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Abstract

In this paper, the stability analysis of the solutions of fractional differential equations has been
investigated. Mittag-Leffler stability analysis of fractional differential equations with and without input is
studied for various systems of fractional differential equations. The study employs Lyapunov
characterization, Lyapunov direct method and a novel theorem to analyze the Mittag-Leffler stability of
fractional differential equations with and without input. Examples have been given to illustrate the
utilization of the provisions in analyzing the Mittag-Leffler stability of the solutions of fractional
differential equations.

Keywords: Mittag-Leffler stability, Mittag-Leffler input stability, Lyapunov characterization, Lyapunov
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1. Introduction

Fractional calculus which is a generalization of the classical calculus has been studied for more
than three centuries receiving attention due to its important role in modelling dynamics of
various processes in most areas of science and engineering. Fractional derivative unarguably,
has a long history beginning in 1695 when ’hospital asked Leibnitz and the community of

mathematicians WhatZTflwould mean if n is not an integer. The answer to the question gave

birth to the development of many fractional derivatives such as Riemann-Liouville derivative,
Gronwald-Letnikov derivative, Caputo derivative, Comformable derivative, Atangana-Baleanu
derivative, Atangana-Koca-Caputo derivative, Caputo-Fabrizio derivative, Caputo-Liouville
etc. For more on types of derivatives, see 7],

The importance of studying and examining the stability of systems cannot be over-
emphasized. Stability analysis is carried out on systems because of its time-serving and
resources conservation benefits. Before analyzing, many physical systems are expressed or
modelled as differential equations. The solutions of these differential equations are obtained
and analysed with a view to establishing the stability status of the solutions. Many works
focusing on stability analysis of differential equations for both classical and fractional order
have been done for decades [5-8],

To determine the stability status of fractional differential equations with and without inputs,
many stability notions are employed. Such notions include: Asymptotic stability, global
asymptotic stability, local stability, Mittag-Leffler stability, fractional input stability, Mittag-
Leffler input stability, conditional Mittag-Leffler input stability, practical stability, generalized
Mittag-Leffler stability, global Mittag-Leffler stability and others. The Mittag-Leffler stability
is one of the most important stability notions in fractional differential equations. Mittag-Leffler
input stability is a special case of fractional input stability recently introduced in the literature
of fractional differential equations. Mittag-Leffler stability with and without inputs has
received attentions in recent years.
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The following are some of the investigations: Omri F, [29
considered some classes of time-varying fractional systems
and studied the problem of stabilization for these systems
with  norm-bounded controls. Time-varying Lyapunov
functions were used in analyzing the Mittag-Leffler stability
of these systems.

Elif et al. 2 considered the stability analysis of a neural
network system and presented conditions that ensured the
Mittag-Leffler stability of the equilibrium point obtained
using Lyapunov direct method. Studies show that Lyapunov
direct method is a sufficient condition which means that if the
Lyapunov function candidate is found, the system is stable.
Also, if the Lyapunov function candidate cannot be found, the
system may be stable. Agarwal et al. 4 studied the stability
of generalized proportional Caputo fractional differential
equations by Lyapunov functions and provided sufficient
conditions for stability and asymptotic stability. Basdouri et
al. [?2 examined the practical Mittag-Leffler stability of quasi-
one-sided Lipschitz fractional order system. The study
provided sufficient conditions for the practical Mittag-Leffler
stability of the closed loop system with a linear and state
feedback. Dong et al. 1 studied Mittag-Leffler stability of
numerical solutions to linear homogeneous time fractional
parabolic equations. The analysis proved that the strongly
stable fractional linear multistep method combined with
appropriate spatial discretization can accurately maintain the
long-term optimal algebraic decay rate of the original
continuous equation.

Wang et al. 24 analyzed the stability of fractional —order
nonlinear systems with delay. The analysis proposed the
Mittag-Leffler stability of time-delay system and introduce
the fractional Lyapunov direct method by using properties of
Mittag-Leffler function and Laplace transform. Sene [
studied a particular class of fractional nonlinear systems with
a Lyapunov characterization of the conditional Mittag-Leffler
stability and conditional asymptotic stability of the fractional
nonlinear systems with exogenous input. This work studies
the properties of Mittag-Leffler functions and analyses the
Mittag-Leffler stability of fractional differential equations
with and without input as well as its applications.

