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Abstract 

The paper investigates 𝑊3 Curvature properties of Lorentzian Para Kenmotsu manifolds satisfying the 

following conditions, 𝑊3 − 𝑓𝑙𝑎𝑡𝑛𝑒𝑠𝑠, 𝜉−𝑊3 = 0, 𝑊3 −symmetric, 𝑊3—semi symmetric. The behaviors 

of Ricci operators on Lorentzian Para Kenmotsu manifolds under the condition 𝑊3. 𝑄 = 0 and their results 

were discussed. Expressions for these curvature tensors while considering the condition 𝑊3(𝜉, 𝑋) are 

derived. 𝑊3 −flatness and connections to Einstein, 𝜂 −Einstein, and special 𝜂- Einstein are investigated. 

These findings enhance our understanding of the geometric properties of Lorentzian Para Kenmotsu 

manifold in 𝑊3 − curvature tensors. 

 

Keywords: Para-contact metric manifold, Lorentzian almost Paracontact manifold, Lorentzian Para-

Kenmotsu manifold, Einstein manifold, 𝜂 −Einstein manifold, 𝑊3-curvature tensor, 𝑊3 −  𝑓𝑙𝑎𝑡, 𝜉 −
𝑊3 flat, 𝜙. 𝑊3 − flat, and  𝑊3 -semi-symmetric 

 

1. Introduction 

In the mathematical field of differential geometry, a Kenmotsu manifold is almost contact 

manifold endowed with a certain kind of Riemannian metric. Notation of an almost para-contact 

manifold was first discussed by Sato I (2021). Many geometers in recent years have published 

concepts on Paracontact metric manifolds. Para Kenmotsu and special Para Kenmotsu manifolds 

also referred to as almost para contact metric manifolds were discussed by Singh and Sai Prasad 

in 1989. They pronounced significant characterizations of Para Kenmotsu manifolds. Significant 

properties of para Kenmotsu manifolds have attracted many geometers. Lorentzian Para 

Kenmotsu manifolds known as Lorentzian almost para-contact metric manifolds were 

introduced in 2018 and the concept of Quasi-concircular curvature tensor on Lorentzian Para 

Kenmotsu manifolds was considered.  

Mburu F. N., et al. studied 𝑊9 curvature tensor on LP Kenmotsu manifold and satisfied the 

following conditions; 𝑄. 𝑊9 = 0,  𝑊9. 𝑄 = 0, 𝑅. 𝑊9 = 0,  𝑎𝑛𝑑 𝑊9. 𝑊9 = 0 (2024). Rajesh 

Chaudhary and P.N. Singh discussed 𝑊8- Curvature Tensor on LP Kenmotsu manifolds and 

discussed these results 𝑊8. 𝑄 = 𝑂, 𝜙 − 𝑊8 𝑠𝑒𝑚𝑖𝑠𝑦𝑚𝑒𝑡𝑟𝑖𝑐 and 𝑊8 −  𝑓𝑙𝑎𝑡𝑛𝑒𝑠𝑠. (2024).  

In 1973 Pokhariyal introduced the notion of a new curvature tensor, denoted by 𝑊3 and studied 

its relativistic significance and defined as 

 

𝑊3(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 +
1

𝑛−1 
[𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑆(𝑋, 𝑍)𝑌]        (1.0) 

 

Where 𝑄 is the symmetric endomorphism of the tangent space at every point, 𝑆 is the Ricci 

tensor of type (0, 2) and 𝑋, 𝑌 and 𝑍 are vector fields on 𝑀.  

 

Where: 

 

 𝑄𝑋 =  (𝑛 −  1)𝑋               (1.1) 

 

Which plays an important role in the theory of the projective transformations of connections. 
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2. Preliminaries 

An 𝑛 −dimensional differentiable manifold 𝑀 admitting a (𝜙, 𝜉, 𝜂, 𝑔), (1, 1) tensor field 𝜙, contravariant vector field 𝜉, a 1 −form 𝜂 

and the Lorentzian metric 𝑔 is called Lorentzian almost Paracontact manifold [7] if it satisfies 

 

𝜙2𝑋 = 𝑋 + 𝜂(𝑋)𝜉                        (2.1) 

 

𝜂(𝜉) = −1,                          (2.2) 

 

𝜙𝜉 = 0                           (2.3) 

 

𝑟𝑎𝑛𝑘𝜙 = 𝑛 − 1                         (2.4) 

 

𝑔(𝑋, 𝜉) =  𝜂(𝑋)                          (2.5) 

 

Additionally, in the Lorentzian almost Paracontact manifold we have, 

 

Φ(𝑋, 𝑌) = Φ(𝑌, 𝑋)                        (2.6) 

 

Where the fundamental 2-form Φ is defined by 

 

Φ(𝑋, 𝑌) = 𝑔(𝑋, 𝜙𝑌)                        (2.7) 

 

From (2.6) we have 

 

𝑔(𝑋, 𝜙𝑌 ) =  𝑔 (𝜙𝑋, 𝑌 )                        (2.8) 

 

𝑔( 𝑋, 𝜙2𝑌) =  𝑔(𝜙𝑋, 𝜙𝑌 )                      (2.9) 

 

And from (2.9) we have 

 

𝑔(𝜙𝑋, 𝜙𝑌 ) = 𝑔(𝑋, 𝑌) + 𝜂(𝑌)𝜂(𝑋)                    (2.10) 

 

A Lorentzian almost Paracontact manifold M is called Lorentzian Para-Kenmotsu (briefly LP-Kenmotsu) manifold [3] if 

 
(∇𝑋𝜙)𝑌 = −𝑔(𝜙𝑋, 𝑌)𝜉 − 𝜂(𝑌)𝜙𝑋,                    (2.11) 

 

For any vector fields 𝑋, and 𝑌 on 𝑀 and ∇ is the operator of covariant differentiation with respect to the Lorentzian metric 𝑔.  
Furthermore, on the LP-Kenmotsu manifold, the following relations hold [4] 

 

∇𝑋𝜉 = −𝜙2𝑋 = −𝑋 − 𝜂(𝑋)𝜉                       (2.13) 

 
(∇𝑋𝜂)𝑌 = −𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)                     (2.14) 

 

𝑅(𝜉, 𝑋)𝑌 = 𝑔(𝑋, 𝑌)𝜉 − 𝜂(𝑌)𝑋                      (2.15) 

 

𝑅(𝜉, 𝑋)𝜉 = 𝑋 + 𝜂(𝑋)𝜉 = −𝛻𝑋𝜉,                     (2.16) 

 

𝑅(𝑋, 𝑌)𝜉 = 𝜂(𝑌)𝑋 − 𝜂(𝑌)𝑋,                      (2.17) 

 

𝑆(𝑋, 𝜉) = (𝑛 − 1)𝜂(𝑋),                       (2.18) 

 

𝑔(𝑅(𝑋, 𝑌)𝑍, 𝜉) = 𝜂(𝑅(𝑋, 𝑌)𝑍) = 𝑔(𝑌, 𝑍)𝜂(𝑋) − 𝑔(𝑋, 𝑍)𝜂(𝑌),              (2.19) 

 

𝑄𝜉 = (𝑛 − 1)𝜉                         (2.20) 

 

𝑆(𝜙𝑋, 𝜙𝑌) = 𝑆(𝑋, 𝑌) + (𝑛 − 1)𝜂(𝑋)𝜂(𝑌),                   (2.21) 

 

For any vector fields 𝑋, 𝑌, 𝑍 on 𝑀 and where 𝑆 is Ricci Tensor and 𝑄, Ricci operator and R Curvature tensor with respect to Levi-

Civita connection ∇. 

