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Abstract

This paper investigates the properties of Wy curvature tensors on Lorentzian Para Kenmotsu manifolds.
Properties of this Curvature tensor under various conditions on these manifolds are explored and their
geometric implications are examined. The study also includes investigations of Wj flatness, & - Wy
flatness, ¢ — Wy flatness and W5 -Semisymmetric on Lorentzian Para Kenmotsu manifolds and their
connections to n-Einstein, Einstein and special n -Einstein. Additionally, The Ricci operator's behaviors
on Lorentzian Para Kenmotsu manifolds under the conditions W;.Q =0, Q. W5 = 0 are analyzed.
Expressions for this curvature tensor while considering the condition Ws(¢,X). W =0,R. Wy =
0 and Ws. Wy = 0 are derived. Proves to determine whether these manifolds are flat will be provided.
The findings of this study enhance understanding of the geometric properties of Lorentzian Para
Kenmotsu manifolds in relation to W5 curvature tensors.

Keywords: Para-contact metric manifold, Lorentzian almost Paracontact manifold, Lorentzian Para-
Kenmotsu manifold, Einstein manifold, n —Einstein manifold, Ws-curvature tensor, W5 — flat,§ —
W; flat, ¢. Wy — flat, and W5 -semi-symmetric

Introduction

In 1989, [ K. Matsumoto introduced Lorentzian paracontact manifolds, specifically LP-
Sasakian manifolds, which have since been extensively studied by various geometers.
Subsequent research by Matsumoto, Mihai, Rosca, Shaikh, De, Venkatesha, Pradeep Kumar,
and Bagewadi focused on these manifolds with significant results . In 1995, [ Sinha and Sai
Prasad defined para-Kenmotsu and special para-Kenmotsu manifolds, akin to P-Sasakian and
SP-Sasakian manifolds. Abdul Haseeb and Rajendra Prasad in 2018 introduced Lorentzian
Para-Kenmotsu (briefly LP-Kenmotsu) manifolds, studying ¢-semisymmetric LP-Kenmotsu
manifolds with a quarter-symmetric non-metric connection admitting Ricci solitons . Njori et
al. did several studies on Wy — curvature tensors on various types of manifolds, including
Kenmotsu manifolds [ &,

In 1970, B Pokhariyal and Mishra introduced new tensor fields on a Riemannian manifold,
called the Weyl-projective curvature tensor of type (1, 3) and the tensor field E. The concept of
Ws-curvature tensor was defined by Tripathi and Gupta ™% of an n (where n = 2m + 1)-
dimensional Riemannian manifold are, respectively, defined as

Ws (X,Y,Z,T) =R(X,Y,Z,T) + ﬁ [9(X,Z)S(Y,T) — g(Y,T)S(X,Z) (2.1)

For all (X,Y,Z) €x (M). Where R represents the curvature tensor and S corresponds to the
Ricci tensor of the manifold.

2. Preliminaries

An n —dimensional differentiable manifold M admitting a (¢, ¢,7,g9), (1,1) tensor field ¢,
contravariant vector field &, a 1 —formn and the Lorentzian metric g is called Lorentzian
almost Paracontact manifold [/l if it satisfies:
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P2X =X +n00§ (21) n =-1, (2.2)
g =0 ) (23)
rank¢ =n—1 (2.4)
PX,Y) =¢(¥,X) (2.5)
Where

P, Y) =g(X,9Y) (2.6)

Additionally, in the Lorentzian Para Kenmotsu manifold we have

9X,9Y) = g (¢X,Y) (2.7)
9X, &) = n(X) (2.8)
g(X,9%Y) = g(¢X, Y ) (2.9)

From (2.1) and (2.9) we have

9(X,9%Y) = g(X,Y +n(¥)$)

=gX ) +n(gX,$)

9(@X,¢Y) =gX,Y) + n(¥)n(X) (2.10)

A Lorentzian almost Paracontact manifold M is called Lorentzian Para-Kenmotsu (briefly LP-Kenmotsu) manifold (2018) [
if

(Vx@)Y = —g(¢X,Y)¢ —n(Y)pX, (2.11)
From 2.11 replacing Y by ¢Y

(VxP)pY = —g(pX, ¢pY)§ —n(PpY)9X, (2.12)
For any vector fields X, and ¥ on M and V is the operator of covariant differentiation with respect to the Lorentzian metric g.