2. Definitions and Preliminary Analysis
This section begins with some notations as will be used in the
work.

Notation 2.1
The class PD function denotes the set of all continuous
functions a: R,, = R, satisfying. Satisfying «(0) = 0, and
a(s) > 0 forall s > 0. A class K function is an increasing PD
function. The class K.,  represents the set of all unbounded
K functions.

Notation 2.2

A continuous function 8: R., = R, is said to be of class KL
if (.,t) € Kforany t =0, and B(s,.) is non-increasing and
tends to zero as its arguments tend to infinity.

Notation 2.3
Given x € R™,||x|| stands for its Euclidean norm. |[x| =

JxE 4+ x2

Notation 2.4

For a matrix A, Ajq,(4) and A, (4) denote the maximal
and minimal eigenvalue of A, respectively.

The following are some definitions that will be needed.
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Definition 2.1

In the solutions of classical systems, one of the frequently
used functions is the exponential function. Similarly, the
Mittag-Leffler function is frequently used in the solutions of
fractional-order systems. The Mittag-Leffler function is
defined as

Ea(2) = ;F(ak 1)

Where a > 0, and z € C.

The Mittag-Leffler function with two parameters is used more
often and is defined by the series.

s = ) Tk vy

Where the parameters « >0, € R and z€ C. For § =
1, Ea(z) = Ea,l(z)-

Ifa=1and f =1, then E; 1(z) = e*.

Definition 2.2
The Caputo fractional derivative is given by

f'(s)
DS =
PENO = 7= f s
For all t > 0, where the order « € (0,1), and I'(....) is the
gamma function.
Definition 2.3
Given a function f :[0,4+o[— R. Then, the Riemann-

Liouville fractional derivative of f of order a is defined by

(DELFY(E) = f (t — ) 1f (s) ds,

Fort > 0,and a € (0,1).

Definition 2.4
Let the function f: R* X R™ - R"be continuous and
locally Lipschitz with Lipschitz constant L, then.

IIf (&, x)

Definition 2.5

The class PD function denotes the set of all continuous
functions a: R,y — Ry, satisfying a(0) = 0,and a(s) >0
for all s > 0. A class K function is an increasing PD function.
The class K,  represents the set of all unbounded K
functions.

—f&I < Lilx = yll.

Definition 2.6

A continuous function 8: R., = R, is said to be of class KL
if 5(.,t) € Kforany t = 0, and B(s,.) is non-increasing and
tends to zero as its arguments tend to infinity.

To study stability notion with input, it is important to examine
some of the properties of input stability. When an input is
introduced, a solution is generated. If the input introduced is
convergent, then, the generated solution is also convergent.
This property is known as Converging-Input-Converging-
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State (CICS). If the input is bounded, the generated solution is
bounded. This is known as Bounded-Input-Bounded-State
(BIBS). Also, if the input is zero, then, the trivial solution of
the fractional differential equation without input is stable. The
above properties offer alternative method of analyzing
stability notion with input. These properties will be used later
for further analysis. The following stability notions are
defined as follows.

Definition 2.7

The origin of the fractional differential equation (without
input) defined by DEx = f(x,0) is said to be Mittag-Leffler
stable, if for any initial condition x,, it solution satisfies.

llx (&, x) Il < [m(llxolD Eq (A(t — to)“)]%

Where q > 0,and m is locally Lipschitz on a domain
contained in R™ with a Lipschitz constant K, and satisfies
m(0) = 0.

Definition 2.8
The fractional differential equation defined by DSix =
f(x,u)is said to be Mittag-Leffler input stable if for any
input u € R™, there exists a class K., function y such that for
any initial condition x(t,), its solution satisfies

1

llx(t, %0, Wl < [G(UlxoIDEo (At = to)*)]@ + y(llulle)
Where G and g > 0 are nonnegative constants.

Definition 2.9

The fractional differential equation defined by DSx =
f(x,u) is said to be fractional input stable if for any input u €
R", there exists a class KL function u, and a class K,
function y such that for any initial condition x(t,), its
solution satisfies

Il (2, xo, Wl < u(llxoll, t = to) + v (llulle)
Where y is the asymptotic gain.

Definition 2.10

The trivial solution to system DSx = f(t,x,0) is said to be
stable if, for every € > 0, there exists a & = §(¢€) such that for
any initial condition ||x,|| < &, the solution x(t) of the
system D5x = f(t,x,0) satisfies the inequality ||x,|| < € for
all t > t,.

The trivial solution to system DSx = f(t,x,0) is said to be
asymptotically stable if it is stable and furthermore
tlim x(t) = 0.

