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Abstract

The three-parameter Gumbel distribution has become very useful in recent years because it can be
applied in many areas such as hydrology, climate studies, weather analysis, environmental research, and
finance. The distribution is characterized by three parameters shape (o), scale (B), and location (y) which
together control the skewness, spread, and central tendency of the data. Accurate estimation of these
parameters plays a key role in improving statistical modelling and inference. In this study, we use a
Bayesian estimation method for finding the parameters of the three-parameter Gumbel distribution. The
Bayesian approach is useful because it combines prior information about the parameters with the data,
which helps in getting better estimates, especially when the sample size is small. The main difficulty in
Bayesian methods is that the required calculations are often very complex. To deal with this problem, we
apply Lindley’s approximation, which is a simple and efficient way to get approximate solutions. Using
this method, we obtain the Approximate Bayes Estimators (ABEs) of the parameters a, , and y under the
Squared Error Loss Function (SELF). The results show that ABS performs better in terms of mean
squared error, especially for smaller sample sizes.

Keywords: MLE, ABS, Gumbel distribution, Bayesian estimation, Lindley's approximation, scale
parameter, squared error loss function

Introduction

Bayes estimators are used to estimate the parameter of a Gumbel distribution under a Bayesian
framework. For the three parameter Gumbel distribution (o, B, y). The Bayesian estimation
provides a way to incorporate prior knowledge or beliefs about the parameters in form of
distribution in the estimation process. Bayesian estimation allows the use of prior knowledge
or expert opinion about the parameter (a, B, y) through prior distributions. In cases where
sample size is small or data is spares, frequentist methods (e.g. maximum likelihood
estimation) may yield unstable estimates.

Bayesian methods improve the estimation process by taking advantage of prior information.
Bayesian estimators provide posterior distribution for the parameters, provide not just point
estimates but also posterior intervals, which quantify uncertainty about the estimates.

For distributions like the three parameter Gumbel, where maximum likelihood estimation
might be challenging or computationally intense. Bayes estimator minimizes the expected
posterior loss, making them adaptable to different loss function (e.g. squared error loss). This
makes the estimation more optimized for particular situation.

Extreme value distributions have been an important topic of research in applied probability
and statistics. Kotz and Nadarajah (2000) [ presented a detailed theoretical framework for
extreme value distributions and their applications, whereas Lawless (2003) @ emphasized
statistical models for lifetime data, which are closely related to reliability and survival
analysis. From a Bayesian perspective, Bernardo and Smith (2000) B! and Robert (2007) [
offered fundamental contributions by developing the theoretical and computational
foundations of Bayesian inference. In the same direction, Lindley (1980) B! introduced an
approximation method for Bayesian analysis, which provides an effective solution for cases
where posterior integrals are intractable.

~213~


https://www.mathsjournal.com/
https://www.doi.org/10.22271/maths.2025.v10.i8c.2144

International Journal of Statistics and Applied Mathematics https://www.mathsjournal.com

Later, Tierney and Kadane (1986) [l extended this work by proposing accurate approximations for posterior moments and
marginal densities. These works provided the basis for developing Approximate Bayes Estimation methods.

In the field of reliability analysis, Sinha (1986) [ discussed life testing approaches that further motivate the use of flexible
lifetime distributions. Within this framework, several authors have studied Gumbel and generalized Gumbel distributions. Ragab
and Kundu (2005) [ discussed Bayesian estimation for the generalized Gumbel distribution, while Sharma and Kumar (2013)
specifically applied Lindley’s approximation for Bayesian inference in generalized Gumbel models. Kumar and Lalhita (2012)
also explored Bayesian estimation in the Gumbel distribution under various loss functions.

More recently, Okumu et al. (2024) ! extended the study of the three-parameter Gumbel distribution by proposing formulations
and estimation procedures. Similarly, Oluwafunmilola et al. (2023) 1 introduced the Lindley Exponentiated Gumbel distribution
and demonstrated its applicability to environmental data, highlighting the continuing relevance of Lindley’s approximation in
modern distribution theory.

In parallel, Srivastava and Yadav (2018) [*3 made contributions to the Bayesian estimation of the generalized compound Rayleigh
distribution, applying approximate Bayes techniques under different loss functions. Their later works (Yadav & Srivastava, 2018)
(331 considered estimation under entropy and precautionary loss functions, further showing the versatility of Lindley’s
approximation in lifetime distributions.