Furthermore, on the LP-Kenmotsu manifold, the following relations hold: ¥

Vi = =X = —X —n(X)¢ (2.13)
(VxmY = —g(X,Y) —n(X)n(Y) (2.14)
R, X)Y = g(X,Y)§ —n(Y)X (2.15)
R, X)§ =X +n(X)§ = -V, (2.16)
R(X,Y)§ =n()X —n(¥)X, (2.17)
SX,8) = (n—DnX), (2.18)
gRIX,Z,8) =nRX,Y)Z) = g¥,Z)n(X) — g(X, Z2)n(Y), (2.19)
Q¢ =(n—1)¢ (2.20)
S(¢X,¢Y) = SX,Y) + (n — Dn(Xn(Y), (2.21)

S(X,Y) =g(QX,Y)
Where Q is Ricci operator defined as QX = (n — 1)X

For any vector fields X,Y,Z on M and where S is Ricci Tensor and Q, Ricci operator and R Curvature tensor with respect to Levi-
Civita connection V.
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A Lorentzian Para-Kenmotsu manifold M is said to be an n — Einstein manifold if its Ricci-tensor S(X, Y) is of the form (2021) [']
SX,Y) =ag(X,Y) + bnCOn(Y) (2.22)

where a and b are scalar functions on M. In particular, if b = 0, then the manifold is said to be an Einstein manifold. Additionally,
special n — Einstein manifold when a = 0.

3.A Ws-flat L.P Kenmotsu manifold
Definition 3.1, An n-dimensional L. P. Kenmotsu manifold M is said to be flat if it satisfies the following condition:

RX,Y)Z=0

Theorem 3.1, Wy -flat L.P -Kenmotsu manifold is a flat manifold.

Proof

Suppose the LP-Kenmotsu manifold is Wg-flat, then the following hold
begin{equation}

“Ws (X,Y,Z,T) =R(X,Y,Z,T) + ﬁ(g(X, Z2)S(Y,T) —S(X,Z2)g(Y,T) =0
R(X,Y,Z,T) +—(g(X,2)S(Y,T) = S(X,2)g(¥,T) = 0
RIX,Y,Z,T)+(9gX,2)g(Y,T) —9(X,Z)g(Y,T) =0

R(X,Y,Z,T) =0

This completes the proof that a Ws-LP-Kenmotsu manifold is a flat manifold
4. A & — Ws-flat Lorentzian Para Kenmotsu manifold

Definition 4.1: An n-dimensional LP-Kenmotsu manifold is said to be & — Ws-flat if its
Wy -curvature tensor satisfies the following condition.

Ws(X, Y)E = 0

Theorem 4.1: An & -W; flat Lorentzian Para Kenmotsu manifold is a special type of n-Einstein manifold.
Let us consider

Ws(X, V)¢ = R(X, V)¢ + —{g(X,)QY — S(X,)Y] = 0 (4.1)
0 =n)X —nX)Y + g(X, Y —gX, )Y (4.2)
~nX)Y = (V)X (4.3)
nX)g¥,v) =n¥)gX,U) (4.4)
Setting Y=¢

nX)g(E v) =n(§gX,U) (4.5)

nXnU) = -gX,0)

g&X,U) = —n(X)nU)

SX,U) = —=(n = Dn(X)nU) (4.6)
Hence (4.6) is a special n-Einstein manifold

W3 — Semisymmetric Lorentzian Para Kenmotsu manifold

Definition 5.1: An n-dimensional Wy — Lorentzian-Para-Kenmotsu manifold M is is called Semisymmetric if for all vector fields
X,Y,Z,U,V on M, the following holds:

(R(X,Y) - R)(U,V)Z = 0. (5.1)

~152~


https://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com

Definition 5.2 An n-dimensional W5 — Lorentzian-Para-Kenmotsu manifold M is is called

W -semisymmetric if, for all vector fields X, Y, Z, U,V on M, the following holds:

(R(X,Y)-Ws)(U,V)Z = 0. (5.2)
Where R(X,Y) serves as a derivation on the curvature tensor Ws.

