International Journal of Statistics and Applied Mathematics 2025; 10(6): 40-50

International Journal of

Statistics and Applied Mathematics

ISSN: 2456-1452
Maths 2025; 10(6): 40-50
© 2025 Stats & Maths

https://www.mathsjournal.com

Received: 01-05-2025
Accepted: 03-06-2025

Anita Sehrawat

Department of Mathematics,
F.C. College for Women, Hisar,
Haryana, India

Corresponding Author:

Anita Sehrawat

Department of Mathematics,
F.C. College for Women, Hisar,
Haryana, India

The inhomogeneity effects on love waves in
heterogeneous transversely isotropic layered media

Anita Sehrawat

DOI: https://www.doi.org/10.22271/maths.2025.v10.i6a.2058

Abstract

This paper is concerned with to investigate the effects of inhomogeneities on Love waves in a laterally
and vertically inhomogeneous transversely isotropic elastic media composed of a half-space under a layer
of finite thickness with stress-free upper surface. The elastic parameters and density are assumed to vary
exponentially. This is a two-dimensional problem. To analyse the effects of inhomogeneities numerical
computations are performed to obtain the dimensionless phase velocity and dimensionless group
velocity. Numerical calculations are done in two particular cases. All the numerical results are plotted
graphically and discussed. It is observed that inhomogeneities have significant effect on Love wave
propagation in a layered media.
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1. Introduction

Reasonable grounds are available which ensure the earth structure is not homogeneous and
isotropic throughout. Various types of inhomogeneity and anisotropy have been incorporated
in research literature. The variations in elastic parameters effect the propagation of surface
waves. Bhattacharya (1970) [, Chatterjee (1972) BI, Negi and Singh (1973) "1 have derived
the frequency equation for Love waves in a laterally inhomogeneous layer lying over a
homogeneous half-space. The various authors and researchers, Chattaraj et al. (2013) [,
Kundu et al. (2016) 1, Manna et al. (2015) [ and S. Bhatt S. Manna (2024) I have worked
on the propagation of surface waves taking different modal of elastic layered media.

Anita Rana (1997) ™ has derived the frequency equation and group velocity expressions by
taking heterogeneous and transversely isotropic layered media having a half-space under layer
and with stress-free upper surface. Using the material values of parameters [Umesh, 1977]
computation calculations are performed on the expressions so obtained to analyse the effect of
inhomogeneities on Love waves. Numerical calculation is done in two particular cases. All the
results are discussed and plotted graphically.

2. Formulation of the problem

A layered media consisting of a layer of finite thickness H having stress-free upper surface
lying over a half-space in a laterally and vertically inhomogeneous transversely isotropic
elastic media is considered. The Cartesian co-ordinate system is considered such that the x-axis
is in the duration of propagation of Love wave and z-axis is vertically downwards. The
displacement is only along y-axis. The problem is two-dimensional in xz-plane and all
guantities are independent of y-coordinates i.e. 2 _y- The rigidities and densities of the layer

oy
and half-space are assumed as:

For layer

[N. L p]=[No. Ly, po] P(x)r(2)

where N, L;, p, are constants.
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For half-space

[N, L, p] :[Nov Lo p01] p(X)I’(Z)

where N, Lo,, 0, are constants.

N, L are directional rigidities and p is the density of the medium.
Geometry of the problem is shown in Fig. 1.

3. Equation of Motion and Its Solution
Describing SH-type of motion for which U, =u, =0, U, =V, the equation of motion becomes

o av) o av) o
ONN 2 X2 0, 1
8x( 6x) 82( 82) P @

Considering time harmonic solution, the solution of (1) gives the displacement

v(x z,t)= %[Aeslz 4+ Be % j|eik(x—ct) , @)

[Lp(x)r(2)]?

and stress component

r,=Le,,

L

oz

_ {Lop(X)r(Z)}% Sl(Aeslz _ Be—slz)_% I—op(X) I”(Z)l (Aeslz n Be—Slz) eik(x—ct), 3)
[Lp()r(2)

Where

1 1 L
5 2 2 2
_i[%] (“’_z—gz—ktiw} ,ifi>(32+k2+ib2j | (4)
L 110 N, Prro No

In half-space: The displacement component V; and stress component (ryz) are

Vl(X, 7 t) _ 1 : Aiefszzeik(x—ct), (5)

[LaP(x)4(2) ]
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(7), = L 24 =] {Lyp(x)£(2)}2 S, + 2
oz 2[L01p(

where

1

> 2
S, =[hJ [52 +k2+ia2 —%
NOl ﬂZ

1

1
X .
Po1

1 Lup(x)?(2)

|

X)((z)]?