Overall, earlier studies show that Bayesian estimation and Lindley’s approximation have been applied to generalized Gumbel,
compound Rayleigh, and related distributions. However, there is still room to study the three-parameter Gumbel distribution more
closely. In particular, most past research has focused on generalized versions or on different loss functions, while only a few
works have directly looked at the three-parameter case under squared error loss using Lindley’s method. This study addresses that
gap by proposing Approximate Bayes Estimators (ABEs) for the parameters (a, B, y) of the three-parameter Gumbel distribution
and comparing them with the traditional Maximum Likelihood Estimation (MLE) through simulation.

The Gumbel Distribution

The “Gumbel Distribution” is named after Emil Julius Gumbel (1891-1966), a German Mathematician and Statistician. He is
considered the founder of the Gumbel distribution, which he introduced as part of his work on the extreme value theory. He
developed the distribution to model the distribution of the maximum (or minimum) values of large datasets.

“The transition from a two parameter Gumbel distribution to three parameter Gumbel distribution involves adding a shape or shift
(location). It is useful when the data shows skewness, asymmetry, or systematic shift that cannot be explained by just two
parameters”.

1. Let x be a random variable representing the data points or observations. In practical applications, it could represent extreme
values such as maximum temperatures, flood levels, or financial losses. f(x) be the probability density function value at x.
1 _(X—Y—Ot) _e_(x—}g—lx
Fi o y)={s¢ ' '°© X>Y (1.1)
0,x<vy

Where,

v is the location parameter determines the location of the distribution.

B >0 is the scale parameter controls the spread of the distribution.

a is the shape parameter.

For x <y the pdf is 0 because the Gumbel distribution is not defined below this threshold when using a shift form.
For x >y the pdf follows the exponential term.

PDF of 3—Param Gumbel

0.10
|

Density

Fig 1: Probability density function of the three-parameter Gumbel distribution
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2. The Cumulative distribution function for the three parameter Gumbel distribution can be computed by integrating the
probability density ~ function.

Fog=ee 1) 2.1)

CDF of 3—-Param Gumbel

Cumulative Probability
0.4 0.6 0.8
|

0.2
|

Fig 2: Cumulative distribution function of the three-parameter Gumbel distribution

3. The Maximum Likelihood Estimation for three parameter Gumbel distribution
The maximum likelihood method is the one of the best methods to estimate parameters. (a,p,y) of the distribution, not the sample
size. The sample size is (X1,X2.....xn) is fixed and used to calculate the likelihood of the observed data.

L (aB.y; X) = [TiL, f(xp; o, B, Y)

= ], pe(-oy-a)eme M) (3.1)

1, . . .
51 reparametrized as f in equation.

Simplify the likelihood function

LX) = Be(—ﬁ(x—v—a))e‘e_(ﬁ(x_y_a)) (3.2)
Take the logarithm
Log L(x) =n log B-BE.(x; — y — &) — ¥ e~ (F-¥=) (3.3)

Differentiating equation number (6.3) with respect to (a,B,y) yield respectively we get

% = %(n log B-BX(x; — Y — ) — X, e~ (BGx-y=0)y

=B, - e~ (BGx-y-) (3.4)
Tt = o (nlogh — B Y (s -y - — e v

= % —(x—y— )+ (x; — y — 0)e~(Bx-y-m) (3.5)
‘“ssL = % (nlogh — BX(xi—y— ) — T e (Pxv-0) g — ge=(bGx-v-) (3.6)

Setting the derivatives ion equation (3.4), (3.5) and (3.6) to zero and solving for (a,B,y) gives the maximum likelihood estimators
(MLES) of the parameters: Gy, PmLe and 7uLe. These estimates can be obtained using the Newton-Raphson method.
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e Bayes estimators of § with known parameter o and y under Linex loss function (LLF)
If @ and ¥y is known we assume (a, b) as conjugate prior for f as:-
_b* ha1 —pb
G(Blx) = B*"e (4.1)
(a,b) >0; >0
Combining likelihood function (3.2) and prior density (4.1) we obtain the posterior density of p in the form of

T2 8 e(-BOs-y=c0) el POY=0); 2 gy g

h(Bl x) =

4.2
[T 1 e(-BOxy=a) el POY=) b gay o pb g “.2)

Then we combine the likelihood and the prior we obtain the posterior after solving the previous equation, we get the
posterior