Theorem 5.1: Any Lorentzian Para-Kenmotsu manifold is semisymmetric.

Theorem 5.2 Any Ws-Lorentzian Para-Kenmotsu manifold is Ws-semisymmetric.

Proof of Theorems

Proof of Theorem 5.1

Proving that

(R(X,Y)-R)(U,V)Z = 0. (5.3)
Hence, expanding (R(X,Y) - R)(U,V)Z we get

(R(X,Y)-R)(U,V)Z = R(X,Y)R(U,V)Z — R(R(X,Y)U,V)Z — R(U,R(X,Y)V)Z — R(U,V)R(X,Y)Z (5.4)
Putting U = ¢ in (5.4) above gives

(R(X,Y)R)-R)(&,V)Z = R(X,Y)R(§,V)Z — R(R(X,Y)&,V)Z — R(§,R(X,Y)V)Z — R(§,VIR(X,Y)Z (5.5)

Simplifying each of the four terms in (5.5) separately yields
Firstterm: R(X,Y)R(E,V)Z

RX,Y)R(E,V)Z = RX, V)[g(V,2)¢ —n(Z)V]

RIX,VREVIZ =[g(Y,g(V,2)H)X — gX,gV,2)OY —n(2)g Y, V)X +n(Z)g(X, V)Y

RX,Y)R(E V)Z =n()g(V,2)X —n(X)g(V,2)Y —n(Z)g(¥, V)X + n(Z)gX, V)Y (5.6)
Second Term: R(R(X,Y)¢,V)Z

R(R(X,Y)§,V)Z = R(In(Y)X —n(X)Y],V)Z

=gV, 2n(X — gV, Z2nX)Y — g(In(X —n(X)Y], 2)V

~RRX,YEVIZ=n(N)gV,2)X —n(X)g(V,2)Y —n(V)gX, 2V +n(X)g(Y,Z)V (5.7)
Third term: R(&, R(X, Y)V)Z

R RX,VIV)Z =R(E [g¥, V)X —gX,V)YDZ

=g(lgV, V)X —gX, VY], Z2)§ —n(2)g¥, V)X +n(2)gX, V)Y

“RERXYVIVIZ =gX,2)g(Y,V)E—g(¥,2)g(X,V)§ —n(Z2)g¥, V)X +n(2)g(X, V)Y (5.8)
Fourth term: R(§, V)R(X,Y)Z

REVIRXX,Y)Z = g(V,R(X,Y)Z)¢ —n(R(X,Y)Z)V

=g, [g(V, )X —gX,2YDE —n(lg(Y, )X — g(X,2)YDV

~REVRX,Y)Z =gV, X)g(Y,2)§ =gV, V)g(X,2)§ —nX)g(¥,Z2)V +n(V)g(X,2)V (5.9)
Putting equations (5.6), 5.7), (5.8) and (5.9) in equation 5.5) gives

RX,Y)RE,V)Z=n(V)g(V,2)X —nX)g(V,2)Y —n(Z)g(¥,V)X +n(Z)g(X, V)Y (5.6)

t2 RRXYEVIZ =n(V)gV,2)X —n(X)g(V,2)Y —n(¥)gX,Z2)V + n(X)g(Y,Z)V (5.7)
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“~RERXYVIVIZ =gX,2)g(Y,V)§—g(¥,2)gX, V) —n(Z)g¥, V)X +n(Z)g(X,V)Y
~REVIRX,Y)Z =gV, X)g(Y,2)§ =gV, Y)g(X,Z2)§ —nX)g(¥,Z2)V +n(V)g(X,Z)V
~(RX,Y)-R)EV)Z=0

This completes the proof that Lorentzian Para-Kenmotsu is a semisymmetric manifold.