  

A Lorentzian Para-Kenmotsu manifold M is said to be an 𝜂 − Einstein manifold if its Ricci-tensor 𝑆(𝑋, 𝑌) is of the form (2021) [7] 

 

𝑆(𝑋, 𝑌) = 𝑎𝑔(𝑋, 𝑌) + 𝑏𝜂(𝑋)𝜂(𝑌)                     (2.22) 

 

Where 𝑎 and 𝑏 are scalar functions on 𝑀. In particular, if 𝑏 =  0, then the manifold is said to be an Einstein manifold. 

https://www.mathsjournal.com/
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3. A 𝑾𝟑-flat L.P Kenmotsu manifold 

Definition 3.1 An n-dimensional L. P. Kenmotsu manifold is said to be 𝑊3 − flat if its 𝑊3 −curvature tensor satisfies the following 

condition 

 

𝑊3(𝑋, 𝑌)𝑍 = 0 

 

Theorem 3.1; 𝑊3 -flat L.P -Kenmotsu manifold is an 𝜂 −Einstein manifold. 

 

Proof 

Suppose the LP-Kenmotsu manifold is 𝑊3 −flat, then the following hold 

 

𝑊3(𝑋, 𝑌)𝑍 = 0 

 

∴ 𝑊3 (𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 + 
1

𝑛−1
(𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑆(𝑋, 𝑍)𝑌) = 0              (3.0) 

 

(𝑛 − 1)𝑅(𝑋, 𝑌)𝑍 = 𝑆(𝑋, 𝑍)𝑌 − (𝑛 − 1)(𝑔(𝑌, 𝑍)𝑋 

 

𝑆(𝑋, 𝑍)𝑌 = 2(𝑛 − 1)𝑔(𝑌, 𝑍)𝑋 − (𝑛 − 1)𝑔(𝑋, 𝑍)𝑌                 (3.1) 

 

Putting 𝑌 = 𝜉 (3.1) in equation (3.1) gives: 

 

𝑆(𝑋, 𝑍)𝜉 = 2(𝑛 − 1)𝜂(𝑍)𝑋 − (𝑛 − 1)𝑔(𝑋, 𝑍)𝜉                  (3.2) 

 

Contraction (3.2) yields 

 

𝑆(𝑋, 𝑍) = −(𝑛 − 1)𝑔(𝑋, 𝑍) − 2(𝑛 − 1)𝜂(𝑍)𝜂(𝑋)                 (3.3) 

 

This is 𝜂 −Einstein manifold. 

 

𝟒. 𝝃 − 𝑾𝟑 Flat L.P Kenmotsu manifold 

Definition 4.1 An n-dimensional LP-Kenmotsu manifold is said to be 𝜉 − 𝑊3-flat if its 𝑊3-curvature tensor satisfies the following 

condition [5]. 

 

Theorem: 4.1 A ξ − W3-flat LP-Kenmotsu manifold is a special type of η − Einstein manifold. 

Proof: 

 

𝑊3(𝑋, 𝑌)𝜉 = 0 

 

Suppose 𝑊3 (X, Y)𝜉=0  

 

𝑊3 (𝑋, 𝑌)𝜉 = 𝑅 (𝑋, 𝑌)𝜉 +
1

𝑛−1
 [𝑔(𝑌, 𝜉)𝑄𝑋 − 𝑆(𝑋, 𝜉)𝑌] = 0               (4.1) 

 

Therefore; 

 

𝑅 (𝑋, 𝑌)𝜉 =
1

𝑛−1
[𝑆(𝑋, 𝜉)𝑌 − 𝑔(𝑌, 𝜉)𝑄𝑋]                   (4.3) 

 

𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌 =
1

𝑛−1
[𝑆(𝑋, 𝜉)𝑌 − g(𝑌, 𝜉)𝑄𝑋]                   (4.4) 

 

𝜂(𝑌)𝑋 − η(𝑋)𝑌 =
1

𝑛−1
[(𝑛 − 1)𝑔(𝑋, 𝜉)𝑌 − (𝑛 − 1)𝜂(𝑌)𝑋]               (4.5) 

 
{𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌} = 𝜂(𝑋)𝑌 − 𝜂(𝑌)𝑋                   (4.6) 

 

𝜂(𝑌)𝑋 = 𝜂(𝑋)𝑌  

 

𝜂(𝑌)𝑔(𝑋, 𝑈) = 𝜂(𝑋)𝑔(𝑌, 𝑈)                      (4.7) 

 

Putting 𝑋 = 𝜉 yields 

 

𝑔(𝑌, 𝑈) = −𝜂(𝑌)𝜂(𝑈)                       (4.8) 

 

𝑆(𝑌, 𝑈) = −(𝑛 − 1)𝜂(𝑌)𝜂(𝑈)                     (4.9) 

Equation (4.9) is a Special 𝜂 −Einstein 

Thus, the theorem 

https://www.mathsjournal.com/
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𝟓. 𝑾𝟑. 𝑸 Lorentzian Para Kenmotsu manifold 

Definition 5.1 A 𝑊3 −L.P Kenmotsu manifold is such that 

 

 𝑊3. 𝑄 = 0 

 

Theorem 5.1 An n-dimensional Lorentzian Para Kenmotsu manifold is such 𝑊3. 𝑄 = 0 

 

Proof 

Suppose 

 

 𝑊3(𝑋, 𝑌). 𝑄𝑍 =  𝑊3(𝑋, 𝑌)𝑄𝑍 − 𝑄(𝑊3(𝑋, 𝑌)𝑍 

 

Hence  

 

𝑊3(𝑋, 𝑌)𝑄𝑍 − 𝑄(𝑊3(𝑋, 𝑌)𝑍 = R(𝑋, 𝑌)𝑄𝑍 − Q(R(𝑋, 𝑌)𝑍 +
1

𝑛−1
[𝑔(𝑌, 𝑄𝑍)𝑄𝑋 − 𝑆(𝑋, 𝑍)𝑄𝑌] −

1

𝑛−1
[𝑔(𝑌, 𝑄𝑍)𝑄𝑋 − Q(S(𝑋, 𝑍)𝑌]  (5.1) 

 

= R(𝑋, 𝑌)𝑄𝑍 − 𝑄(𝑅(𝑋, 𝑌)𝑍 +
1

𝑛−1
[(𝑔(𝑌, 𝑄𝑍)𝑄𝑋) − [𝑔(𝑌, 𝑄𝑍)𝑄𝑋]             (5.2) 

 

= 𝑅(𝑋, 𝑌)𝑄𝑍 − 𝑄(𝑅(𝑋, 𝑌)𝑍                       (5.3) 

 

From 

 

𝑅(𝑋, 𝑌)𝑄𝑍 = 𝑔(𝑌, 𝑄𝑍)𝑋 − 𝑔(𝑋, 𝑄𝑍)𝑌                    (5.4) 

 

And 𝑄(𝑅(𝑋, 𝑌)𝑍 = 𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑔(𝑋, 𝑍)𝑄𝑌                  (5.5) 

 

We have  

 

𝑊3(𝑋, 𝑌)𝑄𝑍 = 0                        (5.6) 

           

Hence 𝑊3 ∙ 𝑄 = 0 

 

6. 𝑾𝟑 - Symmetric Lorentzian Para Kenmotsu Manifold 

Definition 6.1 A Lorentzian Para Kenmotsu manifold is called semi-symmetric if, 

(𝑅(𝑋, 𝑌)𝑅) ∙ 𝑅)(𝑈, 𝑉)𝑍 = 0. 
 