Ba+n e—B(u+b) (u+ b)n+a+1

h(Bl x) =

(4.3)

F'(n+a+1)
Where, u = (X-y-a).
5. Bayes estimate under squared error loss function (Self)

Bgs is the posterior mean given by-

B ﬁa+n e—[}(u+b)(u+b)n+a+1

Bps = fO I(n+a+1) G.1)
— (u + b)n+a+1 JOOB Ba+n e—[}(u+b) dB
Fn+a+1) J;
EBS = a:L_‘-:;l (52)
6. Bayes estimators with unknown a,p and y
Joint prior density a,p and v is given by:-
G(a,B.y) = g1 (c0)g2(1)g3(Blv)
Taking
Gy(a) =c (6.1)
1 Y
G,(Y) = 1e7s (6.2)
1y) = L y-2gE+t [
ga(Bly) = vy BT el (6.3)
G(o, B,Y) = 81(c)g2()gs (Bly)
=< xgint -G
=Y B>rel oy (6.4)
Joint posterior with likelihood equation number (3.2) and (6.4) we get;
“egert o] L g,
h*((jvaB”Y): ¥ B [_e(l_'_g)] (ElaBY) (65)
M7y 5%+ el "8V (] ) dedpay

The approximate Bayes estimators
V(©) = v(a,B,Y)
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& — _ JJ v(apy)G"(aupy)dadpdy
Oae = E(v[x) = T c Gy vaaanay
e Lindley Approximation

E (v (o B yIX)

= V(e)"'%[s(V1011(V2612+(V3613)]+ T (V1021+V2622 +V23623)
+R(V1031+V2032+V2033) +Via1+Voax+Vsaztastas+0 (niz)
Evaluated at MLE = (&, B, ¥) where;

a1 = p1011tPp2012 + P3613

a2 = P20211tP2022 + P3023

a3 = p10311tP2032 + P3033

a4 = V12612+V13013 + V23623

as :% (V11011+V22022 + V33033)

S = [011€111 + 20128121 + 20138131 + 20,3531 + 0228221 + 033€334]

T = [011€112 + 20128122 + 20138135 + 2023535 + 022822, + 033€33,]
R = [0112113 + 2015123 + 20138133 + 2023533 + 0528223 + 033£333]
(7.9)

To apply Lindley approximation in the equation number (7.1)
Ty Li k=123

Likelihood function from equation number (3.2)

L(x) = Bre(-Boy-)g-XelTFOY=) (., 5 ~)

Log likelihood of above equation

Log L(x) = log  — B (x — — @)-3 e(-#e-v-)

Now,

2, = dlogl — ﬁn _ Be—ﬁ(x—y—a)

da
0, = ag’ﬁgl = gf (x—y—)+x—y— a). e(-BG-Y-®)
dlogl —B(x—v—
25 ZWZBn_Be Bx-y-a)
Again,
= Llogl _ _ 52 —p(x-y-0
411 = 3z pe
9%logl B(x—y—
0y, = a;zg - _ﬁlz_ x—y—q) 26(-Bx-y-®)
Plogl _ _ 62 0~B(x-y-)
t33 = e pre
2
flz = Z;;il = n—e_B(X_Y_a) +B(X [— Y - a)_ e(—ﬁ(X-Y—OO)
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21 = %zslggl = n—e PV 1f(x —y — ). e(-FO-Y~)
o

From (7.16) & (7.17)

t1y =4n
azlogl 2 —B(x-y-)
= = —B“e Y-«
13 = Jaay p
9%logl 2 —B(x—y-)
= = —B“e Y-«
31 = 3y 0a B

From (7.19) & (7.20)

iz =43
9%logl —B(x—v— _B(x—v—
23~ oy 1-e POV 1B (x —y — ). e(-PGy-)
92%logl —B(x—v— _B(x—y—
32 = W =1—e Bx-y—a) +l3(x -Y - a) e( Bx-y 0‘))

From (7.22) & (7.23)

ty3 =43,
Again,
_ Ologl _ _ g3 - BGx-y-a)
111 = FYE pre
3
Y222 = % = [23_131 + (x —y — o) Je(FGy-)
— Ologl _ 43 -BG-y-a)
U333 = P pre
_ 008l | _g2c 3 By
f112 = % aaaﬁ] =B (x—y—ae

d [8%1logl

=2 = B3 B&-v-)
£113 da 6a6y] B €

b1 = % [le;il] =B%(x —y — a)e PEY-®

s = geliyae] = —peere

Lyyr = a% ‘Z:‘;il | = 26— y — @10 — B(x—y — ) 2e(-BE-)
ta23 = a% %} =2(x —y — @)e P&V — B(x — y — «)?e(-PE-y=)