Proof Theorem 5.2
Consider

RX,Y)Ws(U,W)Z =0

WX, V)E =X —n(X)Y +5 (XY = SK, Y
Setting X = ¢

Ws(§,Y)§ =n(¥)§ —n(Y + ﬁ(g(s‘, Y =S(E.9)

W5(&,Y)§ =n()§ = n(§Y

For semisymmetric,

https://www.mathsjournal.com

(5.8)
(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

R, Ws(U,W)Z = R(X, Y)W (U, W)Z — WsR(X,Y)U,W)Z — Ws (U, R(X, Y)W)Z — Wg(U,WIR(X,Y)Z =0 (5.14)

Forany X,Y,U,W,Z € x(M)

Taking X = Z = & and applying

RX,Y)§ =n ()X —n(X)Y

R(E XY = gX,Y)§ —n(V)X

Expanding each term in (5.14)

Firstterm R(X, Y)Wy (U, W)Z

RX, VWU, W)Z = g(Y,Ws(U,W)Z)X — g(X, Ws(U,W)Z)Y

But

We(U,W)Z = g(W,2)U — g(U, )W

Ws(U,W)Z = g(Y,g(W,2)U — g(U, 2IW)X — g(X, g(W,Z)U — g(U, 2)W)Y

RX, VWU, W)Z = g(Y,U)gW,Z) — g(¥,W)g(U,2)X — g(X,U)g(W,2)Y — g(X,W)g(U,Z)Y
Second term WsR(X,Y)U, W)Z

RX,Y)U =t =g(Y, U)X — g(X,U)Y

WsR(X,Y)U,W)Z = Wy (t, W)Z = g(W, Z)t — g(t, )W

WsR(X,Y)U,W)Z = gW,2)[g(Y, D)X — g(X,U)Y] = g([g(Y, )X — g(X,U)Y], Z)W

GWsRX, VYU WYZ = (W, 2)g(Y, NX —gW,Z2)gX,U)Y —g(X,Z2)g(Y, DWW + g(Y,Z)g(X, U)W
Third term Ws (U, R(X, Y)W)Z

Wi (U, R(X, I)W)Z = Wy (U,m)Z = g(m,Z)U — g(U, Z)m

RX, VW = g(Y,W)X — g(X, W)Y

~154~
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g(g(¥, W)X —g(X,W)Y],2)U — g(U, 2)[g(Y, W)X — g(X, W)Y]

Ws(U,R(X,V)W)Z = g(X, Z)[g(Y, W)U — g(Y,Z)g(X, W)U — g(U,Z2)g (Y, W)X + g(U,Z)g(X,V)Y] (5.21)
Forth term W5 (U, W)R(X,Y)Z

RX,YVZ=f=g,2)X—gX,2)Y

Ws(UW)RX,Y)Z = g(W,HU — g(U, HW

Ws(UW)RX,Y)Z = gW,[g(Y,2)X —g(X,Z2)YDU = g(U, [g(Y,2)X — g(X,2)YDW

Ws(U,W)R(X,Y)Z = gW,X)g(Y,Z)U — g(W,Y)g(X,Z)U — g(U,X)g(Y,Z)W — g(U,Y)g(X,Z)W (5.22)
Combining (5.19)(5.20),(5.21) and (5.22) additionally, set U = &

R(X, Y)W5(&,W)Z — WsR(X,Y)E,W)Z — Wy (& R(X, YIW)Z — W5(, W)R(X,Y)Z

=g, HgW,2) — g(¥,W)g(§, 2)X — g(X,E)gW,2)Y —g(X,W)g(§, 2)Y] = [gW,2)g(Y, )X —g(W,2)g(X, )Y — g(X, 2)g(Y, W

+9(¥, 2)gX, HW] = [g(X, D[g(¥, WU = g(Y,2)g(X, W)§ = g(§, Z2)g(Y, W)X + g(§, 2)g(X, VY] = [gW, X)g(Y,Z)§ — g(W,Y)g(X, Z)§

—gW.X)g(Y,Z)W + g, V)gX,Z)W] =0
Hence theorem proved.