Definition 6.2 A Lorentzian Para Kenmotsu manifold is called 𝑊3 -semi-symmetric if 

(𝑅(𝑋, 𝑌)𝑅) ∙ 𝑊3)(𝑈, 𝑉)𝑍 = 0. 
 

Theorem 6.1 𝑊3 − semi-symmetric Lorentzian Para Kemontsu manifold 

 is a special 𝜂 −Einstein manifold 

 

Proof 

Given that 

𝑅(𝑋, 𝑌) ∙ 𝑊3(𝑈, 𝑉)𝑍=0                      (6.1) 

Then, 

𝑅(𝑋, 𝑌)𝑊3(𝑈, 𝑉)𝑍 − 𝑊3(𝑅(𝑋, 𝑌)𝑈, 𝑉)𝑍 − 𝑊3(𝑈, 𝑅(𝑋, 𝑌)𝑉)𝑍 −  𝑊3(𝑈, 𝑉)𝑅(𝑋, 𝑌)𝑍 = 0        (6.2) 

 

Putting 𝑈 = 𝜉 in (6.2) we get 

 

𝑅(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝑍 − 𝑊3(𝑅(𝑋, 𝑌)𝜉, 𝑉)𝑍 − 𝑊3(𝜉, 𝑅(𝑋, 𝑌)𝑉)𝑍 − 𝑊3(𝜉, 𝑉)𝑅(𝑋, 𝑌)𝑍 = 0         (6.3) 

 

Since, 

 

𝑊3(𝜉, 𝑉)𝑍 = 2𝑔(𝑉, 𝑍)𝜉 − 2𝜂(𝑍)𝑉                    (6.4) 

 

we simplify each term separately to get: 

 

First term: 𝑅(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝑍 

𝑅(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝑍 = 𝑔(𝑌, 𝑊3(𝜉, 𝑉)𝑍)𝑋 − 𝑔(𝑋, 𝑊3(𝜉, 𝑉)𝑍)𝑌 

= 𝑔(𝑌, [2𝑔(𝑉, 𝑍)𝜉 − 2𝜂(𝑍)𝑉])𝑋 − 𝑔(𝑋, [2𝑔(𝑉, 𝑍)𝜉 − 2𝜂(𝑍)𝑉])𝑌 

= 2𝜂(𝑌)𝑔(𝑉, 𝑍)𝑋 − 2𝜂(𝑍)𝑔(𝑌, 𝑉)𝑋 − 2𝜂(𝑋)𝑔(𝑉, 𝑍)𝑌 + 2𝜂(𝑍)𝑔(𝑋, 𝑉)𝑌 

= [2𝑔(𝑌, 𝜉)𝑔(𝑉, 𝑍)𝑋 − 2𝜂(𝑍)𝑔(𝑌, 𝑉)𝑋] − [2𝑔(𝑋, 𝜉)𝑔(𝑉, 𝑍)𝑌 − 2𝜂(𝑍)𝑔(𝑋, 𝑉)𝑌 
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= [2𝜂(𝑌)𝑔(𝑉, 𝑍)𝑋 − 2𝜂(𝑍)𝑔(𝑌, 𝑉)𝑋] − [2𝜂(𝑋)𝑔(𝑉, 𝑍)𝑌 − 2𝜂(𝑍)𝑔(𝑋, 𝑉)𝑌]           (6.5) 

 

Second Term: 𝑊3 (𝑅(𝑋, 𝑌)𝜉, 𝑉)𝑍 

𝑊3 (𝑅(𝑋, 𝑌)𝜉, 𝑉)𝑍 = 𝑊3([𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌], 𝑉)𝑍 

𝑊3 (𝑅(𝑋, 𝑌)𝜉, 𝑉)𝑍 = 𝑅(𝑡, 𝑉)𝑍 +
1

𝑛 − 1
[𝑔(𝑉, 𝑍)𝑄𝑡 − 𝑆(𝑡, 𝑍)𝑌], 

𝑤ℎ𝑒𝑟𝑒 𝑡 = [𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌] 
𝑊3 (𝑅(𝑋, 𝑌)𝜉, 𝑉)𝑍 = 𝑔(𝑉, 𝑍)𝑡 − 𝑔(𝑡, 𝑍)𝑉 + [𝑔(𝑉, 𝑍)𝑡 − 𝑔(𝑡, 𝑍)𝑌], 
= 2𝑔(𝑉, 𝑍)𝑡 − 2𝑔(𝑡, 𝑍)𝑉 

∴ 𝑊3 (𝑅(𝑋, 𝑌)𝜉, 𝑉)𝑍 = 2𝑔(𝑉, 𝑍)[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌] − 2𝑔([𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌], 𝑍)𝑉 

= 2𝜂(𝑌)𝑔(𝑉, 𝑍)𝑋 − 2𝜂(𝑋)𝑔(𝑉, 𝑍)𝑌 − 2𝜂(𝑌)𝑔(𝑋, 𝑍)𝑉 + 2𝜂(𝑋)𝑔(𝑌, 𝑍)𝑉 

== 2[𝜂(𝑌)𝑔(𝑉, 𝑍)𝑋 − 𝜂(𝑋)𝑔(𝑉, 𝑍)𝑌] − 2[𝜂(𝑌)𝑔(𝑋, 𝑍)𝑉 − 𝜂(𝑋)𝑔(𝑌, 𝑍)𝑉] 
= 2[𝜂(𝑌)𝑔(𝑉, 𝑍)𝑋 − 𝜂(𝑋)𝑔(𝑉, 𝑍)𝑌] − 2[𝜂(𝑌)𝑔(𝑋, 𝑍)𝑉 − 𝜂(𝑋)𝑔(𝑌, 𝑍)𝑉]            (6.6) 

 

Third Term: 𝑊3(𝜉, 𝑅(𝑋, 𝑌)𝑉)𝑍 

𝑊3(𝜉, 𝑅(𝑋, 𝑌)𝑉)𝑍 = 𝑊3(𝜉, [𝑔(𝑌, 𝑉)𝑋 − 𝑔(𝑋, 𝑉)𝑌])𝑍 

𝑊3(𝜉, 𝑅(𝑋, 𝑌)𝑉)𝑍 = 𝑅(𝜉, 𝑡)𝑍 +
1

𝑛 − 1
[𝑔(𝑡, 𝑍)𝑄𝜉 − 𝑆(𝜉, 𝑍)𝑡] 