3. Analysis of Mittag-Leffler stability with and without
input

Consider the fractional differential equation represented by
Dix = Gx + Qu (3.1)

Where x € R™ is the state variable, G € R™™, Q is n matrix
in R™™ and u € R™ is the input.

The solution of equation (3.1) is the following

x(0) = x0Ea (G(t = t)™) + [y (¢ = )" Eq0(G (£ -
$)®)Qu(s)ds (3.2)
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Applying the norm to the solution, we have

lx O < llxo 11 E¢ (G (€ = o) + Qoo fttO”(t -
S)* 1 E, o (G(t — $)9)||ds (3.3)

Let the matrix G satisfies the Magtinon condition, then,
there exists a positive constant H such that

fttO”(t —$)* B, (G(t —5)®)||ds < H (3.4)
Consequently, equation (3.3) becomes
lx @I < llxoll1Eq (G (€ — to) Il + IQIIulloH  (3.5)

Equation (3.5) is in the form of definition 2.8

Where [|xo || Eq (G (£ — to) Il = u(llxoll, t =
to) and y(llulle) = llQIlulleH.

Since Mittag-Leffler input stability is a special case of
fractional input stability,if u(llxoll, t —to) =

1
[Klxol|Eq(A(t — to)®)l9, then, the solution of (3.1) is
Mittag-Leffler input stable.

From equation (3.5), if u =0, then the solution of the
fractional differential equation is given by

XN < llxo l1Ee (G (& = )

Therefore, the unforced equation (3.1), i.e.D5x = Gxis
Mittag-Leffler stable.

Another method of establishing Mittag-Leffler input stability
of fractional differential equations with inputs is Lyapunov
characterization. The following theorem which was first
stated and proved by Sontag [®! for the case of integer
differential equations is stated.

Theorem 3.1

If there exists a positive function R* x R™ - R that is
continuous and differentiable, a K., function 24, 2,, and class
K function Q, satisfying the following conditions:

o IxllT <V(t,x) < 2,(llxI)
o [Ifforany |lx|| = 2, (llulD

= DaV(t,x) < —kV(t,x) + Q3(llull)

Where g > 0. Then, the fractional differential equation
Dix = f(x,u) is Mittag-Leffler input stable.

Proof
From conditions 1 and 2, it obvious that
lxl1? < 25(llulD (3.6)

Where 2;([|lu|]) € K. Also, from (3), there exists a positive
constant such that

llxll = 25 (llulD),
=>DEV(t,x) < —2;(|xI) < —kV(t,x)

It follows from (3.6) that
x| < V(¢ x)
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1
x|l < [V (¢, x)] @7

Combining (3.6) and (3.7), we have the following
1
lIxll < [V (&, )17 + Q3(llulD.

Lyapunov Characterization

To analyze using Lyapunov characterization, we choose a
Lyapunov candidate function

V(t,x) = xTPx,where ATP + PA= —Qand P = I,

The time derivative of V along the solution path of (3.1) is
given by

DSV (t,x) < 2xTPDEx = [Ax + Bu]"Px + xTP[Ax + Bu]
= xT(ATP + PA)x + (Bu)TPx + xTP(Bu)

< —min (@IIXN? + 2250, (PYIBIHIwl]x]]
Choose 6 € (0,1) and let k = %and 0,(r) =kr

If ||x]| = 2,(|[ul]), it implies that
DEV(t,x) < —0||x||? = -0V (t,x)

Thus, the given fractional differential equation is Mittag-
Leffler input stable.

4. Bilinear Fractional Differential Equations
Consider the bilinear fractional differential equation defined

by

Dix = Gx + Qux (4.1)

Where x € R™ is a state variable, where G is a matrix in
where R™™", Q is a matrix in R™™, and u € R is the input.
We assume that the matrix G satisfies the classical Matignon

condition |arg(A(G))| > “2—" If the input u = 0, equation (4.1)
becomes
Dix = Gx (4.2)
The solution of equation (4.2) is given by

x(t) = xoEq(G(t — o))

Therefore, the fractional differential equation (4.2) without
input is Mittag-Leffler stable.

If u=+0, the solution of equation (4.1) is not generally
Mittag-Leffler input stable even though it satisfies CICS and
BIBS properties.