6. Ws-Para Kenmotsu Manifold satisfying the condition W -R = 0
Definition 6.1 An n-dimensional W — Lorentzian-Para-Kenmotsu manifold M is said to satisfy W;.R = 0 condition if

For any vector fields X,Y,Z, U,V on M.
Theorem 6.1, A W5 —Lorentzian-para-Kenmotsu manifold satisfies the condition W5 -R = 0

Corollary 6.2: Ws - R — Lorentzian-para-Kenmotsu manifold is a Wy — semisymmetric manifold as well as a semisymmetric
manifold (where the Ws-curvature tensor acts as a derivation on the Riemann curvature tensor R)

Proof of theorem 6.1
Proving that the relation (6.1) holds for a Wy —Lorentzian para-Kenmotsu Manifold

The above equation (6.1) can be written as follows:

Ws(U, V) -R)X,Y)Z = Ws(U,V)R(X,Y)Z — R(Ws(U,V)X,Y)Z — R(X,Ws(U,V)Y)Z

—R(X,Y)Ws(U,V)Z (6.2)
Putting U = £ in (6.2) gives

Ws(E,V)-R)X,Y)Z =Ws(E,V)R(X,Y)Z —R(W5(E,V)X,Y)Z — R(X, W5(&,V)Y)Z —R(X,YI)W;(E,V)Z (6.3)

But
RX,Y)Z =g, 2)X —-g(X,2)Y

Ws (&, VW = g(V,W)§ —n(W)V (6.4)
Computing the four terms in (6.3) separately gives

First term: W5 (¢, V)R(X,Y)Z
From (6,4), gives

W& VIW = [g(V,[g(Y, D)X — g(X,2)YDE —n([g(Y,2)X — g(X, Z)Y])V]

Ws(€,VIR(X,Y)Z =gV, X)g(Y,2)§ —g(V,Y)g(X,2)§ —n(X)g(Y,Z)V —n(¥)gX,Z)V (6.5)
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Second Term: R(Ws(¢,V)X,Y)Z
Ws( V)X =gV, X)§—g&X)V =t

R(t,Y)Z =9, Z)t—g(t,2)Y

R([g(V,.X)§ =g (& XV, Y)Z = g(Y, D)[g(V,X)§ = 9§, X)V] = g([9(V, X)§ — g(§, X)V], 2)Y

R([gV,X)¢— g X)VY)Z =g, 2)g(V,X)§ —g(¥,2)g(§, X)V =g, 2)g(V,X)Y + g(V,2)g(§, X)Y

W5 VIRX,Y)Z = g(V,2)g(V, X)§ —=n(X)g(¥, 2V = n(Z)g(V,X)Y +n(X)g(V,2)Y
Third Term: R(X,Ws(&,V)Y)Z

RX, W5, VIY)Z = gWs(E, V)Y, 2)X — g(X, Z)Ws(&, V)Y

RX, W5 WVIY)Z = g([gV,Y)§ —n(VIV],2)X —g(X,Z)[g(V,Y)§ —n(¥)V]
RX,Ws@EWVIV)Z =02 gV, V)X —n(gV,2)X —gX,2)g(V,Y)¢ +n(¥)g(X,Z)V]
Fourth Term: R(X,Y)Ws(¢,V)Z