𝑤ℎ𝑒𝑟𝑒 𝑡 = [𝑔(𝑌, 𝑉)𝑋 − 𝑔(𝑋, 𝑉)𝑌] 

𝑊3(𝜉, 𝑅(𝑋, 𝑌)𝑉)𝑍 = 𝑔(𝑡, 𝑍)𝜉 − 𝑔(𝜉, 𝑍)𝑡 +
1

𝑛 − 1
[𝑔(𝑡, 𝑍)𝑄𝜉 − 𝑆(𝜉, 𝑍)𝑡] 

= 𝑔(𝑡, 𝑍)𝜉 − 𝜂(𝑍)𝑡 + [𝑔(𝑡, 𝑍)𝜉 − 𝑔(𝜉, 𝑍)𝑡] 
∴ 𝑊3(𝜉, 𝑅(𝑋, 𝑌)𝑉)𝑍 = 2𝑔(𝑡, 𝑍)𝜉 − 2𝜂(𝑍)𝑡 

 

Hence, 

𝑊3(𝜉, 𝑅(𝑋, 𝑌)𝑉)𝑍 = 2𝑔([𝑔(𝑌, 𝑉)𝑋 − 𝑔(𝑋, 𝑉)𝑌], 𝑍)𝜉 − 2𝜂(𝑍)[𝑔(𝑌, 𝑉)𝑋 − 𝑔(𝑋, 𝑉)𝑌] 
= 2𝑔(𝑋, 𝑍)𝑔(𝑌, 𝑉)𝜉 − 2𝑔(𝑋, 𝑉)𝑔(𝑌, 𝑍)𝜉 − 2𝜂(𝑍)𝑔(𝑌, 𝑉)𝑋 + 2𝜂(𝑍)𝑔(𝑋, 𝑉)𝑌 

 

Fourth Term: 𝑊3(𝜉, 𝑉)𝑅(𝑋, 𝑌)𝑍 

𝑊3(𝜉, 𝑉)𝑅(𝑋, 𝑌)𝑍 = 𝑊3(𝜉, 𝑉)[𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌] 

𝑊3(𝜉, 𝑉)𝑡 = 𝑅(𝜉, 𝑉)𝑡 +
1

𝑛 − 1
[𝑔(𝑉, 𝑡)𝑄𝜉 − 𝑆(𝜉, 𝑡)𝑉] 

𝑤ℎ𝑒𝑟𝑒 𝑡 = [𝑔(𝑌, 𝑉)𝑋 − 𝑔(𝑋, 𝑉)𝑌] 
∴ 𝑊3(𝜉, 𝑉)𝑡 = 2𝑔(𝑉, 𝑡)𝜉 − 2𝜂(𝑡)𝑉 

𝐻𝑒𝑛𝑐𝑒, 
 

𝑊3(𝜉, 𝑉)𝑅(𝑋, 𝑌)𝑍 = 2𝑔(𝑉, )𝜉 − 2𝜂(𝑡)𝑉 

= 2𝑔(𝑉, 𝑋)𝑔(𝑌, 𝑍)𝜉 − 2𝑔(𝑉, 𝑌)𝑔(𝑋, 𝑍)𝜉 − 2𝜂(𝑋)𝑔(𝑌, 𝑍)𝑉 + 2𝜂(𝑌)𝑔(𝑋, 𝑍)𝑉          (6.8) 

 

Therefore, equation (6.3) reduces to: 

2𝜂(𝑍)𝑔(𝑌, 𝑉)𝑋 − 2𝜂(𝑍)𝑔(𝑋, 𝑉)𝑌 + 2𝜂(𝑋)𝑔(𝑌, 𝑍)𝑉 − 2𝜂(𝑌)𝑔(𝑋, 𝑍)𝑉 
[𝜂(𝑌)𝑔(𝑋, 𝑍)𝑉 − 𝜂(𝑋)𝑔(𝑌, 𝑍)𝑉]  − [𝜂(𝑋)𝑔(𝑉, 𝑍)𝑌 − 𝜂(𝑍)𝑔(𝑋, 𝑉)𝑌] = 0           (6.9) 

 

Putting 𝒁 = 𝝃 in equation (6.9) gives 

[𝜂(𝑋)𝜂(𝑉)𝑌 + 𝑔(𝑋, 𝑉)𝑌] = 0                     (6.10) 

 

Equation (6.10) further reduces to 

𝑆(𝑋, 𝑉) = (𝑛 − 1) 𝜂(𝑋)𝜂(𝑉)                      (6.11) 

Equation (6.11) is a Special 𝜂 −Einstein, and thus, completes the proof. 

(6.20) 

 

7 𝝓 − 𝑾𝟑 Lorentzian Para Kenmotsu Manifold 

Definition7.1: An n-dimensional LP-Kenmotsu manifold is said to be 𝜙 − 𝑊3-flat if 

𝑊3 -curvature tensor satisfies the following condition. 𝜙. 𝑊3 = 0 

𝑊3(𝑋, 𝑌). 𝜙)𝑍 = 𝑊3(𝑋, 𝑌)𝜙𝑍 − 𝜙(𝑊3(𝑋, 𝑌)𝑍 = 0                  (7.0) 

 

Theorem 7.1 A 𝑾𝟑 Lorentzian Para Kenmotsu Manifold is a 𝝓-𝑾𝟑 flat manifold 

Proof; 

Consider 𝜙 − 𝑊3 LP-Kenmotsu manifold, then the following hold 

𝑊3(𝑋, 𝑌)𝜙𝑍 − 𝜙(𝑊3(𝑋, 𝑌)𝑍 = [𝑅(𝑋, 𝑌)𝜙𝑍 +
1

𝑛−1
{𝑔(𝑌, 𝜙𝑍)𝜙𝑋 − 𝑆(𝑋, 𝑍)𝜙Y}] − [ϕR(𝑋, 𝑌)𝑍 +

1

𝑛−1
{𝑔(𝑌, 𝜙𝑍)𝜙𝑋 −

𝑆(𝑋, 𝑍)𝜙𝑌}] = 0                        (7.1) 
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From (3.8) we have 

𝑅(𝑋, 𝑌)𝜙𝑍 + g(𝑌, 𝑍)𝜙𝑋 − 𝑔(𝑋, 𝑍)𝜙𝑌 − [−𝑔(𝑋, 𝑍)𝜙𝑌 + 𝑔(𝑌, 𝜙𝑍)𝑋 + g(𝑌, 𝑍)𝜙𝑋 − 𝑔(𝑋, 𝑍)𝜙𝑌 = 0     (7.2) 

 

= 𝑅(𝑋, 𝑌)𝜙𝑍 − 𝑔(𝑌, 𝑍)𝜙𝑌 + 𝑔(𝑋, 𝑍)𝜙𝑌                  (7.3) 

 

𝑅(𝑋, 𝑌)𝜙𝑍 = 𝑔(𝑌, 𝑍)𝜙𝑌 − 𝑔(𝑋, 𝑍)𝜙𝑌                     (7.4) 