For example, consider
Di{x = —3x + 4xu. (4.3)

Ifu(t) = —2, the equation becomes DSx = —11x and the
solution is given by

x(t) = xoEq (—11(t — £o)%)

~g4~
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The above solution is MLIS. On the other hand, if u(t) = 2,
equation (4.3) becomes DSx = 5x. The solution is given by
x(t) = xoEq(5(t — o)) (4.4)

The solution of equation (4.4) is obviously divergent.
Therefore, it is not MLIS.

5. Applications
Example 1
Consider the RC electrical circuit described by

1-a

o
Déx = —
@ RC

x+u (5.1)

With the initial boundary condition defined by x(0) = x,,
where ¢ is associated with the temporal components in the
differential equation and u represents the input. Let the

Lyapunov candidate function be defined by V(x) = %IIXIIZ-
The derivative of the Lyapunov function along the trajectories
is given by

1-a

DSV (t,x) = —U—x2 + xu
/(b RC

1-a 1 1
< — 2 - 2 -
< =Tl + Il +
e+
< (g — P+ 7l

1-a
Lettingp = ”R—C — % and 6 € (0,1), we have the following

DgV(t,x) < —(1 = O)pllxll* + plixll* + % Il (5.2)

[1¢]|

>
I llxl] = 222,

equation (5.2) reduces to

DgV(t,x) < —(1 — O)pllxll®

Therefore, the RC electrical circuit system (5.1) is Mittag-
Leffler input stable. If the input u = 0 in equation (5.1), the
electrical RC circuit system is Mittag-Leffler stable.

Example 2
Consider the system of fractional differential equations
described by

1
Dgxl _3x1 +_x2 +_u1

3 3
Dix, = =2x, + %uz (5.3)
Dixs = —x4 +1x3 +1u3
3 3
Where  x = (x;,%5,x3) ER3and  u = (uy,u,,u3) € R3

represents the input. Let the Lyapunov function be defined
by V(x) = %(xl2 + x% + x%). The Lyapunov function along
the trajectories is given by

1 1 1 1 1
DE(t,x) = —3x% + 4% + FHath — 2x2 +§x2u2 — X3x1 + §x§ + 3¥sUs
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1

< —§x12 —§sz —§x§ +§||u||2
1
< -V(x) +§||u||2

Where 02;([|lull) =%||u||2. According to theorem 3.1, the

system of the fractional differential equations is Mittag-
Leffler input stable.

If u = 0, equation (5.3) reduces to

Déxl = —3x1 + §X2

Dix, = —2x, (5.4)
1

D2X3 = —Xq + §X3

Where x = (x;,%,,x3) € R3. Equation (5.4) is obviously
Mittag-Leffler stable.

Example 3
Consider the fractional-order differential LC electrical system
defined by

Cp = L
Dix = —x+u (5.5)

=

Where C denotes the capacitance, L represents the inductance,
and x measures the intensity across the inductor. The solution
of equation (5.5) is given by

x(t) = hEq(7=(5) )+ [} 5" By (- = (%) u()ds

1 sk—tk ,_ 1t
Let M = [/ (=2)" 1E(w(—ﬁ(?) u(s)ds
Applying the norm, we have

(%)) + et

Equation (5.6) is in the form of (3.5).

X1l < l|All (5.6)

1
Ea (‘«T—c

1Al e (- 2 (5) )| = el = ) =
{ia|Eo (~ 2= () )|} ano

y(llulle) = llulliM]]

With BIBS and CICS duly satisfied, equation (5.5) is Mittag-
Leffler input stable. If u = 0, equation (5.5) is Mittag-Leffler
stable.

4. Conclusion

Stability analysis of solutions of fractional differential
equations is still occupying the interest of researchers due to
its importance. Mittag-Leffler input stability as a special case
of fractional input stability has been investigated in various
fractional differential equations. It has been shown that when
the input is zero, the system of fractional differential
equations is generally Mittag-Leffler stable. The nature of the
Mittag-Leffler input stability either in general or not in
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general is a function of the input. Examples have been given
to illustrate the Mittag-Leffler stability analysis of fractional
differential equations with and without input.

5. References

1. LiY, Chen YQ, Podlubny I. Mittag-Leffler stability of
fractional order nonlinear dynamic systems. Automatica.
2009;45:1965-19609.

Priyadharsini S. Stability of fractional neutral and
integrodifferential systems. J Fract Calc Appl. 2016;7:87-
102.

Sene N. Lyapunov characterization of the fractional
nonlinear systems with exogenous input. Fractal Fract.
2018;2:10.

Sene N. Solution of fractional diffusion equations and
Cattaneo-Hristov diffusion model. Int J Anal Appl.
2019;17:191-207.