W5, V)Z =gV, 2)§ —n(2)V

RX, VW5 V)Z =g, [g(V,2)§ —n(2VDX — g(X, [g(V,2)§ — n(Z)VDY

RX, VW5, V)Z =n(V)gV,2)X —n(@)g ¥, V)X —nX)g(V,2)Y +n(Z)g(X, V)Y
Plugging in equations (6.5), (6.6), (6.7) and (6.8) in (6.3) gives

~Ws-R=0(6.9)

This completes the proof of the theorem

7. A ¢ — W5-LP-Kenmotsu manifold

Definition 7.1: An n-dimensional LP-Kenmotsu manifold is said to be ¢ — Ws-flat if
Wy -curvature tensor satisfies the following condition

Ws(X,Y).9)Z = Ws(X,Y)$PZ — p(Ws(X,Y)Z =0

Theorem 7: A Wy -LP-Kenmotsu -manifold is a ¢ — Wy flat manifold
E;?gt.jer ¢ — W5 LP-Kenmotsu manifold, then the following hold
Ws(X,Y)pZ — p(Ws(X,Y)Z

=RX,Y)PZ —g(¥,2)pX + g(X,Z)PpY + gX,Y)PZ — g(Y,pZ)X — g(X,Y)PZ + g(¥, Z)pX
=RX,V)PZ + g(X,2)pY — g(Y, p2)X

RX,Y)PZ = g(Y,9Z)X — g(X,Z)$pY

=g, 92X —g(X,p2)Y — g(¥,2)pX + g(X,Z)¢Y + g(X,Y)PZ — g(¥,$2)X — g(X,Y)$Z + g(¥, Z)pX
=—gX,p2)Y + g(X,Z)¢pY

Putting Y = Z = & in above equation yields

Ws(X,8).$)¢ =0

This completes the proof.

8. AWg — Q L.P-Kenmotsu manifold
Definition; W5 LP Kenmotsu manifold is such that

Ws.Q =0
~156~
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Theorem 8.1; An n-dimension L.P Kenmotsu manifold satisfy the condition
WS' Q = 0

Proof;

Consider Ws.Q =0

Therefore

Ws(X,Y)QZ = Ws(X,)QZ - Q(Wx)(X,Y)Z  (8.1)
=RX,Y)QZ - Q(R(X,Y)Z — ﬁ [S(X,2)QY — g(X,QZ)QY] + ﬁ [S(X,2)QY — Q(g9(X,2)QY]
=R(X,Y)QZ - Q(R(X,Y)Z) — ﬁ(S(X,Z)QY —S5(X,2)QY — (9(X,Q2)QY + Q(g(X,2)QY)

RX,Y)QZ - QRX,Y)Z — ﬁ[Q(g(X.Z)QY —9(X,Q2)QY] (84)

But
RX,Y)QZ =g(Y,Q2)X — g(X,Q2)Y

[g(Y,Q2)X — g(X,QZ)Y] — [9(Y,Z2)QX — g(X,Z)QY] — ﬁ [Q(g(X,Z2)QY — g(X,QZ)QY]
(8.5)

(=8 %(;(Y, Q)X —g(X,Q2)Y] = [g(¥,2)QX — g(X,2)QY] — [Q(9(X,2)QY — g(X, QZ)Y]

=9, Q2)X —g(Y,Z)QX
= (n—1Dg(¥,2)X — (n— Dg(¥,2)X
=0
9. An n-dimensional L.P Kenmotsu manifold satisfying Q — W5 =0

Definition 9.1; An n-dimensional L. P Kenmotsu manifold is said to satisfy the condition

Q — Wy =0ifQ.Ws(X,Y)Z = 0.

https://www.mathsjournal.com

(8.2)

(8.3)

Theorem 9.1; A Lorentzian para kenmotsu manifold satisfying the condition Q. Wy = 0 is a special type of n —Einstein manifold.