_ 9 [0%logl] _ —v—q) — — v — )2e(-Bx-y-m)
{1232—63 6ya[3]_2(x y—o) —Bx—y—a)e

3} 0210g1] 3 —Bx-y-)
= — = B°e Y-«
331 = 57 [ 3y 0a B

— 9 [0%0el] _ e o 32a(-B-y-a)
€332_0y[6y6[ﬁ]_8(x y—a)e

_ 0 [8%logl] _  _B(x—y—
o = 35 [Gye] = POTO(2 4 -y = )

— O [21o8] _ 5 — v o)e(-BE-y-) — v — o)2e(-Bx-y-0)
Y122 —aa[ o ] =—2(x—y—-ae +Bx -y -’
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d [d%logl _B(x—v—
b= 28] = sy g0 79
d [92logl _B(x—v—
Y133 = %[ a;zg] = —pleTfer (7.40)
d [9%1ogl _B(x—v—
ta33 = O_B[ 0;’2g] = —e POV O(—28 + B2 (x —y — ) (7.41)
Now,
{)111{)112{)113
_[fijk] = {)221{)222{)223
{)331{)332{)333

From equation number (7.25) to (7.41)

—[ ] =
e BE-y=) —BA(x—y — a)e PE-Y-® [ )
2(x—y — a)e BEY-0 _B(x—y— o)2e(-BG-y-) E_: +x-y—a) 3e(-Bx-v-0)  2(x— Y — a)e Bey=0 _ g(x —y — o)2e(-Bx-y-)
p3eBE-y=) B2(x —y — a)e P&y peBl-y-a)
N11N;2Nys
(7.42) = [N21Np,Np3
N31N3,N33

Determinant of — [y ]
D=— {NII(NZZNSS - N23N32) + N12(N21N33 - N23N31) +}
(N21N32 - N31N22)

g iij

/.
Cofactor of matrix =- |- 'JkJ

Adjoint of matrix =-

a1 = [N35N33 — Np3Ngp] = Jig
a3z = —[N21 N33 — Np3Naq]

= Nz3N3; = N;N33 =Jp2

ayg = [N21N3z — NgpNgi ] =Ji3
az1 = [Ny5N33 — N3;Nys]

= N33Ny3 = N3pNz3 =3

az; = [N1pN33 — N3 Nyg] =],
azz = [Ny1N3z — NypNgy ]

= Ny;2N33 = Ny3N3p =23

azy = [N1aNaz — NizNpo] =5y
azy = —[Ny1Npz — Ny3Npq]

= [N13Nz1 — N33 Nog] = Jsz

agz = [Ny2Npp — NypNpg | =33
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J11J21 13
o D DD
[_1?.. ]—1 =Ad]omtof[t’ijk] _ [lazJ22 )23
ijk |_fijk| D DD
J1zJ23 Ja3
D DD
011021013
= (012022023
013023033

e Approximate Bayes Estimator
V(e, By) =v

vAB = E(Vlé)

Evaluated from equation number (6.4) and (7.1) joint prior density

G(0,B,Y) = g1 (e (Mes (2)

C

el (2]

p =logG =logc—1logd —logT&(§+ 1)logP —Elogy — (%-l_s) (8.1)

_0p _
P1=5%.=
__0p _ &+1-1
P2=5:=7%
B B v
_0p _ -&-1 1
p3_ay_ y & +Y2

Values of S, T and R from equation number (7.42) and from (7.28) to (7.41) we get,

S = [011f111 + 2012121 + 20138131 + 20538531 + 0228251 + 033%334]

https://www.mathsjournal.com

(8.2)

(8.3)

(8.4)

= 011B3e_B(X‘Y_°‘) + 2012[32 x—y— e P&V 4 26, (—BSe_B("‘V_“)) + 2023e‘3("_y‘°‘)(—28 +Bix—y-— oc))

+02,2(x — y — 0)e PETY=0 — B(x — y — ) 2e(~Px-Y-w)

+043p3e PEY-®

T = [011f112 + 20128125 + 20138137 + 20238235 + 0328227 + 033%335]