 

Thus 

𝑔(𝑌, 𝑍)𝜙𝑌 − 𝑔(𝑋, 𝑍)𝜙𝑌 + 𝑔(𝑌, 𝑍)𝜙𝑋 − 𝑔(𝑋, 𝑍)𝜙𝑌 − [−𝑔(𝑋, 𝑍)𝜙𝑌 + 𝑔(𝑌, 𝜙𝑍)𝑋 + 𝑔(𝑌, 𝑍)𝜙𝑋 − 𝑔(𝑋, 𝑍)𝜙𝑌 = 0 (7.5) 

𝑊3(𝑋, 𝑌). 𝜙)𝑍 = 0 

Hence proved; 

 

8 A 𝑾𝟑 −Lorentzian Para Kenmotsu manifold satisfying the condition 𝑾𝟑 . 𝑹 =  𝟎 

Definition 8.1 A 𝑾𝟑 −Lorentzian-para-Kenmotsu manifold is said to satisfy 𝑊3. 𝑅 =  0 condition if 
(𝑊3(𝑈, 𝑉) ∙ 𝑅)(𝑋, 𝑌)𝑍 = 0                       (8.1) 

 

Theorem 8.1, A 𝑊3 −Lorentzian-para-Kenmotsu manifold satisfying the condition 𝑊3. 𝑅 =  0 is an Einstein manifold. 

Proof; 

 

The above equation (8.1) can be written as follows: 

𝑊3(𝑈, 𝑉)𝑅(𝑋, 𝑌)𝑍 − 𝑅(𝑊3(𝑈, 𝑉)𝑋, 𝑌)𝑍 − 𝑅(𝑋, 𝑊3(𝑈, 𝑉)𝑌)𝑍 

−𝑅(𝑋, 𝑌)𝑊3(𝑈, 𝑉)𝑍 = 0 (8.2) 

Putting 𝑈 = 𝜉 in (8.2) we get 

 

𝑊3(𝜉, 𝑉)𝑅(𝑋, 𝑌)𝑍 − 𝑅(𝑊3(𝜉, 𝑉)𝑋, 𝑌)𝑍 − 𝑅(𝑋, 𝑊3(𝜉, 𝑉)𝑌)𝑍 − 𝑅(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝑍 = 0         (8.3) 

But; 

 

𝑊3(𝜉, 𝑉)𝑊 = 𝑔(𝑉, 𝑊)𝜉 − 𝑔(𝜉, 𝑊)𝑉 + 𝑔(𝑉, 𝑊)𝜉 − 𝑔(𝜉, 𝑊)𝑉 

𝑊3(𝜉, 𝑉)𝑊 = 2𝑔(𝑉, 𝑊)𝜉 − 2𝜂(𝑊)𝑉                    (8.4) 

 

Computing the four terms in (8.3) separately gives 

First term: 𝑊3(𝜉, 𝑉)𝑅(𝑋, 𝑌)𝑍 

𝑊3(𝜉, 𝑉)𝑊 = 2𝑔(𝑉, 𝑊)𝜉 − 2𝜂(𝑊)𝑉 =𝑊3(𝜉, 𝑉)𝑅(𝑋, 𝑌)𝑍 

𝑅(𝑋, 𝑌)𝑍 = 𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌                     (8.5) 

 

Using (8.4) and (8.5) 

𝑊3(𝜉, 𝑉)𝑅(𝑋, 𝑌)𝑍 = 2𝑔(𝑉, 𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌)𝜉 − [2𝜂(𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌)𝑉 ] 
= 2𝑔(𝑉, 𝑋)𝑔(𝑌, 𝑍)𝜉 − 2𝑔(𝑉, 𝑌)𝑔(𝑋, 𝑍))𝜉 − 2𝜂(𝑋)(𝑔(𝑌, 𝑍)𝑉 + 2𝜂(𝑌)𝑔(𝑋, 𝑍)𝑉          (8.6) 

 

Second Term: 𝑅(𝑊3(𝜉, 𝑉)𝑋, 𝑌)𝑍 

Using (8.3) we get 

𝑅(𝑊3(𝜉, 𝑉)𝑋, 𝑌)𝑍 = 𝑅(𝑊, 𝑋, 𝑌)𝑍 

𝑅(𝑊, 𝑌)𝑍 = 𝑔(𝑌, 𝑍)𝑊 − 𝑔(𝑊, 𝑍)𝑌 

𝑊3(𝜉, 𝑉)𝑋 = 2𝑔(𝑉, 𝑋)𝜉 − 2𝜂(𝑋)𝑉 

𝑅(𝑊3(𝜉, 𝑉)𝑋, 𝑌)𝑍 = 𝑔(𝑌, 𝑍)2𝑔(𝑉, 𝑋)𝜉 − 2𝜂(𝑋)𝑉 − [𝑔(2𝑔(𝑉, 𝑋)𝜉 − 2𝜂(𝑋)𝑉 , 𝑍)𝑌] 
= 𝑔(𝑌, 𝑍)2𝑔(𝑉, 𝑋)𝜉 − 2𝜂(𝑋)𝑉𝑔(𝑌, 𝑍)  − 𝑔(𝑍, 𝑌)(2𝑔(𝑉, 𝑋)𝜉 + 𝑔(𝑍, 𝑌)(2𝜂(𝑋)V = 0         (8.7) 

 

Third Term: 𝑅(𝑋, 𝑊3(𝜉, 𝑉)𝑌)𝑍 

𝑅(𝑋, 𝑊)𝑍 = 𝑔(𝑊, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑊 

𝑊3(𝜉, 𝑉)𝑌 = 2𝑔(𝑉, 𝑌)𝜉 − 2𝑔(𝜉, 𝑌)𝑉 

𝑅(𝑋, 𝑊3(𝜉, 𝑉)𝑌)𝑍 = 2𝑔(𝑍, 𝑋)(𝑔(𝑉, 𝑌)𝜉 − 2𝑔(𝑍, 𝑋)𝑔(𝜉, 𝑌)𝑉 − 2𝑔(𝑋, 𝑍)𝑔(𝑉, 𝑌)𝜉 + 2𝑔(𝑋, 𝑍)𝑔(𝜉, 𝑌)𝑉 = 0   (8.8) 

 

Fourth Term: 𝑅(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝑍 

𝑊3(𝜉, 𝑉)𝑍 = 2𝑔(𝑉, 𝑍)𝜉 − 2𝜂(𝑍)𝑉 

𝑅(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝑍 = 𝑔(𝑌, [2𝑔(𝑉, 𝑍)𝜉 − 2𝜂(𝑍)𝑉])𝑋 − 𝑔(𝑋, [2𝑔(𝑉, 𝑍)𝜉 − 2𝜂(𝑍)𝑉])𝑌        (8.9) 

= [2𝑔(𝑌, 𝜉)𝑔(𝑉, 𝑍)𝑋 − 2𝜂(𝑍)𝑔(𝑌, 𝑉)𝑋] − [2𝑔(𝑋, 𝜉)𝑔(𝑉, 𝑍)𝑌 − 2𝜂(𝑍)𝑔(𝑋, 𝑉)𝑌 

= [2𝜂(𝑌)𝑔(𝑉, 𝑍)𝑋 − 2𝜂(𝑍)𝑔(𝑌, 𝑉)𝑋] − [2𝜂(𝑋)𝑔(𝑉, 𝑍)𝑌 − 2𝜂(𝑍)𝑔(𝑋, 𝑉)𝑌]          (8.10) 