Considering the Lorentzian Para Kenmotsu manifold which satisfies the condition
Q.Ws(X,Y)Z=0

Therefore

Q.Ws(X,Y)Z — W5 (QX,Y)Z — Ws(X,QY)Z — Ws(X,Y)QZ = 0

Computing the four terms separately

First term
QWs(X,Y)Z = g(Y,Z2)QX — g(X,2)QY — ﬁ[S(X.Z)QY - Q9(X,2)QY]

= g(Y,2)QX - g(X,2)QY — g(X,Z)QY + g(X,Z)QY

QWs(X,V)Z = g(¥,2)QX — g(X,Z)QY

Second term

Ws(QX,V)Z = g(Y,2)QX — g(QX, Z)Y — g(QX, Z)Y

= g(Y,2)QX) — g(QX, Z)Y — g(QX, Z)Y + g(X,2)QY — g(X,Z)QY

Ws(QX,Y)Z = g(Y,2)QX —29(QX,2)Y + g(X,Z2)QY
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Third term

Ws(X,QY)Z = g(QY,2)X — g(X,Z)QY — [g(X,QZ)Y — g(QX,Z)Y]
=g, Q0)X — g(X,Z)QY

Fourth term

Ws(X,Y)QZ

Ws(X,Y)QZ = g(¥,Q2)X — g(X,QZ)Y — [g(X,2)QY — g(X,QZ)Y]
=g, Q0)X — g(X,Z)QY

Combining the four terms

9(¥,2)QX — g(X,2)QY] — g(¥,2)QX — 29(QX, 2)Y + g(X,Z)QY — [9(Y,QZ2)X — g(X,2)QY] — [g(¥,QZ)X — g(X,Z)QY]
=29(QX,2)Y —g(Y,Q2)X — g(Y,Q2)X

= 2[g(QX,2)Y — g(¥Y,Q2)X]

=2[g(QX,2)Y — g(Y,Q2)X] =0

Let Y = & and taking inner product of & gives

2[8(X, 28— g€ 1)X] = 0

But

S, Y = (n—1)gX, )Y

And

9X,2)§ = n(X)n(Z)

Therefore

SEHY
n-1

gX, 9y =

T = neom(Y)
SX, Y = (n—DnX)n(Y)

10.0. An n-dimensional LP-Kenmotsu manifold satisfying the condition Ws. W5 = 0

Definition 10.1 An n-dimensional LP-Kenmotsu manifold is said to satisfy the condition W5. Wy = 0 if

W5.W5 = Ws(U, V)Ws)(X, Y)Z =0

Theorem 10.1: An LP-Kenmotsu manifold satisfying the condition Wy. W5 = 0 is a flat manifold
Proof:

Consider Ws. Wy = W (U, V). Ws)(X,Y)Z =0

Where,

Ws(U, V). Ws)(X,Y)Z = Ws (U, VW5 (X,Y)Z — Ws(W5(U,V)X,Y)Z — W5 (X, Ws(U,V)Y)Z
—Ws(X,Y)Ws(U,V)Z = 0 (10.1)

Putting V = & in (10.1) above we get

Ws(U, OWs(X,Y)Z — Ws(Ws(U,§)X,Y)Z = Ws (X, Ws(U,$)Y)Z
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—Ws (X, Y)Ws(U,8)Z = 0 (10.2)

Simplifying each term in (10.2) separately gives
Term 1: Ws(U, )W (X,Y)Z

Let Ws(X,Y)Z =W = g(Y,2)X — g(X,2)Y

RWU,EOW = g(&, W)U = g(U, W)§

Ws(U, W = g, W)U — g(U,W)¢ +—[g(U, W)Q¢ — S(U, W)¢]
Ws(U,HW = g W)U — g(U,W)§

Ws(U,OW = g(€,g(Y,Z)X — g(X,Z)Y),U = g(U,[g(¥, )X — g(X, )Y )¢

Ws(U,HW = g(§,X)g(Y,Z2)U — g(§,V)g(X,2)U — g(U,X)g(Y,Z)§ + g(U,Y)g(X, 2)§) Ws(U, W = n(X)g(Y,Z)U —
n(NgX,2)U - gU,X)g(Y,Z)§ + g(U,Y)g(X,2)$) (10.3)