Atangana A, Baleanu D. New fractional derivatives with
nonlocal and non-singular kernel: theory and application
to heat transfer model. arXiv; 2016, p. 8.
Atangana A, Koca |. New direction
differentiation. Math Nat Sci. 2017;1:18-25.
Souahi A, Makhlouf AB, Hammami MA. Stability
analysis of conformable fractional-order nonlinear
systems. Indag Math (NS). 2017;28:1265-1274.

Samuel OE, Ante JE, Otobi AO, Okeke SI, Akpan UD,
Francis RE, et al.. Optimizing neural networks with
convex hybrid activations for improved gradient flow.
Adv J Sci Technol Eng. 2025;5(1):10-27. ISSN: 2997-
5972.

Akpan UD, Oyesanya MO. On the stability analysis of
MDGKN systems with control parameters. J Adv Math
Comput Sci. 2017;25(5).

Akpan UD, Oyesanya MO. Stability analysis and
response bounds of gyroscopic systems. Asian Res J
Math. 2017;5(4). Auvailable from:
www.sciencedomain.org/issue/2848

Akpan UD. On the stability analysis of linear unperturbed
non-integer differential systems. Asian Res J Math; 2021.
Available from:
www.journalarjom.com/index.php/ARJOM/article/view/
30301

Akpan UD. The influence of circulatory forces on the
stability of undamped gyroscopic systems. Asian Res J
Math; 2021. Available from:
www.journalarjom.com/index.php/ARJOM/article/view/
30302

Akpan UD. Stability analysis of perturbed linear non-
integer differential systems. J Adv Math Comput Sci;
2021. Available from:
www.journaljames.com/index.php/JAMCS/article/view/3
0370

Akpan UD. On the analysis of damped gyroscopic
systems using Lyapunov direct method. J Adv Math
Comput Sci; 2021. Available from:
www.journaljamcs.com/index.php/JAMCS/article/view/3
0372

Atsu JU, Ante JE, Inyang AB, Akpan UD. A survey on
the vector Lyapunov functions and practical stability of
nonlinear impulsive Caputo fractional differential
equations via new modelled generalized Dini derivative.
IOSR J Math. 2024;20(4):28-42.

Ante JE, Akpan UD, Igomah GO, Akpan CS, Ebere UE,
Okoi PO. On the global existence of solution of the
comparison system and vector Lyapunov asymptotic

in fractional

10.

11.

12.

13.

14.

15.

16.


https://www.mathsjournal.com/

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com

eventual stability for nonlinear impulsive differential
systems. Br J Comput Netw Inf Technol. 2024;7(4):103-
117.

17. Ineh MP, Akpan EP, Akpan UD, Maharaj A, Narain OK.
On total stability analysis of captured fractional dynamic
equations on time scale. Asia Pac J Math. 2025;12(39):1-
14,

18. Akpan UD. Analysis of fractional input stability and
global asymptotic stability of systems of fractional
differential equations. Afr J Math Stat Stud. 2025;8(2).

19. Omri F. Mittag-Leffler stability and stabilization of some
classes of time-varying fractional systems. Ukr Math J.
2025;76:1369-1380.

20. Demirci E, Karakoc F, Kutahyahoglu A. Mittag-Leffler
stability of neural networks with Caputo-Hadamard
fractional derivative. Math Methods Appl Sci. 2023.
DOI: 10.1002/mma.10111.

21. Agarwal R, Hristova S, O’Regan D. Stability of
generalized proportional Caputo fractional differential
equations by Lyapunov functions. Fractal Fract.
2022;6:34.

22. Basdouri I, Kasmi S, Lerbet J. Practical Mittag-Leffler
stability of quasi-one-sided Lipschitz fractional order
systems. Arch Control Sci. 2023;33(1):55-70.

23. Dong W, Wang D. Mittag-Leffler stability of numerical
solutions to linear homogeneous time fractional parabolic
equations. Netw Heterog Media. 2023;18(3):946-956.

24. Wang Y, Li T. Stability analysis of fractional-order
nonlinear systems with delay. Math Probl Eng.
2014;2014:301235.

25. Sene N. Lyapunov characterization of the fractional
nonlinear systems with exogenous input. Fractal Fract.
2018;2:17.

26. Sontag ED. Smooth stabilization implies coprime
factorization. Syst Control Lett. 1989;34:163-220.

~56~


https://www.mathsjournal.com/