Using the appropriate boundary conditions and assuming

r(z)=e®,
0(z)=e",
p(x)=¢™

where dl, dz, O are constants. The dispersion equation

(SH)LL‘”(SZH +;d2Hj

tan(SH ) = 0

;(le){lle —LL“(SZH +;d2Hj}+(SH ¢

2

0
where

1

SH =(N—T kH é——(m )22—1—
L Po 4(kH)

and

(6H)°

S,H :[hlz kH L‘Fi (d.H) +
L,

Noy 4(kH)"  4(kH) B B

1

Group velocity is

1
2 2 |2
c ﬂm} |
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Ny 1 p2gee (SH)—Nl(S H+1d Hj{E—Z(SH)Z}
L,, SH L, SH 2
SH {Nm EvtNugy (SzH +1d2HH
u _ L, 2L, 2 @)
Pro Ezsecz(SH)Nolc—Nolc(SzH +1d2H){E 2(sH)’|
L01 S+4 /%10 LT) Sr* /%10 2
A (ﬂm] { oyt Nog H(SZH +1d2HH
S Fi /%10 /32 Lﬂl 2 Lﬂ 2
where
E=%(le)D+(SH ), (13)
and
D=2dH- L‘”[SH+ dHJ (14)
2

(],
2o Po1

4. Numerical Calculations and Discussion
The values selected for non-dimensional parameters are [Umesh, 1977].

No =0.68, °1_054L°—1845
L,

01

[ﬁlo
V5

I\IOJ.
L= 0.997, =036 =02

SH =0, 1,1.8; d, H=0.035,0.3; d,H =0.175, 0.35.

The parameter O H defines the lateral inhomogeneity. The parameter le may define the effect of vertical inhomogeneity of

the layer while d,H the vertical inhomogeneity of the half-space for fixed H.

C U
The dimensionless phase velocity —— and group velocity —— are calculated from (9) and (12) for taking different values of
110 110

OH keeping d;H and d,H fixed. The computed results are plotted graphically in Fig. (A-1, A-2) to show the variations of
phase velocity and group velocity against wave number. It is observed that phase velocity increases with the increase of 0H , but
group velocity decreases. The phase velocity and group velocity decrease when wave number increases.

To study the effect of vertical inhomogeneity different values are taken for d, H keeping 0H and d,H fixed. The results are

presented graphically in Fig. (B-1, B-2). Increase in vertical inhomogeneity increases the phase velocity but decreases group
velocity. Phase velocity decreases with increase of wave number.

By keeping 0H and d,;H fixed and taking different values of d,H the results are plotted in Fig. (C-1, C-2). In this case phase
velocity increases and group velocity is decreased.

Particular

No,
Case (i), when only half-space is isotropic we take —= =1. The results obtained giving variation in one inhomogeneity and
1
keeping the other two fixed. The results are shown in Fig. (F-1, F-2), (T-1, T-2) and (B-1, B-2).
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In this model same phenomenon is observed.

N N
Case (i), when both half-space and layer are isotropic. In this case we put —2 = —% =1, The numerical results so estimated are
1
shown graphically in Fig. (D-1, D-2), (G-1, G-2) and (K-1, K-2). Increase in vertical inhomogeneity is the half-space increases the
phase velocity and group velocity.
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Fig A-1: Variations of phase velocity with wave number for transversely isotropic halfspace under a transversely isotropic
layer with free surface
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Fig A-2: Variations of group velocity with wave number for transversely isotropic halfspace under a transversely isotropic
layer with free surface

~44~


https://www.mathsjournal.com/

https://www.mathsjournal.com

International Journal of Statistics and Applied Mathematics

- 3H = 1.0
] d,H=0.175
] F1 when dH = 0.035
] F2 whend,H=0.3
] F : for Free Surface
2,50—:
] C/Bno=
: 10 ———
2.10—:
g ]
? =
@ A
o 7] F1
1.70: F2
1.305
] "
0.90—: P
-~ /7
g v
. Y4
] 1
7] i
Bl 1
o'-lllllllllllllllllll]lllllIIII|IIIIIIIII|
2 4 6 8
KH

Fig. C1, C2: Variations of phase and group velocity with wave number for a transversely isotropic halfspace under
transversely isotropic layer with free surface
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Fig B1, B2: Variations of phase and group velocity with wave number for a transversely isotropic halfspace under
transversely isotropic layer with free surface
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Fig D1: Variations of phase velocity with wave number for an isotropic halfspace under an isotropic layer with free surface
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Fig D2: Variations of phase velocity with wave number for an isotropic halfspace under an isotropic layer with

free surface
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Fig F1: Variations of phase velocity with wave number for an isotropic halfspace under an isotropic layer with free
surface

»
©
k-1

250

210

UIB1 10

Loviv vy bev s s pan s byl

1.70:

1.30

e
8

IO R 5l T O ol ST O o O O e 1 O 1 O )

Fod

rmrrrrrrrprrrrrrrrrrprrrrrrrrrrrrrrTrTTrT
2 6 8

KH

Fig F2: Variations of phase velocity with wave number of an isotropic halfspace under an isotropic layer with free
surface
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Fig G1, G2: Variations of phase velocity with wave number for an isotropic halfspace under an isotropic layer with

free surface
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Fig K-1, K-2: Variations of phase and group velocity with wave number for an isotropic halfspace under an isotropic
layer with free surface
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Fig T-1, T-2: Variations of phase and group velocity with wave number for an isotropic halfspace under a transversely

isotropic layer with free surface
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Fig Q-1, Q-2: Variations of phase and group velocity with wave number for an isotropic halfspace under a transversely

isotropic layer with free surface
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Conclusion

The effect of lateral and vertical inhomogeneities of the layer and of half-space is considered in this work. It is observed that
lateral inhomogeneity effects strongly than vertical inhomogeneity on group velocity and phase velocity. Phase velocity increases
but group velocity decrease with the increase of lateral inhomogeneity. Increase in vertical inhomogeneity in the layer and half-
space increases the phase velocity but decreases the group velocity.
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