= 011 (—B*(x =y — e BCY"D) 4 26, (=2(x — y — 0)e FEY"D

B(x —y — 0)2e("P&-Y=)) 4 26,87 (x — y — a)e POV~

+20,52(x —y — @) — B(x — y — a)2e(-BG-y-®) 4

022 g5+ (x =y = @) el POV 465 f3(x — y — @)e POV

R = [011f113 + 20138123 + 2013133 + 20538533 + 052223 + 033%333]

= 0;,p°e Y0 4 26,2 (x — y — @)e ROV 4

2015(—p°e YD) 4 26,36 BTV (28 4 B2 (x — ¥ — )

+0552(x —y — e POV — B(x —y — q)2e(-FE-V=0) 45,3 BV

(8.5)

(8.6)

8.7)

VAB = E(Vlz) =v+ (V10(1 + V20(2 + V3O(3 + 0(4 + 0(5) + % [(SO‘H + TO—ZI + R031)V1 + (So-lz + T0-22 + R032)V2

+(So,3 + To,;3 + Rosz)vs]
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=Vv+ q)l + 4)2 (88)
Were,
&, = (vqa; +vya, +vzaz +a, + ag) (8.9)

1
¢, = 2 [(So11 + Tozy + Rosy)vy + (So1; + Toz, + Rosp)vy
+(Soy3 + Toy3 + Rosz)vs] (8.10)

Evaluated at the MLEV = (& 8,¥) ) where;

a; = P1011 + P2012 + P3013

=0.041 + [E%l - %] oy + [_72 - % + %] 013 (8.11)

a; = P1031 + P02, + P3023

-[p-on+ B om0

az = p1031 + P03, + P3033

& _1 Zf_1,1

=15 Y] O32 t [Y ri YZ] 033 (8.13)

a4 = V12012 T V13013 + V23033 (8.14)
1

as =2 (V11011 + V2202, + V33033) (8.15)

e Approximate Bayes Estimate under Squared error loss function (SELF)

VABS = E(V|§)
=v+ (v;a; +vya, +vzag +a, +ag) + i [(So11 + Toyy + Rogq)vy + (Soq, + Toyy + R032)V2+0($) (9.2)
V=011 @ (9.2)

Approximate Bayes Estimate

s = B0 =0 93)
_ JIy8G*(ap,y )dadpdy
BO) = ecanmasaay 04

The above equation (9.4) is evaluated by method of Lindley Approximation, whose simplified form is equation number (9.1)
replace 6 by Vg, in equation number (9.4) and (9.1).

Special cases:-
e Approximate Bayes estimate of a

Vagy =V =0

Vi =1LV =V =vi3 =0

Vy =V =V =Vy3 =0

V3 =V3 =V3 =V33 =0

E(v[x) = a+ @, + @, (9.5)

P = Viaq + Voa, + Vias + dy + dg (96)
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E+1 1

11 1
=1 {0511 + o ;] 012 + [_5_ s Y_z] 013} (9.6) @, = > [(So11 + Toyq + Rosq)]

+1 1 1 1
E(alx) = a+ [E— - —] 012 + [—% -5t \7] 013 + 3 [(So11 + Tozq + Roz,))]
=a+¢’
Qpps = a+ @’
Were,
;e 1 £ 1,1 1
¢ = [T - ;] 1zt [_;_ i y_z] 013+ [(So11 + Toz; + Roz,)]

e Approximate Bayes estimate of 8
V&By =v=_

Vy =1V =V = V3 =0

Vi =V =V = Vi3 =0

V3 = V31 = V3, = V33 =0

E(v|x) =B+ ¢1 + ¢,

¢, = E%l_ﬂ 022"'[_%_%4'%] 023

P = % [(So; + Toy, + Rosy)]
E(le) B+ |:§+1——:| 22 + [____+_] 0-23
+%[(SU12 + Toy; + Rosy)]

Baps = B+ ¢”

£+1 T 011 1
[_ - ‘] Oy + [_;_ 5 + y_z] Oy3 + 3 [(So12 + Toy, + Rosy)]

e Approximate Bayes estimate of y
Vogy =V =Y

V3 =1,V3y = V3 = V33 =0

Vi =Vi3 =V =Vy3 =0

Vy = Va1 =V =Vp3 =0

E(vx) = v + @1 + ¢, (9.16)