 

Simplifying (8.6), (8.7), (8.8) and (8.10) together reduces equation (8.3) to 

2𝑔(𝑉, 𝑋)𝑔(𝑌, 𝑍)𝜉 − 2𝑔(𝑉, 𝑌)𝑔(𝑋, 𝑍))𝜉 − 2𝜂(𝑋)(𝑔(𝑌, 𝑍)𝑉 + 2𝜂(𝑌)𝑔(𝑋, 𝑍)𝑉 − [2𝜂(𝑌)𝑔(𝑉, 𝑍)𝑋 − 2𝜂(𝑍)𝑔(𝑌, 𝑉)𝑋] −
[2𝜂(𝑋)𝑔(𝑉, 𝑍)𝑌 − 2𝜂(𝑍)𝑔(𝑋, 𝑉)𝑌]=0                     (8.11) 

 

Putting 𝑍 = 𝜉 in equation (8.11) and taking inner product with 𝜉 yields 

2𝑔(𝑉, 𝑋)𝑔(𝑌, 𝜉)𝜉 − 2𝑔(𝑉, 𝑌)𝑔(𝑋, 𝜉))𝜉 − 2𝜂(𝑋)(𝑔(𝑌, 𝜉)𝑉 + 2𝜂(𝑌)𝑔(𝑋, 𝜉)𝑉 − [2𝜂(𝑌)𝑔(𝑉, 𝜉)𝑋 − 2𝜂(𝜉)𝑔(𝑌, 𝑉)𝑋] −
[2𝜂(𝑋)𝑔(𝑉, 𝜉)𝑌 − 2𝜂(𝜉)𝑔(𝑋, 𝑉)𝑌]=0                   (8.12) 
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2𝑔(𝑉, 𝑋)𝜂(𝑌)𝜉 − 2𝑔(𝑉, 𝑌)𝜂(𝑋))𝜉 − 2𝜂(𝑋)(𝜂(𝑌)𝑉 + 2𝜂(𝑌)𝜂(𝑋)𝑉 − [2𝜂(𝑌)𝜂(𝑉)𝑋 − 2𝜂(𝜉)𝑔(𝑌, 𝑉)𝑋] − [2𝜂(𝑋)𝜂(𝑉)𝑌 −
2𝜂(𝜉)𝑔(𝑋, 𝑉)𝑌]=0 

2𝑔(𝑉, 𝑋)𝜂(𝑌)𝜉 − 2𝑔(𝑉, 𝑌)𝜂(𝑋))𝜉 − 2𝜂(𝑋)(𝜂(𝑌)𝑉 + 2𝜂(𝑌)𝜂(𝑋)𝑉 − [2𝜂(𝑌)𝜂(𝑉)𝑋 + 2𝑔(𝑌, 𝑉)𝑋] − [2𝜂(𝑋)𝜂(𝑉)𝑌 +
2𝑔(𝑋, 𝑉)𝑌 = 0                           (8.13) 

Putting 𝑌 = 𝜉 in equation (8.13) 

2𝑔(𝑉, 𝑋)𝜂(𝜉)𝜉 − 2𝑔(𝑉, 𝜉)𝜂(𝑋))𝜉 − [2𝜂(𝜉)𝜂(𝑉)𝑋 + 2𝑔(𝜉, 𝑉)𝑋] − [2𝜂(𝑋)𝜂(𝑉)𝜉 + 2𝑔(𝑋, 𝑉)𝜉=0 

−2𝑔(𝑉, 𝑋)𝜉 − 2𝜂(𝑉)𝜂(𝑋))𝜉 − [−2𝜂(𝑉)𝑋 + 2𝜂(𝑉)𝑋] − [2𝜂(𝑋)𝜂(𝑉)𝜉 + 2𝑔(𝑋, 𝑉)𝜉=0         (8.14) 

2𝑔(𝑉, 𝑋)𝜉 = 2𝑔(𝑋, 𝑉)𝜉 

𝑆(𝑋, 𝑉) = (𝑛 − 1)𝑔(𝑉, 𝑋)                      (8.15) 

Hence an Einstein manifold. 

 

𝟗 𝑊3. 𝑸 - Lorentzian Para-Kenmotsu manifold. 

Definition 9.1 A 𝑊3 −Lorentzian Para-Kenmotsu manifold is such that 𝑊3. 𝑄 = 0 

Theorem 9.1. An n-dimensional LP-Kenmotsu manifold is such that 𝑊3. 𝑄 = 0 

Proof; 

Consider that 𝑊3. 𝑄 = 0 

∴ (𝑊(𝑋, 𝑌). 𝑄)𝑍 = 𝑊3(𝑋, 𝑌)𝑄𝑍 − 𝑄(𝑊3(𝑋, 𝑌)𝑍 

= 𝑅(𝑋, 𝑌)𝑄𝑍 − 𝑄(𝑅(𝑋, 𝑌)𝑍) +
1

𝑛 − 1
[𝑄𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑆((𝑋, 𝑍)𝑄𝑌))] 

−
1

𝑛−1
[𝑄𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑆((𝑋, 𝑍)𝑄𝑌)]                       (9.1) 

 

= 𝑅(𝑋, 𝑌)𝑄𝑍 − 𝑄(𝑅(𝑋, 𝑌)𝑍) +
1

𝑛−1
[𝑄𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑆((𝑋, 𝑍)𝑄𝑌) − 𝑄𝑔(𝑌, 𝑍)𝑄𝑋 + 𝑆((𝑋, 𝑍)𝑄𝑌)]        

                           (9.2) 

= [𝑔(𝑌, 𝑄𝑍)𝑋 − 𝑔(𝑋, 𝑄𝑍)𝑌] − [𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑔(𝑋, 𝑍)𝑄𝑌] 
=(n-1)[[𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌] − [𝑔(𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑌]]               (9.3) 

= 0 

Hence proved 

 

10. An n-dimensional Lorentzian-para-Kenmotsu manifold satisfying 𝑸. 𝑾𝟑  =  0 

Definition 10.1 An n-dimensional Lorentzian-para-Kenmotsu manifold is said to satisfy the condition 𝑄. 𝑊3  =  0 if 

(𝑄. 𝑊3)(𝑋, 𝑌 )𝑍 =  0. 
 

Theorem 10.1. An n-dimensional Lorentzian Para-Kenmotsu manifold satisfying the condition 𝑄. 𝑊3  =  0 is a flat manifold. 

