hypothesis and (2.4), we obtain € < ®(¢) < €. This is
contradiction therefore (A) hold.

(B) By the third condition of the definition of a w-distance p,
and (A), we have that {Tx,} is a Cauchy sequence.
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Lemma 2.3: Let (X, F,, t) be a fuzzy probabilistic metric
space with a w-distance p and let S and T be self mappings on
X, satisfying T X, = Sxns1 for n =0, 1, 2, ... and the following
conditions: for given € > 0, there exists 6(¢) > 0 such that

€<pu(SX, SY, 1) <e+6=2puTX, Ty, t)<e (2.5)

and
pa(Sx, Sy, t) <€ = pa(Tx, Ty, t) < g Pa(SX, Sy, 1)  (2.6)

Then

A. For an arbitrary € > 0, there exists positive integer M such
that M <n <s implies pa(T, T xs, t) <.

B. The sequence {Tx,} is a Cauchy sequence.

Proof: The proof is same as the proof of lemma 2.2

3. Main Results

Theorem 3.1: Let (X, F,, t) be a fuzzy probabilistic metric
space with a w-distance p and let T and S be S — JSR(p) self
mappings on X, satisfying T(X) c S(X), (2.1), (2.2) and for
eachz e Xwithz #T zorz # Sz

inf{pu(T X, Z, t) + pa(SX, Z, t) + pa(ST X, T X, t) + pa(SSX, SX,
t), x € X} (3.1)

Then T and S have a unique common fixed point.

Proof: By the assumption, we have all the conditions of
Lemma 2.2. Thus by (B) {T X»} is a Cauchy’s sequence.
Since X is a complete metric space and T Xn = SXn+1, {T Xn}
and {Sx»} have a limit point z in X. Suppose that z #T z or z
# Sz. Now, since lim . T X, = lim 1« Sx, = z, therefore by
(A) and the lower semi continuity, we have

1iM nsee Pol(T Xn, Z, £) = liMy00Pa(SXn, Z, t). Now,

0 <inf{pu(T X, z, t) + pu(SX, Z, t) + pu(ST X, T X, t) + pa(SSX,
Sx, ), x € X}

< inf{pu(T Xn, Z, t) + Pu(SXn, z, t) + pa(STXn, T Xn, t) +
pa(SSxn, SXn, t)}

< inf{pu(T Xn, Z, )+pu(SXn, z, t)tmax[apu(ST Xn, T Xn),
apa(SSXn, SXn)]+Pa(SSXn, Sxn)} < 0 which is a contradiction.
Thus z is a common fixed point of T and S. The uniqueness
can be proved by the use of (2.1), (2.2) and () of lemma 2.1.

Theorem 3.2: Let (X, Foa, t) be a fuzzy probabilistic metric
space with a w-distance p and let T and S be S — JSR * (p)
self-mappings on X, satisfying T(X) < S(X), (2.1), (2.2) and
foreachz € X withz+Tzorz # Sz

inf{p(T x, z, t) + p(Sx, z, t) + p(TSx, ST x, t) + p(SSx, TT X,
t), x € X} (3.2)

Then T and S have a unique common fixed point.

Proof: Since {T(X) c X}, we obtain a sequence in X such
that Tx, = Sxn+1. Since X is complete and Tx, = Sxn+1 there
exists z in X such that TX, — z and Sx, — z. Suppose that z
# Tz or z # Sz, Since lim T Xy = lim ,.SXn = Z, therefore
by (A) and the lower semi continuity, we have lim Py (TXn,
2) = lim ,—ooPo (SXn, Z). Now,

0 <inf{pu(TXx, z, t) + pa(SX, Z, t) + pa (TSX, ST X, t) + p,(SSX,
TTx, t),x € X}

<inf{pa(TXn, Z, 1) + Pa(SXn, Z, t) + Pu(TSXn, STXn, t) + Pa(SSXn,
TT Xn, )}
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< inf{pa(TXn, Z, )+pa(SXn, z, ty+tmax[opa(TSXn, STXn, 1),
U,pa(SSXn, TTXn, t)]+pg_(SSXn, TTXn, t)}

< 0. which is a contradiction. Thus z is a common fixed point
of T and S. The uniqueness of the common fixed point is clear
by (1) of lemma 2.1 and (3.1), (3.2).

Example 3.1: Let X = [0, 1] with pu(x, y, t) = .t max{| -],
§|X —vy|}and S, T are two self mapping on X defined by

Sx)=1-x, Tx) = Tlﬂ . Now we have the sequence {xn} in
X is defined as x, = % n € N. Then we have lim,_.Sx, =

limy—.TXn = 1. The pair (S, T) satisfy all the conditions of the
theorem and % is the fixed point.
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