Term Il: Ws(Ws(U,$X,Y)Z
Applying the definition of W5 on above, we get

Ws(Ws(U, )X, Y)Z = Ws(f,Y)Z = g(Y,Z)f — g(f,2)Y

Ws(U,9X = f =g X)U — g(U,X)§

Ws(Ws(U, )X, Y)Z = g(¥,Z)[9(&, X)U — g(U,X)¢] — g (9 (&, XU — g(U,X)¢], Z2)Y
Ws(Ws(U,$)X,Y)Z = g(¥,2)g9(&, X)U — g(Y,2)g(U,X)§ — g(U,2)[g(§, X)Y — g(£,Z2)g(U, X)Y
Ws(Ws(U, X, Y)Z = g(Y,Zn(X)U — g(¥,Z)g(U,X)§ — g(U, Z)n(X)Y + n(2)g(U, X)Y (10.4)
Term H1: Ws(X, Ws(U,§)Y)Z

Ws(X, Ws(U,©Y)Z = R(X,Ws(U,&)Y)Z

Ws(U, )Y =t =g(¢ Y)U —gU,Y)§

R(X, Ws(U,6)Y)Z = R(X,t)Z = g(t, Z)X — g(X, Z)t

RX,Ws(U,)Y)Z =R(X,[9¢. V)V —gU, )¢ DZ = g([9¢. U —gWU,Y)§12)X —g(X,Z)[g(§,YI)U —g(U,Y)¢ ]
RX,Ws(U,HY)Z =gWU,Z2)(gENX —9E 2)gWU. V)X —gX,Z2)g(,Y)U +g(X,Z)g(U,Y)E
RX,Ws(U,)Y)Z = g(U,Z)n(Y)X —n(Z)gU,Y) X — g(X,Z)n(Y)U + g(X,Z)g(U,Y)¢ (10.5)
Term IV: Ws(X,Y) W5 (U, §)Z

Ws(X,Y)Ws(U,6)Z = RX,Y)Ws(U,6)Z

Ws(U,§)Z =B =g, 2)U —g(U,2)¢

Ws(X,Y)B = g(Y,B)X — g(X,B)Y

Ws(X,Y)[9(,2)U —gU,2)¢1=g(Y, (9, 2)U — g(U, Z)§DX — g(X,[9(§, 2)U — g(U, Z)§]Y
Ws(X,Y)Ws(U,$)Z = g(¥,U)g(§, 2)X —g(¥,$)gU, 2)X — g(X,U)g(§, 2)Y —g(X,§)gU, 2)Y

Ws (X, Y)Ws(U,$)Z = g(¥,Un(2)X —n(NgU,2)X — g(X,U)n(2)Y +n(X)gU,2)Y (10.6)
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Combing the four terms

Firstterm Ws(U, )W = n(X)g(¥,2)U —n(V)g(X,2)U — g(U,X)g(¥,2)§ + g(U,Y)g(X, Z)$)

Second term Ws (Ws (U, ©)X,Y)Z = g(Y, Z)n(X)U — g(¥, 2)g(U, X)& — g(U, Z)n(X)Y +n(Z)g(U, X)Y

Third term R(X, Ws (U, E)Y)Z = g(U, Z2)n(V)X —n(Z)g(U,Y) X — g(X, n(V)U + g(X, Z)g(U,Y)¢E

Fourth term Wi (X, V)Ws(U,6)Z = g(Y, )n(2)X —n(V)gU,Z2)X — g(X, Un(Z)Y +n(X)gU,2)Y

Therefore,
Ws(U,OW — Ws(Ws (U, )X,Y)Z — R(X,Ws(U,E)Y)Z — Ws(X,V)W5s(U,§)Z = 0

This completes proof of the theorem that an LP-Kenmotsu manifold satisfying W - W = 0 is a flat manifold
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