E+1 1
P, = I:?—;:I 32+[____+y2 033
1
@z =3 [(So13 + Tozs + Rog;)]
E+1 H 1 1 1
E(Y|X) B+ ___] 03 + [_;_g"'ﬁ] 033 +E[(SO’13 +TO'23 + R033)]
Yags = Y+ @
" E+1 1 1 1 1
(p = ? - ;:l 032 + [_ ; - E + Y_Z] 033 + E [(3013 + T023 + RG33)]
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e Simulation Design

Table 1: Parameters and priors used in simulation study

Parameter Symbol Description Value Used Role

o Shape parameter 1 Determines the skewness/shape

B Scale parameter 0.5 Controls spread (higher = more spread)

Y Location parameter 15 Distribution starts after this

& Hyperparameter in prior for 5 Used in prior: gs(B)

) Hyperparameter in prior for y 15 Used in prior: g(y)

n Sample size Sample size Varying in simulation
Repetitions Number of simulations runs per sample size 1000 To reduce fluctuation

Simulation Goal Estimate a, B, y using MLE and ABS (Lindley) With low fluctuation

Distribution 3-parameter Gumbel (shifted version) PDF defined only for x >y

The focuses on estimating the parameters of the Gumbel Three-Parameter Distribution, which includes the shape parameter a, the
scale parameter B, and the location parameter y. Two methods of estimation were considered: Maximum Likelihood Estimation
(MLE) and Approximate Bayes Estimation (ABS). The comparison of these methods was based on simulation studies for
different sample sizes.

To evaluate and compare MLE and ABS, simulation experiments were performed for various sample sizes:

n=10, 20, 30, 40, 50, 60, 70, 80

For each sample size, 500 datasets were generated from the Gumbel distribution with fixed parameter values a=1, $=0.5, and

v=1.5 (refer to Equation 6.2 to 6.6). Both MLE and ABS estimates were calculated for each simulated dataset
e In each iteration, data were generated from the Gumbel distribution with fixed true values of parameters.

e Both MLE and ABS estimates for o, , Yy were computed for each generated dataset.

Estimation Methods

e Maximum Likelihood Estimation (MLE): This classical method estimates parameters by maximizing the likelihood

function based on the observed data.

e Approximate

Bayes

Lindley’s method) to obtain Bayesian estimates of the parameters under the Squared Error Loss Function.

e Source of the Table: The table is generated using the Lindley Approximation method for Approximate Bayes Estimation

Estimation (ABS): This method incorporates prior information and uses approximations (like

(ABS) because The ABS values are computed using prior distributions and the Lindley approximation formula.

Each row of the table corresponds to a sample size n, ranging from 10 to 80.

Each column gives:-
MLE of a, B, v, along with their Mean Squared Error (MSE) in square brackets.
Bayesian Estimator (ABS) of a, B, v (using Lindley approximation), again with MSES in brackets.

Mean and MSE'S of a, B,y

o=1, p=0.5, and y=1.5

Table 2: Mean estimates and MSEs of o, 3, and y under MLE and ABS

n /(\xMLE aABS BMLE BABS /?MLE /‘\,ABS
10 1.1719762 1.1775973 1.5953965 1.6346384 1.3950228 1.3597961
[0.010896597] [0.005448299] [0.011724196] [0.005862098] [0.3206442] [0.3405968]
0 1.4640277 15025884 1.6654546 1.6795053 0.9466313 0.9343685
[0.040077145] [0.020038573] [0.011068272] [0.005534136] [0.4909020] [0.5073344]
20 1.6893457 1.7410376 1.8099570 1.7815978 0.7536863 0.7448584
[0.073350322] [0.036675161] [0.021586539] [0.010793270] [0.6731001] [0.6803468]
10 1.7457150 1.7341551 1.8982915 1.9281840 0.6598134 0.6557527
[0.015337312] [0.007668656] [0.113813694] [0.056906847] [0.7967643] [0.8020917]
50 2.0213232 2.0833361 1.9940936 2.0253375 0.5651210 0.5615013
[0.015139596] [0.007569798] [0.032979120] [0.016489560] [0.9483692] [0.9531808]
50 2.1614104 2.1950215 2.1057310 2.0974956 0.5050871 0.5059727
[0.126539635] [0.063269818] [0.216895597] [0.108447798] [1.0511569] [1.0490784]
0 2.3438446 2.4003034 2.1910423 2.1513018 0.4398934 0.4404160
[0.002884391] [0.001442195] [0.043212979] [0.021606490] [1.1653871] [1.1635045]
80 2.6614196 2.6216654 2.3055205 2.2615925 0.4300852 0.4323566
[0.058461375] [0.029230687] [0.012385424] [0.006192712] [1.1868487] [1.1814668]