Let us consider an 𝐿𝑃 −Kenmotsu manifold which satisfies the condition 

 

(𝑄. 𝑊3)(𝑋, 𝑌 )𝑍 =  0, 
∴ 𝑄(𝑊3(𝑋, 𝑌 )𝑍)  − 𝑊3(𝑄𝑋, 𝑌 )𝑍 − 𝑊3(𝑋, 𝑄𝑌 )𝑍 −  𝑊3(𝑋, 𝑌 )𝑄𝑍 =  0,            (10.1) 

 

Computing the four terms separately gives 

First term: 𝑸(𝑾𝟑(𝑿, 𝒀 )𝒁) 

𝑄(𝑊3(𝑋, 𝑌 )𝑍) = 𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑔(𝑋, 𝑍)𝑄𝑌 +
1

𝑛 − 1
[𝑄𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑆(𝑋, 𝑍)𝑄Y] 

= g(𝑌, 𝑍)𝑄𝑋 − 𝑔(𝑋, 𝑍)𝑄𝑌 + [g(𝑌, 𝑍)𝑄𝑋 − 𝑔(𝑋, 𝑍)𝑄𝑌] 
𝑔(𝑌, 𝑍)𝑄𝑋 − g(𝑋, 𝑍)𝑄𝑌 − g(𝑋, 𝑍)𝑄𝑌 + 𝑔(𝑌, 𝑍)𝑄𝑋 

= 2𝑔(𝑌, 𝑍)𝑄𝑋 − 2𝑔(𝑋, 𝑍)𝑄𝑌                       (10.2) 

 

Second Term: 𝑾𝟑(𝑸𝑿, 𝒀 )𝒁 

𝑊3(𝑄𝑋, 𝑌 )𝑍 = g(𝑌, 𝑍)𝑄𝑋 − 𝑔(𝑄𝑋, 𝑍)𝑌 +
1

𝑛 − 1
[𝑄𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑆(𝑄𝑋, 𝑍)𝑌 

= g(𝑌, 𝑍)𝑄𝑋 − 𝑔(𝑄𝑋, 𝑍)𝑌 +𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑔(𝑄𝑋, 𝑍)𝑌 = 2𝑔(𝑌, 𝑍)𝑄𝑋 − 2𝑔(𝑄𝑋, 𝑍)𝑌          

                           (10.3) 

 

Third Term: 𝑾𝟑(𝑿, 𝑸𝒀 )𝒁 

𝑊3(𝑋, 𝑄𝑌 )𝑍 = 𝑔(𝑄𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑄𝑌 +
1

𝑛 − 1
[𝑔(𝑄𝑌, 𝑍)𝑄𝑋 − 𝑆(𝑋, 𝑍)𝑄𝑌 

= 𝑔(𝑄𝑌, 𝑍)𝑋 − 𝑔(𝑋, 𝑍)𝑄𝑌 +  g(QY, Z)X − g(𝑋, 𝑍)𝑄𝑌 

= 2𝑔(𝑄𝑌, 𝑍)𝑋 − 2𝑔(𝑋, 𝑍)𝑄𝑌                      (10.4) 

 

Fourth term: 𝑾𝟑(𝑿, 𝒀)𝑸𝒁 

𝑊3(𝑋, 𝑌)𝑄𝑍 = g(𝑌, 𝑄𝑍)𝑋 − 𝑔(𝑋, 𝑄𝑍)𝑌 +
1

𝑛 − 1
[𝑄𝑔(𝑌, 𝑄𝑍)𝑋 − 𝑆(𝑋, 𝑄𝑍)𝑌] 

= 𝑔(𝑌, 𝑄𝑍)𝑋 − 𝑔(𝑋, 𝑄𝑍)𝑌 +  𝑔(𝑌, 𝑄𝑍)𝑋 − 𝑔(𝑋, 𝑄𝑍)𝑌 

=2𝑔(𝑌, 𝑄𝑍)𝑋 − 2𝑔(𝑋, 𝑄𝑍)𝑌                      (10.5) 
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Putting (10.2), (10.3), (10.4) and (10.5) in (10.1) yields 

2𝑔(𝑌, 𝑍)𝑄𝑋 − 2𝑔(𝑋, 𝑍)𝑄𝑌 − [2𝑔(𝑌, 𝑍)𝑄𝑋 − 2𝑔(𝑄𝑋, 𝑍)𝑌] − [2𝑔(𝑄𝑌, 𝑍)𝑋 − 2𝑔(𝑋, 𝑍)𝑄𝑌] − [2𝑔(𝑌, 𝑄𝑍)𝑋 − 2𝑔(𝑋, 𝑄𝑍)𝑌]  =
0                             (10.6) 

Hence proved 

 

11. An n-dimensional 𝑾𝟑 ∙ 𝑾𝟑 LP-Kenmotsu manifold 

Definition 11.1: Let M be an n-dimensional LP-Kenmotsu manifold. If the Riemannian curvature tensor vanishes, then M is said 

to be flat. 

 

Theorem 11.1 

Let 𝑀 be an 𝑛-dimensional Lorentzian Para-Kenmotsu (LP-Kenmotsu) manifold. Then the curvature tensor 𝑊3 on 𝑀 satisfies the 

condition 

𝑊3 ∙ 𝑊3 = 0 

 

Proof 

Given, 

𝑊3 ∙ 𝑊3 = 𝑊3(𝑈, 𝑉) ∙ 𝑊3 = (𝑊3(𝑈, 𝑉)𝑊3)(𝑋, 𝑌)𝑍 

 

But, 
(𝑊3(𝑈, 𝑉)𝑊3)(𝑋, 𝑌)𝑍 = 𝑊3(𝑈, 𝑉)𝑊3(𝑋, 𝑌)𝑍 − 𝑊3(𝑊3(𝑈, 𝑉)𝑋, 𝑌)𝑍 − 𝑊3(𝑋, 𝑊3(𝑈, 𝑉)𝑌)𝑍 − 𝑊3(𝑋, 𝑌)𝑊3(𝑈, 𝑉)𝑍 (11.1) 

 

For any 𝑋, 𝑌, 𝑍, 𝑈, 𝑉 vector field in 𝑀 

Taking 𝑈 = 𝑍 = 𝜉 in (11.1) we get the following relations 

𝑊3(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 +
1

𝑛 − 1 
[𝑔(𝑌, 𝑍)𝑄𝑋 − 𝑆(𝑋, 𝑍)𝑌] 

𝑊3(𝑋, 𝑌)𝜉 = 𝑅(𝑋, 𝑌)𝜉 +
1

𝑛 − 1 
[𝑔(𝑌, 𝜉)𝑄𝑋 − 𝑆(𝑋, 𝜉)𝑌] 

𝑊3(𝑋, 𝑌)𝜉 = 𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌 +
1

𝑛 − 1 
[(𝑛 − 1)𝜂(𝑌)𝑋 − (𝑛 − 1)𝜂(𝑋)𝑌] 

𝑊3(𝑋, 𝑌)𝜉 = 2[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌] 
 

Equation (11.1) reduces to 

2𝑊3(𝜉, 𝑉)[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌] − 𝑊3(𝑊3(𝜉, 𝑉)𝑋, 𝑌)𝜉 − 𝑊3(𝑋, 𝑊3(𝜉, 𝑉)𝑌)𝜉 − 𝑊3(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝜉 = 0      (11.2) 

 

First term becomes 

2𝑊3(𝜉, 𝑉)[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌] = 2𝑅(𝜉, 𝑉)[[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌] 