Analysis of Estimation

The parameter estimation for the three-parameter distribution was carried out using both the Maximum Likelihood Estimator
(MLE) and the Approximate Bayesian Estimator (ABS), obtained using Lindley's approximation. The estimations were performed
for the parameters o, B, and y across a range of sample sizes from 20 to 80. To evaluate the effectiveness of both estimators,
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repeated simulations were performed, and smoothed graphical representations were created for each parameter to represent how

the estimators behaved with increasing sample size.

Alpha Estimates (MLE vs ABS)
24
E 20 Method
ﬁ ABS
2 - MLE
=
1.6
1.2
20 40 60
Sample Size
Fig 3: Behaviour of parameter estimates under MLE and ABS methods
Beta Estimates (MLE vs ABS)
220
E Method
E ABS
g & MLE
(=]
1.8
16
40 60
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Fig 4: Estimation performance of parameter § under MLE and ABS
Comparison of y Estimates
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Fig 5: Estimation performance of parameter y under MLE and ABS
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Analysis of Alpha Estimates

The first chart displays the estimation behaviour of the parameter a under both the MLE and ABS methods. At smaller sample
sizes (N=20, 30), both estimators show some variation, particularly at smaller sample sizes. However, the Approximate Bayesian
Estimator (ABS) generally provides greater stability and produces estimates that are closer to the true parameter values than those
from the Maximum Likelihood Estimator (MLE). As the sample size increases beyond 40, both estimators progressively become
more reliable with their estimates approaching the actual parameter values indicating that both are consistent.

Analysis of Beta Estimates

The second chart presents the estimation results for the parameter . Here, both the MLE and ABS estimators perform very well
across all sample sizes. While small fluctuations are observed at lower sample sizes, these are less significant than the a estimates.
Both estimators converge rapidly to the true parameter value as the sample size increases, indicating high efficiency and
consistency. However, the ABS estimator continues to show a marginal improvement in stability for smaller sample sizes,
highlighting its reliability in real world situations with limited data.

Analysis of Gamma Estimates

The third chart displays the behaviour of the gamma (y) estimates obtained through both the Maximum Likelihood Estimator
(MLE) and the Approximate Bayesian Estimator (ABS) across increasing sample sizes. A clear characteristic of the plot is the
decreasing trend in the estimates with increasing sample size, which is largely due to the increased sensitivity in estimating the
location parameter (y) at smaller sample sizes. The y parameter represents the minimum or threshold value in the distribution. In
small samples, there is a higher likelihood that the true minimum value is not captured due to limited data, which causes the
estimator to overestimate y. As a result, for smaller sample sizes, both MLE and ABS initially produce gamma estimates that are
higher than the true parameter value, showing a positive bias.

As the sample size increases, the probability of observing values closer to the true minimum rises. This additional information
allows both estimators to correct the earlier overestimation, causing the gamma estimates to gradually decrease and converge
towards the true value. The Approximate Bayesian Estimator shows a smoother and more consistent decrease than MLE, mainly
because prior knowledge in the Bayesian method helps stabilize estimates when data is limited. Thus, the downward trend in the
gamma estimates reflects the correction of small-sample bias in location parameter estimation as more information becomes
available with increasing sample sizes. This behaviour is well-known in reliability analysis and extreme value modelling, where
location parameters are highly sensitive to sample extremes.

Conclusion

The study shows that both Maximum Likelihood Estimator (MLE) and Approximate Bayesian Estimator (ABS) perform well in
estimating the parameters a, B, and y of the three-parameter distribution, especially as the sample size increases. However, the
ABS estimator generally provides more stable and accurate results for smaller sample sizes due to its ability to include prior
information. For a, ABS reduces variability and bias better than MLE in small samples. For B, both estimators perform almost
equally well, with ABS having a slight advantage in stability. For y, both estimators initially overestimate due to the small sample
size, but ABS adjusts more smoothly as more data becomes available. "Overall, the Approximate Bayesian Estimator performs
better with smaller sample sizes, whereas both methods yield comparable outcomes for larger samples, indicating stable and
accurate estimation performance.
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