+
2

𝑛−1
[𝑔(𝑉, [𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌])𝑄𝜉 + 𝑆(𝜉, [𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌]𝑉]              (11.3) 

 

But, 

2𝑅(𝜉, 𝑉)[[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌] = [2𝜂(𝑌)𝑔(𝑉, 𝑋)𝜉 − 2𝜂(𝑌)𝜂(𝑋)𝑉] − 2𝜂(𝑋)𝑔(𝑉, 𝑌)𝜉 + 2𝜂(𝑋)𝜂(𝑌)𝑉 

= [2𝜂(𝑌)𝑔(𝑉, 𝑋)𝜉 − 2𝜂(𝑋)𝑔(𝑉, 𝑌)𝜉] 
 

And 

 
2

𝑛 − 1
[𝑔(𝑉, [𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌])𝑄𝜉 + 𝑆(𝜉, [𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌]𝑉] = 2[𝜂(𝑌)𝑔(𝑉, 𝑋)𝜉 − 𝜂(𝑋)𝑔(𝑉, 𝑌)𝜉 + 𝜂(𝑋)η(Y)V − 𝜂(𝑋)η(Y)V] 

= 2𝜂(𝑌)𝑔(𝑉, 𝑋)𝜉 − 2𝜂(𝑋)𝑔(𝑉, 𝑌)𝜉 

 

Hence first term (11.3) becomes 

2𝑊3(𝜉, 𝑉)[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌] = 4𝜂(𝑌)𝑔(𝑉, 𝑋)𝜉 − 4𝜂(𝑋)𝑔(𝑉, 𝑌)𝜉              (11.4) 

 

Contracting (11.4) gives 

𝜂(2𝑊3(𝜉, 𝑉)[𝜂(𝑌)𝑋 − 𝜂(𝑋)𝑌]) = −4𝜂(𝑌)𝑔(𝑉, 𝑋) + 4𝜂(𝑋)𝑔(𝑉, 𝑌)             (11.5) 

 

Second term becomes 

𝑊3(𝑊3(𝜉, 𝑉)𝑋, 𝑌)𝜉 = 𝑊3(𝐵, 𝑌)𝜉 

 

𝑊ℎ𝑒𝑟𝑒 𝐵 = 𝑊3(𝜉, 𝑉)𝑋 = 𝑔(𝑉, 𝑋)𝜉 − 𝜂(𝑋)𝑉 +
1

𝑛 − 1
[𝑔(𝑉, 𝑋)𝑄𝜉 − 𝑆(𝜉, 𝑋)𝑉] 

 

𝐵 = 2𝑔(𝑉, 𝑋)𝜉 − 2𝜂(𝑋)𝑉 

 

But 

𝑊3(𝐵, 𝑌)𝜉 = 𝑅(𝐵, 𝑌)𝜉 +
1

𝑛 − 1
[𝑔(𝑌, 𝜉)𝑄𝐵 − 𝑆(𝐵, 𝜉)𝑌 
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= 2𝜂(𝑌)𝐵 − 2𝜂(𝐵)𝑌 

= 4𝜂(𝑌)𝑔(𝑉, 𝑋)𝜉 − 4𝜂(𝑌)𝜂(𝑋)𝑉 − 4[−𝑔(𝑉, 𝑋)𝑌 − 𝜂(𝑋)𝜂(𝑉)𝑌] 
= 4𝜂(𝑌)𝑔(𝑉, 𝑋)𝜉 − 4𝜂(𝑌)𝜂(𝑋)𝑉 + [4𝑔(𝑉, 𝑋)𝑌 + 4𝜂(𝑋)𝜂(𝑉)𝑌]             (11.4) 

 

Contracting (11.4) gives 

𝜂(𝑊3(𝑊3(𝜉, 𝑉)𝑋, 𝑌)𝜉) = 0 

 

Third term becomes 

𝑊3(𝑋, 𝑊3(𝜉, 𝑉)𝑌)𝜉 = 𝑊3(𝑋, 𝐷)𝜉 

Where ,𝐷 = 𝑊3(𝜉, 𝑉)𝑌 

𝑊3(𝜉, 𝑉)𝑌 = 𝑔(𝑉, 𝑌)𝜉 − 𝜂(𝑌)𝑉 +
1

𝑛 − 1
[𝑔(𝑉, 𝑌)𝑄𝜉 − 𝑆(𝜉, 𝑌)𝑉] 

𝐷 = 𝑊3(𝜉, 𝑉)𝑌 = 2𝑔(𝑉, 𝑌)𝜉 − 2𝜂(𝑌)𝑉 

 

Again, 

𝑊3(𝑋, 𝐷)𝜉 = 2𝜂(𝐷)𝑋 − 2𝜂(𝑋)𝐷 

S= −4𝑔(𝑉, 𝑌)𝑋 − 4𝜂(𝑌)𝜂(𝑉)𝑋 − 4𝜂(𝑋)𝑔(𝑉, 𝑌)𝜉 + 4𝜂(𝑋)𝜂(𝑌)𝑉            (11.5) 

 

Contracting (11.5) gives 

𝜂(𝑊3(𝑋, 𝑊3(𝜉, 𝑉)𝑌)𝜉) = 0                     (11.6) 

 

Fourth term becomes 

𝑊3(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝜉 = 𝑊3(𝑋, 𝑌)𝐸 

 

Where 𝐸 = 𝑊3(𝜉, 𝑉)𝜉 

 

Hence, 

𝐸 = 𝑊3(𝜉, 𝑉)𝜉 = 2𝜂(𝑉)𝜉 + 2𝑉 

 

Again 

𝑊3(𝑋, 𝑌)𝐸 = 𝑅(𝑋, 𝑌)𝐸 +
1

𝑛 − 1 
[𝑔(𝑌, 𝐸)𝑄𝑋 − 𝑆(𝑋, 𝐸)𝑌] 

= 𝑔(𝑌, 𝐸)𝑋 − 𝑔(𝑋, 𝐸)𝑌 + [𝑔(𝑌, 𝐸)𝑋 − 𝑔(𝑋, 𝐸)𝑌] 
= 2𝑔(𝑌, 𝐸)𝑋 − 2𝑔(𝑋, 𝐸)𝑌 

= 4𝜂(𝑉)𝑔(𝑌, 𝜉)𝑋 + 4𝑔(𝑌, 𝑉)𝑋 − 4𝜂(𝑉)𝑔(𝑋, 𝜉)𝑌 − 4𝑔(𝑋, 𝑉)𝑌             (11.7) 

 

Contracting (11.7) gives 

𝜂(𝑊3(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝜉) = 𝜂(4𝑔(𝑌, 𝑉)𝑋 − 4𝑔(𝑋, 𝑉)𝑌) 

𝜂(𝑊3(𝑋, 𝑌)𝑊3(𝜉, 𝑉)𝜉) = 4𝜂(𝑋)𝑔(𝑌, 𝑉) − 4𝜂(𝑌)𝑔(𝑋, 𝑉))              (11.8) 

 

Substituting the results of the four terms in (11.1) above yields 

𝜂(𝑊3 ∙ 𝑊3) =  0 (11.9) 

∴ 𝑊3 ∙ 𝑊3 = 0 
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